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Syllabus 

Analysis on superspace 

— a construction of non-commutative analysis 

3 October 2008 - 30 January 2009, 10.40-12.10, H114B at TITECH, Tokyo, A. Inoue 

Roughly speaking, RA(=real analysis) means to study properties of (smooth) functions defined 
on real space, and CA(=complex analysis) stands for studying properties of (holomorphic) functions 
defined on spaces with complex structure. 

On the other hand, we may extend the differentiable calculus to functions having definition 
domain in Banach space, for example, S. Lang “Differentiable Manifolds” or J.A. Dieudonne “Trea¬ 
tise on Analysis”. But it is impossible in general to extend differentiable calculus to those dehned 
on infinite dimensional Frechet space, because the implicit function theorem doesn’t hold on such 
generally given Frechet space. 

Then, if the ground ring (like M or C) is replaced by non-commutative one, what type of 
analysis we may develop under the condition that newly developed analysis should be applied to 
systems of PDF or RMT(=Random Matrix Theory). 

In this lectures, we prepare as a “ground ring”, Frechet-Grassmann algebra having count¬ 
ably many Grassmann generators and we define so-called superspace over such algebra. On such 
superspace, we take a space of super-smooth functions as the main objects to study. 

This procedure is necessary not only to associate a Hamilton flow for a given 2^^ x 2^^ system 
of PDF which supports to resolve Feynman’s murmur, but also to make rigorous Efetov’s result in 
RMT. 

(1) Feynman’s path-integral representation of the solution for Schrodinger equation 

(2) Dirac and Weyl equations, Feynman’s murmur 

(3) Why is such new algebra necessaryTDifferential operator representations of 2 ‘^ x 2'^-matrices 

(4) Frechet-Grassmann algebra 9t and superspace fH™!" 

(5) Elementary linear algebra on superspace, super-determinant and super-trace, etc 

(6) Differential calculus on superspace; super smooth functions and implicit function theorem, etc 

(7) Integral calculus on superspace; integration by parts, change of variables under integral sign, etc 

(8) Fourier transformations on and its application 

(9) Path-integral representation of a fundamental solution of Weyl equation 

Home Page:http;/ /www.math.titech.ac.jp/‘inoue/SLDE2-08.html 
(Closed after my retirement from TITech at 31th March 2009) 

To audience: Please keep not only intellectual curioisity 

but also have patience to follow at least 3 lectures. 


For what and why, this lecture note is written 


I delivered 14 lectures, each 90 minutes, for graduate students at Tokyo Institute of Technology, 
started in Autumn 2008. 

Since there is a special tendency based not only on Japanese culture but rather asian aesthetic 
feeling, students hesitate to make a question during class. Reasons about this tendency seems 
based on modesty and timidity and feeling in his or her noviciate, or more frankly speaking, they 
are afraid of making a stupid question before friends which may probably exhibit their ignorance, 
which stems from their sense of guilty that they haven’t been studied sufficiently enough, or bother 
those appreciation for lectures by stopping by questions. In general, some one’s any questions on a 
lecture is very constructive that makes clear those which are not easy to understand for audience 
but also corrects miss understandings of speaker himself. 

Though “Instantaneous response towards your uncomfortable feeling” is embodied by very 
young peoples saying “Why, Mamy?”, but it seems rather difficult to do so in student society. 
Even though, please make a question without hesitation in any time. Not only primitive stays near 
radical but also your slight doubt makes slow down the speed of speaker’s explanation which gives 
some time to other students to help consider and to follow up. 

To make easy to pose such questions, I prepare pre-lecture note for a week before my lecture 
and corrected version of it after lecture with answers to questions if possible and necessary, those 
are posted on my home-page. 

This lecture note is translated and revised from them. Especially, I make big revision in 
Chapter 8 and Chapter 9. 

At the delivering time of my lectures, I haven’t yet clarified sufficiently the characterization of 
super-smooth functions but also the definition of integral on superspace which admits naturally the 
change of variables under integral sign. Therefore, I change significantly these representations in this 
notes from those original lectures. I owe much to my colleague Kazuo Masuda whose responses to my 
algebra related questions help me very much not only to my understanding but also to correct some 
defects in other’s publications with counter-examples. Concerning the characterization of super¬ 
smoothness, we need to prepare Cauchy-Riemann equation for them which is deeply connected 
with the countably infinite Grassmann generators. 

In his naive definition of integral, Berezin’s formula of change of variables under integral sign 
holds only for integrand having a compact support. This point is ameliorated when we modify the 
method of V.S. Vladimirov and I.V. Volovich m\ or A. Rogers which relates to the different 
recognition of body part of “super space” from Berezin. 

Leaving from syllabus, I give some application of super analysis to Random Matrix Theory 
(=RMT) and of SUSYQM=SUper SYmmetric Quantum Mechanics with Witten’s index. 

I gather some facts which are not explained fully during these lectures in the last chapter 
named “Miscellaneous”. 

(1)1 give a precise proof of Berezin’s formula of change of variables under integral sign. I confess 
Rothstein’s paper is not understandable to me, even a question letter to him without response and 
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an explanation in Rogers’ book is also outside my scope. 

(2) Function spaces on superspace and Fourier transformation for supersmooth functions are breifly 
introduced. 

(3) As a typical simplest example of application of superanalysis, I give another proof of Qi’s result 
concerning an example of weakly hyperbolic equations, and 

(4) I give also an example for a system version of Egorov’s theorem which begins with Bernardi’s 
question. 

(5) I mentioned in the lecture that the problem posed by I.M. Gelfand at ICM congress address 
in 1954 concerning functional derivative equations related to QED or turbulence, which is more 
precisely explained there, and finally, 

(6) in his famous paper, E. Witten introduced Supersymmetric Lagrangian, derived from his de¬ 
formed d(j)*d(j) + d(j)d*^. Here, we derive “the classical symbol of this operator” as the supersymmetric 
extension of Riemannian metric gij{q)dq^dq^, which is merely my poor interpretation from physi¬ 
cists calculation. 

(7) As an example where we need the countably infinite number of Grassmann generators, we 
consider Weyl equation with electro-magnetic external field. Besides whether it is phyisically 
meanigfull, we solve the Hamilton equation corresponding to this equation by degree of Grass¬ 
mann generators. 

Though, references are delivered at each time in lectures, but I gathered them at the last part. 

Einally, this note may be unique since I confess several times “their arguments are outside of 
my comprehension” which are not so proud of but I do so. Because not only I feel ashamed of 
my unmatureness of differential geometry and algebra’s intuition, but also I hope these confessions 
encourage to those young mathematicians who try to do some thing new! 
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CHAPTER 1 


A motivation of this lecture note 


1.1. Necessity of the non-commutative analysis and its benefit 


1.1.1. Another basic field? Is it truely necessary to introduce another ground ring in anal¬ 
ysis except for M or C? Why? 


In the theory of linear PDEs(=Partial Differential Equations) of scalar type, the main problem 
is to reduce the non-commutativity inherited from the so-called Heisenberg’s uncertainty principle 


( 1 . 1 . 1 ) 


h_^ 

i dqj 


■,qk 


= ^6jk, i.e. ^-^{qku{q)) - qj^-^u{q) = ^Sjku{q) 


i dqj 


i dqj 


to the one where commutative algebraic calculation is available. This is done using Eourier trans¬ 
formations, that is, the non-commutativity caused by the Heisenberg’s uncertainty principle, is 
reduced to the commutative one with error terms on the phase space by Eourier transformation, 
and then this transformed one is analyzed there, and by the inverse Eourier transformation, it is 
transformed back to the original setting. This procedure is done modulo error terms with suitable 
estimates. These ideas and various devices are unified as the theory of \kDO(=Pseudo Differential 
Operators) and EIO(=Eourier Integral Operators). 


Whether this strategy is extendable also to a system of PDEs, is our main concern. 

Since there exists another non-commutativity stems from matrices coefficients for a system 
of PDEs, it seems difficult to treat it as similar as scaler cases. But if we may diagonalize that 
system nicely then we may apply the standard method to its each component. Even if it is hard 
to diagonalize straightforwordly, then we impose certain conditions on the characteristic roots 
associated to that system in order to assure that we may essentially reduce that system to the 
scalar pseudo differential operators. But if this procedure fails, is there any detour? Especially, if 
we need a “Hamilton flow” for the given system, how do we associate that classical objects keeping 
matrix structure as it is? 


On the other hand, if the phenomenon is describable only using a system of PDEs, it seems 
natural to adandone the idea of reducing it to the scalar case. Of course, treating that system of 
PDEs, we need new idea to overcome the non-commutativity of matrices. 

This difficulty is clearly claimed by Eeynman where he asks what is the corresponding classical 
mechanics and action integral for Dirac equation. Moreover, he proposes to use quarternion to 
resolve this difficulty. 

Here, we propose a new idea to overcome the non-commutativity of matrices. This idea is 
essentially simple when we encounter 2'^ x 2'^-matrices: Since those matrices are decomposed with 
elements in Clifford algebras and that algebras has the representation by differential operators on 
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Grassmann algebras, we extend the ground ring to the one having Grassmann character. Developing 
analysis on this ground ring, we may apply the standard process which are used in the scalar PDE. 
This idea is based on F.A. Berezin and M.S. Marinov m of “Treat bosons and fermions on equal 
footing”. Therefore, my answer to Feynman’s proposal should be, 

“ Mr. Feynman, if you use Frechet-Grassmann algebras 
with countably infinite Grassmann generators instead of querternions, then it goes well!” 


1.1.2. Feynman’s path-integral representation of the solution for Schrodinger equa¬ 
tion. More than seventy years ago, as a graduate student, R. Feynman |44j has a primitive question 
why Schrodinger equation may be considered as the governing equation of quantum mechanics? In 
other word, though Bohr’s correspondence principle which is derived after many experiments and 
thoughts, that principle should be essential in Quantum Mechanics, but it seems difficult to derive 
it directly from the Schrodinger equation itself. 


Mathematically, this question is interpreted as follows: Let u{t, q) : W x 
initial value problem for the Schrodinger equation 


C satisfy the 


( 1 . 1 . 2 ) 


d 

i/i—u(t, q) = — -Au{t, q) + V{q)u{t, q), 
u{0,q) = u{q). 


How does the solution u{t, q) depend on h? Especially, can we deduce the Bohr’s correspondence 
principle from this? 

On the other hand, about fourty years before when I had been a student, main research subjects 
developing general theory of linear PDFs are “existence, uniqueness and regularity” of solutions for 
the given equatior0. Essential ingredients of these subjects is almost exhaustively studied and col¬ 


lected in L. Hormander’s book |64p and one of the recent problems is to pick up special properties 
from governing equation or to represent the solution as explicit as possible by using known objects 
(for example, R. Beals [9]). From this point of view, to make clear the dependence of the solution of 
Schrodinger equation on Planck’s constant and to explain mathematically the appearance of Bohr’s 
correspondence principle is a good starting problem. 

Therefore, we begin with retracing the heuristic procedure taken in Feynman’s doctor thesis 
(see also, S.A. Albeverio and R.J. Hoegh-Krohn [3]) where he introduced his path-integral repre¬ 
sentation. 

For the right-hand side of (jl.1.21) . we define the Hamiltonian operator on C'^(M’”) as 

fc2 ^ T)2 

H = --A + V{-) = H„ + V, = A = 

j = l j 


^Before advent of functional analytic approach to PDE, rather explicit solution is pursued at that time, therefore 
it is too hard to obtain a solution for a generally given PDE. 

^These books are not only so volumy to read through but also so difficult to find out problems for doctor thesis. 
Therefore, I recommend to use them as dictionary, but rather to look his doctor thesis |62| itself. Moreover, as he 
is a specialist to apply Hahn-Banach extension theorem, reconsider his procedure by using “constructive extension 
theorem” ? 
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If above H is essentially self-adjoint in applying Stone’s theorem, solution of (I1.1.2P is 

written by 

uit,q) = 

Or generalizing a little, when and how the exponential function of a given operator A 

= (t e M+, or t e iM) 

k=0 

is well-defined? Guiding this problem, Hille-Yosida theory of semigroups is established. 

[Report problem 1-1]: Check what is the Stone’s theorem. If the Hilbert space is finite-dimensional, 
what is the corresponding theorem in elementary linear algebra? It is also preferable to check what is the 
theory of Hille-Yosida. 

On the other hand, Lie-Trotter-Kato’s product formula says that if .ff = Hq -|- V, is 

given by 

k—>-oo \ / 

Remark 1.1.1. (i) In the above, if \Hq,V] = 0, then {Hq + V)^ = YY=o 
have i.e. it isn’t necessary to apply above product formula. 

(a) There doesn’t exist the difference between strong and weak convergence in finite-dimensional 
vector spaces. Check the difference between the convergence of operators in “strong” or “uniform” 
sense in infinite-dimensional Banach space. 


If the initial data u belongs to 5(M™')(=a space of Schwartz’ rapidly decreasing functions), 
where 

5(M"*) = {n G : C) | Pk,s{u) < oo, VA: G N} 


with Pk,s{u) = sup {qy\d^u{q)\, {q) = (1 + 


qGK"*,£-|-|/3|<fe 


since we know 


we have 




Therefore, we get 

~ {2mh)-'^ (ts)-"^/2g-ift-GV(?) f ^^(1) ^ih-Aq-qW)y{2s) 

.Jm^ 


X 


'/ 


-ih Hy(gd)) j dqe^^ 


’u(g) 


(27rih) (ts) f dq 
Jr"> “ 

[ dq^^^ isV{q)+tV {q<-^'>)) ^ih-^ {q-q(^'>f / {2s)-eih-^ {q<-J -qf / {2t) 


u{q)- 
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Putting t = s in the above, we have 

-ih-H{V{q) + + (q^^^ - qf]/{2t) 


= ih 


x,/-N , 


- V{q) + 




Repeating this procedures /c-times and denoting = g, g^^^ = g, we define 


5i(g("),...,gW) = 

i=i 


1 - g(^-i) 

t/k 


-'tA(gO')) 


and we get 

J dgFfc(t, g, g(^-i), • • •, g«, g)u(g). 

Here, we put 

Ffc(t, g, g(^-^), • • •, g(^\ g) = (27rzh(t/A:))-^”^/2 J ■ ■ ■ J dq^^^ • • • dg^^-^) ’''''^’2). 

Making fc —)> oo formally, we have 

(1.1.3) F(t,g,g) = s-lim(27rih(VA:))“^™/2 [ ■■■ [ dg^ • • • 

fc->-oo d d 

and 


-ih-^tH 


u)iQ) = / dqF{t,q,q)u{q). 


[Report Problem 1-2]: Show that the function space 5(]R™) forms a Frechet space. 


Feynman’s interpretation: The set of “paths” is denoted by 

Ct,q,q = {7(-) e ^<^([0, t] : M"*) I 7 ( 0 ) = g, 7 (t) = g}, 

Ct,ioop = Wi-) e ACi[0,t] : M™) I <^(0) = <^(t)}, 

where AC stands for absolute continuity. In this case, for any 7 S C't.g.gj we have 

Ct,q,q — 7 T Cf^oop- 

For example, take as 7 the straight line combining g and g such that 7 ^; = Jsiis) = (1 — |)g + f g. 
By connecting two paths and adjusting time scale, we may define the sum operation in Ct^ioop which 
makes it linear space. 


We get a Lagrange function L{'y,'y) from a Hamilton function H{q,p) by Legendre transform 
with a certain convexity; 

L(7,7) = i72-F(7)GC-(rM™). 

For any path 7 G Ct^q,q, regarding St{qd^\ ■ ■ ■ ,g^°^) as a Riemann sum of an action function Stij), 
we get 

Sti'y) = [ dr L{-f{T),'y{T)) = hm Stiq^'"\--- ,g^°^). 
do 

Making k —)• 00 , we “construct” a limit of measures dg^^^ • • • 

Dpl = n 

0<T<t 

which is regarded as “the measure” on the path space Ct,q,q- 

F{t,q,q)= [ 
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Then, if we could apply the stationary phase method to this representation when h ^ 0, we got 
the main term which is obtained from the classical path 7 c, i.e. 

^ L ^ ^ / d'rH{''yc + e(l)){T),{% + e^){T))\^^Q = 0 for '^(f) e Ct^ioop 

In this sense, Bohr’s correspondence principle is derived! (Probably, Feynman yelled with delight 
“ I did it! ” ?). 


The obstruction of this beautiful expression is the claim that “ There doesn’t exist a non-trivial 


Lebesgue-like measure on any infinite-dimensional barreled locally convex vector space’ 


W 


[Report Problem 1-3 (Campbell-Hausdorff’s formula and its application)]: 

(1) Search “Campbell Hausdorff” in Google and check what it is. 

(2) Apply that formula to where 

/ 0 1 o\ 

0 0 1 

0 0 /i 

y 0 —fj, 0 J 

and get the concrete expression. Don’t use the diagonalization procedure but apply Campbell-Hausdorff 
formula to the suitable decomposition of X. This matrix is derived from the Hamiltonian mechanics, for 
Lagrangian function L below, which is called Bateman-model. 

(1.1.4) L{q, q) = -{qf + q^) + fJ-{qiq 2 — ? 29 i) + £ C°°{TR'^ : R). 

(3) Search also “Lie-Trotter-Kato formula”. 


[Report Problem 1-4]: What is the meaning of AC function, what property it shares? 


1.1.3. Non-existence of Feynman measnre. To “feel” the reason why there doesn’t exist 
Lebesgue-like measure (called Feynman measure), we give a simple theorem due to H.H. Kuo |95j . 
Since that theorem is formulated in Hilbert space and the path space Ct^ioop is not Hilbert one, those 
who don’t satisfy this explanation, consult the paper by O.G. Smolyanov and S.V. Fomin [m]. 

For the sake of those who forget teminology, we recall the following: 

Definition 1.1.1 (Complete u-algebra). For a given space X, a subset B of all subsets 
satisfying 


• 0 G 

• AeB^A^ = X\AeB, 

• An£B^ J2n=l 

is called complete a-algebra. 

Definition 1.1.2 (measure). A set function fj , defined on a complete a-algebra B of a space 
X is called a measure if it satisfies 

• 0 < fi{A) < oo, p,{$) = 0, 

• An eB, Aj nAk = $ {j ^k) ^ fi{ Yln=l ^n) = B{An)- 

o 

Though to construct Lebesgue’s integration theory, we are taught to prepare measure theory but is it truelly 
necessary to do so? For example, Berezin integral below works without measure. 
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Definition 1.1.3 (Borel-algebra) . A family B of sets of a topological space X is called a 
Borel-algebra and denoted B = B{X) if it satisfies 

• AeB^A'^ = X\AeB, 

• An£B^ J2n=l G B, 

• 0(X) c B, 

• B is the minimum in for the ordering by the set inclusion. 

Definition 1.1.4. A Borel measurj^ satifying below is called Lebesgue-like: 

(1) For any bounded Borel set, its measure is not only finite, but also positive if a set is not empty. 

(2) That measure is translation invariant. 

Theorem 1.1.1. There exists no non-trivial Lebesgue-like Borel measure on a inifinite dimen¬ 
sional separable Hilbert space. 

Proof. Since H is separable, there exists a countable orthonormal base {ei, 62 , • 

Assume that there exists a non-trivial Lebesgue-like Borel measure /r on B{H) 
sets as 

Bn = {u ^ H \ \\u — CnW < -} and B = {u ^ H \ ||u|| < 2}, 

then they satisfy 

Bn n Bm = 0 and Bn C B. 

Since the measure is Lebesgue-like, we have 

00 

0 < fJ.{Bi) = fJ.{B 2 ) = ■ ■ ■ < 00 , 00 = ''^^fj,{Bn) < < oo- Contradiction! 

n=l 

[Report Problem 1-5]: What occurs if bases has continuous cardinality? By the way, check whether 
there exist non-separable Hilbert space. Check also the basis problem in general Banach space. 

Remark 1.1.2. Recently, I recognized very radical idea from Hung Cheng, a Professor of 
Applied Mathematics in the theoretical physics group of MIT, he is a phisicist having job in 
math, department: He claimed in |25j . 

The path integration approach is not only heuristic and non-rigorous; worse, it 
often leads to erroneous results when applied to non-Abelian gauge field. 

Remark 1.1.3 (Note added:2014.11). Though full Feynman measure doesn’t the objects 

represented formally using path-integration should be carefully researched. How to make rigorous 
the partial differentiation in “path-integral category” is now under-construction by Fujiwara |51| . 
N. Kumano-go |93j . T/teir trials are done in (1 -|- B)-dimension, how to generalize it to (1 + d)- 
dimensional case contains many interesting problem such as time-slicing should be replaced by 
something-like finite elements method corresponding to triangulation in topology, etc?. 

^measure defined on Borel algbra 

^assume the translation is defined on that topological space X 

®Hilbert-Schmidt’s procedure of orthogonalization holds for countable number of bases 

^recall also, there doesn’t exist “ functor” called full quantization, see R. Abraham and J.E. Marsden 



. Define open 
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Not as integrand by measure, but something new, my concern is how one can prove that this 
object is a solution of Functional Differential Equations. See, the last chapter! 


1.1.4. Resume of known procednres. Assuming a certain convexity to apply Legendre 
transform, we have 


Lagrange Mechanics 


^ 


Hamilton Mechanics 


Classical Mechanics 


Hamilton equation 


Legendre transform , 

L(7,7) ^ H{q,p). 


q = Hp{q,p), 


with 

p = -Hg{q,p), \P{0)J \PJ 


i.e. 


dt \p 


= J ( 1 with J = 


0 1 
-1 0 / ■ 


T -^— ; r / / 9c/) dH dcj) dH''. , ,, n \ 

Liouville equation cj) = {cp, L/j = —— -— ) with (p[{j,q,p) = cj){q,p). 


f^^ydqjdpj dpjdqj 


Quantum Mechanics 


Liouville equation 


quantization 


> Heisenberg picture 


Hamilton equation 


quantization 


Schrodinger picture 


“L( 7 , 7 ) or H{q,p) ^ H = H{q,-ihdq)'' 

(S) A description of the movement of the state vector u{f) w.r.t. time t: 

du{t) 


Schrodinger picture 


ih- 


dt 


= Hu{f) with tt(0) = u, 


i.e. u{t) = e 




(H) A description of the change of the kinetic operator F{t) w.r.t. time t: 

d 


Heisenberg picture ih—F{t) = [F{t),H] with F{0) = Fj. 


(F) Path Integral method, clarifying Bohr’s correspondence principle: 


Feynman picture u{t,q) = / dq E{t,0,q,q)u{q) 


with 


Here, 


E{t,0,q,q)= f DF'yexp{ih ^ f ds L{'y{s),j{s))}. 
■'Ct,q,a Jo 


Ct,q,q = {7 e <^([0,^] : I 7 ( 0 ) = q, 7 (t) = q} 


E{t,0,q,q) ~ ^ 


and 
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Problem 1.1.1. Give a meaning to the symbolic representation 

Dp-y exp{ih~^ / L(7(t), 7(T))dr} 

Jo 

for a wider class of Lagrangian L. 

(0) Concerning this question, D. Fujiwara |49j gives a rigorous meaning without notorious measure 
when the potential V satisfies \d'fV{x)\ < Ca (|q;| > 2). 

(i) For the Coulomb potential V{q) = l/\q\, i-e. hydrogen atom, because of the singularity, we have 
not yet established the analogous result as Fujiwara. 

(a) I propose to calculate this by replacing l/\q\ with l/(|gp + for any e > 0 
and finally making e —)• 0, or 

(b) Use the fact that Schrodinger equation with 3-dimensional Coulomb potential is 
obtained form 4-dimensional harmonic oscillator(See, for example, N.E. Hurt [65j ). 

(ii) At least in dimension 1, the essential selfadjointness of —A + |g|^ is proved by many methods 
(see, M. Reed and B. Simon vol im\)- But we might not apply the procedure used by Fujiwara 
to construct a parametrix using classical quantities (but, see, S. Albeverio and S. Mazzucchi [5] j. 
(in) How do we proceed when there exists many paths connecting points q and q' like the dynamics 
on the circle or sphere (see, L. Schulman m\) ? and 

(iv) When \d'^V{q)\ < Ca (lal > 2), the above constructed parametrix converges in uniform operator 
norm . On the other hand, Lie-Trotter-Kato produet formula assures only for the strong eonvergenee. 
How can one express the reason for this difference? In ease of using polygonal line approximation 
for classieal path to the harmonic oscillator, we get the strong but non-uniform eonvergenee of para- 
metrices. One possibilty may to use non-standard analysis to check why there exists the difference 
of the convergence. 

[Report Problem 1-6]: What is the meaning of essential adjointness? Check |111] ! 

Problem 1.1.2. Fujiwara adopted the Lagrangian formulation in his procedure, stressing with¬ 
out Fourier transform. Does there exist the Hamiltonian object corresponding to this parametrix? 
(see for example, A. Intissar |83] and A. Inoue |73j ).• 

DpqDpp [ dr [q{T)p{T) - H{q{T), p{t))} 7 

Jo 

(Added August 2015): Concerning this problem, I find an interesting and important results by N. 
Kumano-go and D. Fujiwara [94] . They try to define “path integral” and corresponding calculation 
without “measure” and succeed it at least partially. 

1.1.5. Feynman’s mnrmur. In p. 355 of their book |45] . Feynman wrote as follows (under¬ 
lined by the author): 

• • • path integrals suffer grievously from a serious defect. They do not permit a 
discussion of spin operators or other such operators in a simple and lucid way. 

^Rather recently, I find a paper by C.Grosche |56| where he claims this problem is solved by path inte¬ 
gral method. But from his explanation, seemingly, we don’t have clearly the corresponding principle from their 
represent at ion(2015.1.20) 
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They find their greatest use in systems for which coordinates and their con¬ 
jugate momenta are adequate. Nevertheless, spin is a simple and vital part 
of real quantum-mechanical systems. It is a serious limitation that the half¬ 
integral spin of the electron does not find a simple and ready representation. 

It can be handled if the amplitudes and quantities are considered as quarternions 
instead of ordinary complex numbers, but the lack of commutativity of such num¬ 
bers is a serious complication. 

Main Problem: How do we treat this murmur as a mathematical problem? 

Though for a given Schrodinger equation, we may associate a corresponding classical me¬ 
chanics, but how do we define the classical mechanics corresponding to Dirac or Weyl equations? 
In other word, since Schrodinger equations is obtained from Lagrangian or Hamiltonian function 
by quantization, can we define a Hamiltonian function from which we get Dirac equation after 
quantization? 

One of my objects to this lecture note, is to answer this main problem affirmatively by prepar¬ 
ing new tools and giving sketchy explanation. There exists at least two problems for this: 

(1) How to define classical mechanics to Dirac or Weyl equations, or more generally for 2^ x 2^ 
systems of LPDE? 

(2) Like Dirac or Weyl equations who have only first order derivatives in space variables, it seems 
impossible, even if there exist Hamilton equations, to assign initial and final positions in configu¬ 
ration space as is done in Schrodinger equation. How to get rid of this? 

Finally, my answer is affirmative, it is possible with not only using superspace formulation but 
also re-interpreting the method of characteristics by Hamilton flow and Fourier transformation. 


============ Mini Column 1: Stationary phase method ============ 

Consider the integral with parameter 

/(cu) = J dqu{q)e^^‘^^^\ 

Study the asymptotic behavior of I(oj) when uj cx). Remembering Riemann-Lebesgue lemma, it 
seems natural to imagine the following fundamental fact holds. 

Lemma 1.1.1. Let (p G : M) and u G : M). Then, 

p'0 on supp u /(cj) = 0 (w“^) when cj —)• oo. 

This is a fundamental fact for the stationary phase method. Therefore, further study is to 
study the behavior when “0' 7 ^ 0 on supp n”. A typical answer for this is given 

Theorem 1.1.2 (Theorem 7.7.5, p.220 of Hormander I of |64j ). Let K be a compact set of 
X an open neighborhood of K and k a positive integer. If u £ Cq^{K), p G and 

Q<p > 0 on X and let there exists a point qo £ K such that ^(f>{qo) = 0, 4>'{qo) = 0, det(^"(g'o) / 0 
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and 4>' ^ 0 on K\ {®}- Then, we have 


< Coj ^ ^ sup 

|a|<2A: 


U\ 


dqu{q)e^^^^^^ - e*‘^'^(®)(detM"(go)/(27ri))-^/2 

j<k 

Here, C is bounded when (j) stays in a bounded set in and \q — qo\/4>'{Q) has a uniform 

bound. With 

t \ Ml \ Ml \ - go),9 - 9o) 

9qo{x) = nq) - nqo) -^- 

which vanishes of third order at qo, we have 


Y1 Y1 

u—li=j 2z/>3/i 


,_,^_ A4>''{qo)D,Dng»{qo) 

yi\v\ 


This is a differential operator of order 2j acting on u at q^. The coefficients are rational homoge¬ 
neous functions of degree —j in (j)''{qo), ■ ■ ■ ,(l>^‘^^'^‘^\qo) with denominator {det f"{qo))^T In every 
term the total number of derivatives of u and of f' is at most 2j. 


Remark 1.1.4. In mathematics society, it is regarded as someone's-conjecture if the statement 
“This is the main term” goes without precise estimates of error terms. But in papers of mathe¬ 
matical physics, seemingly there is not so many with estimating “error terms”. For example, the 
famous paper of E. Witten doesn’t have estimates of “so-called small terms” with precise 

calculation. Or more frankly speaking, since there doesn’t exist Feynman measure, the represen¬ 
tation using such measure seems a castle in the air, though it shows us the goal or a dream as 
it is so. Getting the main terms without error estimates, you may proceed very algebraically and 
geometrically, and you may have something-like solution, but it doesn’t mean its conclusion is true! 
Even if you may have experiments based on that calculation and if you may claim the data is inside 
measurement error, how you may assure the theory is correct even in mathematical sense! 


End of Mini Column 1 


1.1.6. Fujiwara’s procedure. Since there doen’t exist the so-called Feynman measure which 
guarantees the beautiful path-integral expression, how do we represent the solution of the Schrodinger 
equation? 

As the operator 

H = H{q,-ihdq) = -^X + V{q) 

is essentially self-adjoint on under certain conditions on V, there exists a solution 

(by Stone’s theorem) of the initial value problem 

ih —= Hu{t, q) with u{0,q)=u{q). 

Moreover, by L. Schwartz’s kernel theorem, we have a kernel E{t,q,q') € x x M™') such 
that 

(e*^ = {E{t,q,q')u{q'),<p{q)) = {E{t,q,q'),u{q')ip{q)) = {E{t, ■, ip). 

On the other hand, for the heat case the distributional kernel H{t, q, q') has the representation 
by the “classical quantities” ? 
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Method of Fujiwara: About 30 years before, there doesn’t exist a paper on the construction of 
a fundamental solution for the initial value problem of Schrodinger equation. Fujiwara adopts the 
argument of Feynman modifying mathematically. 


(1) For given Lagrangian ^( 7 , 7 ) = ^| 7 p ~ ^( 7 ) £ C°°{TM){M = M™'), by Legendre trans¬ 
form, we have the Hamilton function H{q,p) = m.i[qp — L(g,g)] G C°°{T*M). 

q 

(2) For the Hamilton function H{q,p) = + V{q), we construct a solution S{t, q, q) of the 

Hamilton-Jacobi equation 

St{t,q,(^ + H{q,Sq{t,q,(^) with limtS{t,q,q) = ^\q - q\^. 


(3) For the action function S{t,q,q) obtained above, the amplitude functioij^ defined by 

d'^S{t,q,q)' 


D{t, q, q) = det 

satisfies the continuity equation 


dqdq 


(van Vleck determinant) 


Dt{t,q,q) +dq{D{t,q,q)Hp{q,Sq{t,q,q))) =0 with Jim D(t, g, g) = 1. 

— ’ — X- 4 - I_. pj - 


(4) Then we dehne the integral transformation 
(1.1.5) F{t)u{q) = {2mh)-^/‘^ [ dqD{t,q,q)^/\^^~"^^*’‘^’^^u{q). 

Theorem 1.1.3 (Theorem 2.2 of Fujiwara [49]). Assume sup \D°^V{q)\ < Cq (|a| > 2). Fix 
0 < T < 00 arbitrarily. Put H = L^(M™' : C), B{M.)=the set of bounded linear operators on H. 

(i) F{t) defines a bounded linear operator in H 

||F(t)u|| < Cllull by Cotlar’s lemma. 


(ii) For any u G L^(M™' : C), t, s, t + s £ [—T,T], 

lim \\F{t)u — tt|| = 0, 


t —>^0 


d 




= H{q,-ihdq)u{q), 


1=0 


||F(t + s)-T(t)T(s)|| <C(t2 + s2). 


(Hi) Moreover, there exists a limit \im.k^oo{F(t/k))^ = E(t) in i3(]HI), i.e. in the operator 
norm o/L^(M”* : C), which satisfies the initial value problem below: 

I = H{q,-ihdq){E{t)u){q), 

\ {E{Qi)u){q) =u{q). 

Remark 1.1.5. The operator F{t) is said to be a parametrix and E{t) or its kernel is called 
the fundamental solution. 

®How to recognize Feynman’s idea of “put equal weight for each path”, I feel some difference between Fujiwara’s 


idea and mine 
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Outline of the proof: In (2), for the construction of a solution of the Hamilton-Jacobi 
equation, he uses the Jacobi’s method. 

(a) For the given H{q,p) and the initial data {q,p), there exists a unique Hamilton flow 
{q{s),p{s)) = {qis,q,p),p{s,q,p)). 

(b) For the given time interval t which is sufficiently small, and for any given terminal position 
q, applying the implicit function theorem to g = q{t,q,p), we get the unique p denoted hy p = 

q)- 

(c) Using this function, we put 

S{t,q,q) = So{t,q,p)\^^^^^^^.y 
That is, there exists a unique path 7 c in Ct^q^q such that 

inf St{y) = Stijc) = S{t,q,q) with St{y) = f dr L{y{T),j{T)). 

'r&Ct,q,cj - Jo 

Moreover, this function S{t,q,q) is a solution of the Hamiltonian-Jacobi equation. 

Remark 1.1.6. By this construction, we have estimates for dfdqdq S{t,q,q) with respect to 

{t,q,q)- 


(3) is proved from (2) algebraically (see, Inoue and Maeda |79j or [81] even on superspace). 

(4) Since we have estimates of S{t,q,q) or D{t,q,q) w.r.t. {q,q), we may prove the L^- 
boundedness of the operator (|1.1.5p applying Collar’s lemma. Since we take D{t,q,q)^/‘^ as the 
amplitude, the operator (jl.l.5|) is considered as acting on the half-density bundle (or the intrinsic 
Hilbert space) “L^(M”* : C)”. 1 regard this fact as corresponding to Copenhagen interpretation. 

(5) Though above theorem is sufficient concerning the convergence of parametrix (ll.l.5p . but 
this convergence is not sufficient for the Feynman’s expression. Concerning this or the construction 
of the fundamental solution itself, there exists another paper by Fujiwara [50] which isn’t discussed 
in this lecture because I haven’t appreciated it full}0. 

Problem 1.1.3. In the above theorem, the momentum energy is restricted on the flat Riemann- 
ian metric on M™. Whether this procedure works for the Riemannian metric is calculated hy 
physicist (see for example, B. DeWitt [34] ) and he suggests the desired Laplace-Beltrami operator 
but with the term R/12 where R is the scalar curvature of gij{q)dq^dqK In general, to prove the 
L‘^-boundedness of the FIO with suitable phase and amplitude of order 0, Fujiwara applied Collar’ 
lemma which is formulated in flat space. Technically, we need new device to extend almost or¬ 
thogonality in case the space is curved. Therefore, it is an open problem to associate a quantum 
mechanics for given Riemann metric gij{q) on M™' following Fujiwara’s procedure. 

On the other hand, above procedure of Fujiwara was used also by Inoue and Maeda m to 
explain mathematically the origin of the term (1/12)R, R =the scalar curvature of the configuration 
manifold in the heat category, which appeared when one wants to “quantize with purely imaginary 
time” the Lagrangian on a curved manifold. 

a part of this problem is considered as the product formula for FIOp on superspace and is treated in 
Chapter 7 slightly 
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Problem 1.1.4. Feynman or Fujiwara used Lagrangian formulation. Flow do we connect the 
above procedure directly to the Hamiltonian without using Lagrangian? 


1.2. The first step towards Dirac and Weyl equations 


1.2.1. The origin of Dirac and Weyl equations. Why and how does P. Dirac introduce, 
now so-called, Dirac equation? We modify the description of Nishijima 


Assume that energy E and momentum p of the free particle with mass m satisfy the Einstein 


relatio: 


!§ 




E 


Following the canonical quantization procedure of substitution 

h d 

Pj —^ 

i ogj 

which we did to get the Schrodinger equation, we have the Klein-Gordon equation 






dH 


u — (?h? /\u + c^m^u = 0. 


Unfortunately, the solution u of this equation does not permit the Copenhagen interpretation, that 
is, the quantity p = \u\‘^ is not interpreted as the probability density. In order to get rid of this 
inconvenience, it is claimed that it is necessary to have the first order derivative w.r.t. time in 
physics literature. 


If this saying is accepted, the simplest prescription is to put 

E = ±c-^|pp + c^nrfl. 

But the right-hand side of above defines a ^'DO, which doesn’t have local propert'J^. This gives us 
a certain conflict if we insist on that the physical law(which is assured by experiments in laboratory 
system) should satisfy local property. Therefore, it is not so nice to accept such i^DO with symbol 
above, as the quantization of Einstein relation. 


[Report problem 2-1]: For a ^^DO, it has pseudo-local property. Report on this subject. 

In order to have the equation which stems from Einstein relation and admits probabilistic 
interpretation, we need to have 

which satisfies 

Assuming that this equation coincide with Klein-Gordon equation, we need that “the symbol 
corresponding to the operator i?” should satisfy 

+ c^rn^. 


^^Remember, for p = 0, this gives the theoretical foundation of the possibility of atomic bomb! 

^^If P{q,p) = X)|c,|<jv then roughly speaking, it is quantized as a PDE P{q, —ihdq). Then, it satisfies 

supp P{q, —ihdq)u C supp u for any u € C'^(R"‘). This is the local property of PDE 
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Supposing that the state vector ip which satisfies the desired equation has multicomponents, then 
we may have the option such that 

3 

H = ^ aj pj + mc^/3. 

i=i 

Here, above appeared letters {a.j, /8} satisfy 

(1.2.1) aj ak + ak aj = 26jkl, aj P + P aj = 0, = I 


Dirac gave an example of 4 x 4 matrices satisfying the relation (|1.2.ip . which is now called 
Dirac matrices: 

% 0 
0 —II 2 , 


aj = 


0 a 


CTj 0 


j _ 


= ai ®(jj, P = 


= 0-3 (g) I2. 


Here, Pauli matrices are gievn by 


( 1 . 2 . 2 ) 

satisfying 

(1.2.3) 


J-- 

(Ti = 


0 1 
1 0 / ’ 


0‘2 = 


0 -i 
i 0 


^3 = 


1 0 
0 -1 


ajak+CTkCTk — 26jkl, aia2 — i(T3, a2<^3 — io'i, — icT2- 


[Report problem 2-2]: There are many representations satisfying (ll.2.ip . named Majonara or chiral 
representation, etc. Seek such representations as many as possible and check the relationship between them. 
By the way of checking these, study also the Lorentz invariance. If such relations are explained by unified 
manner, using the differential representation point of view, it will be good enough for master thesis, isn’t it? 


Problem 1.2.1. For a given external electro-magnetic field, the IVP (=initial value problem) 
for the Dirac equation is given as follows: Find 'if(t,q) : M x ^ for the given initial data 
'4){q) G C“(M^ : C^), satisfying 

^^2 4 ) iif^^^{t,q)='^{t)fi{t,q), 

\ =±{q)- 

Here, 


fh d e 
\i dqk c 

Though it is well-known that this IVP has a solution, we want to know a “goo^^” parametrix or 
fundamental solution as Feynman desired. More explicitly, show the mathematical proof for the 
phenomena called Zitterwebegung (see, Inoue m for free case). 


(1.2.5) H(t) = c E Oik 

k=l 


Ak{t,q)] +mc^P + eAo{t,q). 


Seemingly H. Weyl had been at Dirac’s talk as an audience, he proposed 2 x 2-matrix repre¬ 
sentation (11.2.21) in stead of 4 x 4-one when the mass m = 0. From this, he derived the initial value 
problem of the free Weyl equation: For a “vector” fi{t,q), it satisfies 

3 

= —ich'y^p 


( 1 . 2 . 6 ) 


d 




fi{0,q) = fiiq), 
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representation implying Bohr’s principle 
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In spite of the beauty of this equation, it is not accepted in physicists society for a while, because 
the “parity” is not preserved by this one. Its meaning is reconsidered after Lee-Yang’s theory and 
Wu’s experiment in weak interaction, which shows that the parity is not necessarily preserved for 
certain spinning particles. 

Since Neutrino has been considered as the particle with mass 0, Weyl equation is believed to 
be the governing equation of Neutrino untill the recent experiment of Kamiokande which suggests 
that at least certain Neutrino has non-zero mass. 

[Report Problem 2-3]: Search “Weyl equation” in internet to check whether the usage of this equation 
in condensed matter physics, etc. Report things what you appreciate interesting. 

Ordinary procedure: As a hint to get a result for Problem 11.2.11 we give a simple example. 
Though the equation (I1.2.6P is a system but with constant coefficients, applying Fourier transform, 
we may have the solution rather by algebraic operation. In fact, defining Fourier transform as 

u{p) = {2T:h)-^/‘^ ! dqe-^’^~"‘^Pu{q), u{q) = {2Trh)-^/^ [ dpe^’^~"PPu{p), 

and applying this to g G of (11.2.61) . we get 

(1.2.7) ih-^'^{t,p) ='k'^{t,p) 

Here, 

H = ajPj = c( _ g2| |2j 

^ ^ \pi + IP2 -P3 J 

From this, we have 

Proposition 1.2.1. For any t G M and ifj G : C^), we have 

(1.2.8) e-*^"'®V’(9) = (27rh)-3/2 / dpF^~"^Pe-^^~^^^^{p). 

dR3 

//^G 5(M3 : C^), then 

(1.2.9) E(t,g) = (27rh)-3 [ dpe^^'^'^PTcos (ch-^t|p|)l2 - G S'{R^ : C^) 

Jk 3 cjpj 

and 

(1.2.10) e-^^-'^^^P{q)=E*^{t,q)= [ dq'E{t,q - q')^^;iq'). 

~ ~ Jr3 ~ 

In spite of this, we may give another representation with action integral S and amplitude 
which is proved in m and will be explained in later chapter. 

Remark 1.2.1. Pauli said one day that “There exists no classical counter-part corresponding to 
quantum spinning particle”, so I had seen somewhere but I can’t remember where exactly. Therefore, 
such saying didn’t exist? Please give a look to the splendid book S. Tomonaga , written in 
Japanese. 

In any way, it seems difficult to imagine the classical mechanics corresponding to the equation 
()1.2.6p from the formula (ll.2.9p . This is the one reason why I denote Feynman’s murmur as 
Feynman’s problem. 
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Claim 1.2.1. In spite of above, I claim that I may construct the classical mechanics corre¬ 
sponding to (ll.2.6|) . which yields a path-integral-like representatio'^ in Theorem \7in[ of it! 


1.2.2. The method of characteristics and Hamiltonian path-integral-like represen¬ 
tation. Though Schrodinger equation has 2-times partial derivatives which guarantees to assign 
initial and final positions to the corresponding classical flow on configuration space,but there exists 
only 1-time partial derivatives w.r.t. the space variables in Dirac or Weyl equations, this is the 
very reason why we need Hamiltonian path-integral representation. We need to use phase space 
instead of configuration space. 

Therefore, we want to give a simple example exhibiting “Hamiltonian path-integral-like rep¬ 
resentation” , which is a necessary device to resolve Feynman’s problem. 


We may solve the following equation readily: 


( 1 . 2 . 11 ) 


ih—u{t, q) = a-—u{t, q) + bqu(t, q), 
at ^ oq 

u{0,q) =u{q). 


From the right-hand side of above, we get a Hamiltonian function 




^ih ^qp 


h=0 


then, the corresponding classical orbit is obtained easily from the 

'q{t)=Hp = a, _ fq{0)\ _ 


( 1 . 2 . 12 ) 


p{t) = -Hq = -b 


with 


Vp(o) 


= ap-\- bq, 

Hamilton equation 



such as 


(1.2.13) q{s) = q + as, p{s)=p — bs. 

Using these, by applying the method of characteristics, we get 

U{t,q) = 

Using the inverse function q = y{t, q) = q — at oiq = q{t, q), the solution of (11.2.111) is given as 
u{t,q) = t/(t,g)= u{q - 


Remark 1.2.2. In the above procedure, the information from p{t) is not used. 


[Report problem 2-4]: Study the method of characteristics for the first order PDE. Since from the 
information obtained from ODE(such as (non-linear) Hamilton equation), we get a solution of PDE(such 
as (linear) Louville equation), this is the core of the method of characteristics. What is the linear Liouville 
equation corresponding to the non-linear field equation, for example, the Hopf equation represented by 
functional derivatives is the Liouville equation corresponding to the Navier-Stokes equation. 

^^Thougli I said on one hand that “There doesn’t exist path-integral” (more accurately, in path space, there 
doesn’t exist Lebesgue-like Borel measure) but here I mention path-integral-like. Therefore, it seems better to find 
more suitable nomination for path-integral-like representation 
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Another point of view from Hamiltonian path-integral-like method: Put 

So{t,q,p) = [ ds [q{s)p{s) - H{q{s),p{s))] = -bqt - 
Jo 

S{t,q,p) = iqp + So{t,q,p)j = qp - apt — bqt + 2~^ abt^. 

V / q=y{t,q) 

Then, the classical action S{t,q,p) satisfies the Hamilton-Jacobi equation. 

I ^^S + H{q,d^S)=0, 

\ S{0,q,p) = qp. 

On the other hand, the van Vleck determinant (though scalar in this case) is calculated as 

d‘^S{t,q,p) 


D{t,q,p) = 

This quantity satisfies the continuity equation: 


dqdp 


= 1 . 


f) 1 f)M 

-D +-B,{DH,) = 0 where H, ={q, . 

D{0,q,p) ^ 1 . 

As an interpretation of Feynman’s idea, we regard that the transition from classical to 
qnantnm is to study the following quantity or the one represented by this (be careful, the term 
“quantization” is not so well-defined mathematically as functor, so ad-hoc): 

u(t,g) = (27rh)-i/2 f dpD^/\t,q,p)e^^~'^<^^’^’P)u{p). 

Jr 

That is, in our case at hand, we should study the quantity defined by 


u{t,q) = {2Trh) 

= (27rh)~^ 


/ 

Jr 


dpe 


ih ^S{t,q,p) 


dpdq e 


Up) 


ih ^{S{t,q,p)-qp)^ 


{q){=UQ-at)e^^ (-M+ 2 -a 60 ). 


Therefore, we may say that this second construction gives the explicit connection between the 
solution (II. 2. lip and the classical mechanics given by (I1.2.12P . We feel the above expression “good” 
because there appears two classical quantities S and D and also explicit dependence on h. 


Claim 1.2.2. Applying superanalysis, we may extend the second argument above to a system 
of PDOs e.g. quantum mechanical equations with spin such as Dirac, Weyl or Pauli equations, 
(and if possible, any other 2'^ x 2'^ system of PDOs), after interpreting these equations as those on 
superspaces. 


1.2.3. Decomposition of 2 x 2 matrix by Clifford algebra. 

How matrix does act on vectors?: Following matrices form a special class in 2 x 2 matrices. 

This set of matrices {A} not only preserves their form under four rules of arithmetic but also is 
commutative each other. Moreover, we identify this matrix A with a complex number a = a + ib. 
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If we regard a vector z = 
is considered as 
(a + ib){x + iy) ~ az ~ 





with a complex number z 


X + iy, then the multiplication a to z 


(b a) (p) = (fa + !») ~ - ‘S') + 

fax —by —{bx + ay)\ _ fa —b\ fx —y\ 
\bx + ay ax — by J yb a j \y x J ' 


{a + ib){x + iy) 


Then, may we find another interpretation of making act 2x2 matrix to a column vector? Since 
above mentioned interpretation gives you many stand points, is it possible this idea generalize? 

Guided by the following theorem of C. Chevallej0 below, we decompose a 2 x 2-matrix. Here, 

Theorem 1.2.1 (C. Chevalley). Any Clifford algebra has the representation on Grassmann 
algebra. 


(I) For any 2x2 matrix, we have 

fa c\ _ a+ b f\ 0\ o-6/l 0\ c-|-d/0 l\ c-(i/0 l\ 

[d b)~^~[p ij+^“vo -v+^“vi oj+^“v-i oj 

a+b a—b c+d c—d 

= Il2H-- + 

Here, {Cj} satisfies not only ()1.2.2I) but also the relation (ll.2.3p . 


This decomposition stands for that a set of all 2 x 2 matrices is spanned by Pauli matrices 
{cTk} having Clifford structure. 

(H-1) Now, preparing a letter 6 satisfying 9^ = 0, we identify Pauli matrices with differential 
operators acting on Grassmann algebra A = {u{9) = uq + ui6 \ uq, ui € C}, i.e. for 


uo + ui9 


define the action as 
9u{9) = uqO 
Then, we have 


+ 


0 

Uo 

A 

89 

8 


0 0 
1 0 


-^u{9) = ui ~ 


u{9) = uq9 -|- ui 


0 - = '“ 0 ^' - 111 ~ 

1 - 29-^']u{9) = uo- ui9 


ui 

Uq 

-Ml 

Uo 


0 1 
1 0 


0 1 
0 0 


0 -1 

1 0 


Uq 

-Ml 


1 0 
0 -1 


This means that Pauli matrices are represented as differential operators acting on A. 

But such a representation is not unique ! 

(H-2) Here is another representation: Preparing 2 letters 9i, 02 satisfying 9i9j 9j9i = 0 for 
i,j = 1,2, we put 


Aev = {m = Mo + M10102 | ^O, Ui G C}, Aod = {u = Mi^i -|- M202 \ Vl,V2 ^ C}, 

^^Thougli I don’t know how to prove this theorem itself, but I’m satisfied by constructing the differential operator 
representation of 2 x 2-matrices using Pauli matrices. Oh, such a jerry-built attitude as a mathematician is allowed?! 
Or I’m far from being a solid mathematician? 
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and define differential operators acting on Aev as 

~ (“;)=(? J) («0 > 

--“■ ~ (^r)=(? “o') fe) • 

. (i _ <,3^ _ = „„ - ~ (_“;) = (J _»j) (“;) . 

Remark 1.2.3. Above defined differential operators aj{9,do) annihilate Aod- Moreover, the 
symbols corresponding to them are “even”. This evenness of Hamiltonian function is crucial to 
derive Hamilton flow corresponding to Weyl or Dirac equations. 






CHAPTER 2 


Super number and Superspace 


To explain symbols 0, 0i, 62 appeared in previous lectures, we prepare a set of countably 
infinite Grassmann generators. After introducing of these, we may consider the classical mechanics 
corresponding to PDE with spin, which is rather easily solved. 

2.1. Super number 

2.1.1. The Grassmann generators. Preparing symbols which satisfy the Grass¬ 

mann relation 

( 2 . 1 . 1 ) ajak +(TkCTj = 0, = 

we put formally 

(2.1.2) e: = {X = ^ I All G C} 

IGX 

and 

' e:(o) = ^[0] ^ 

Cd) = |x = ^ XicjH and 
^ |i|<j ^ 

X =Y^ XiaA = 

|i|=j ^ 

where the index set is defined by 

X = {I = (4) G {0,1}N I |I| = < 00 }, 

k 

(T^ = fj^V2^ • • • , I = (n,i2, • • •)) = 1 ) 6 = (0,0, • • •) G X. 

Remark 2.1.1. How do we construct symbols satisfying the Grassmann relation? 

What is the meaning of summation appeared above? These will be soon explained. 

In today’s lecture, we prove the following Proposition which guarantees that d (or 91, dehned 
later) plays the alternative role of C (or 91) in analysis. 

Proposition 2.1.1 (A. Inoue and Y. Maeda [80]). (t forms an 00 -dimensional Frechet- 
Grassmann algebra over C, that is, an associative, distributive and non-commutative ring with 
degree, which is endowed with the Frechet topology. 

Remark 2.1.2. There exist some papers using (t, for example, S. Matsumoto and K. Kakazu unni, 
Y. Choquet-Bruhat [20] . P. Bryant |21] . But, seemingly, they didn’t try to construct “elementary 
and real analysis” on this “ground ring” C (or?l\). 
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2.1.2. Sequence spaces and their topologies. Following G. Kothe m, we introduce the 
sequence spaces w and cp, (effm=except for finitely many) 

f 4> = U = (xk) = {xi,X 2 , ■■■ , Xfc, • • •) I Xfc G C and Xk = 0 effm k} , 

(2-1.3) 

cj = |u = (ufc) = (ui, n2, • • • , Ufc, • • • ) I Ufc G C} . 

For any sequence space X containing (p, we define the space ^ by 

= < u = (uk) I ^ \uk\\xk\ < oo for any y = (xk) G Af > , 


then, we get 


<p^ = oj and = cp. 

We introduce the (normal) topology in X and hy dehning the seminorms 
(2.1.4) Puiv) = '^\uk\\xk\ = Pr:{u) for y G A" and u G 

k 


Especially, converges to y in (/>, that is, Pu(y*'"'^ — y) —)• 0 as n —oo for each u G w if and 
only if for any e > 0, there exist L and uq such that 

= Xfc = 0 for k > L when n > uq, and 

— Xk\ < e for k < L when n > uq. 


(2.1.5) 


( 1 ) 

(ii) 


Analogously, converges to u in uj, that is, — u) —>■ 0 as n —)• oo for each y G 0 if and 

only if for any e > 0 and each k, there exists uq = no(e, k) such that 

( 2 . 1 . 6 ) — Uk\ < e when n > uq. 

Clearly, ui forms a Frechet space because the above topology in oj is equivalent to the one defined 

by countable seminorms: {pk{u)}k£N where Pfe(u) = \uk\ for u = (tti, tt 2 , • • •) = Sjli ^ ^ with 
3 

= (Oj ■ • • ) 0) 1) 0) • • • ) S 


Now, we dehne the isomorphism (diadic-decomposition) from I onto N dehned by 

^ OO 

(2.1.7) r :Z 3l = (i^) —)• r(I) = 1+2 X!/ ^ ^ where = 0 or 1. 

^ k=l 

Using r(I) in (I2.1.7p . we define a map 

T : cr^ —^ 6 ^( 1 ) for I = (4) G X. 

Extending this map linearly, we put 

( 2 . 1 . 8 ) T{X) = ^^®r(i)G(i) £ w for A = E 

|i|<i 

More explicitly, we have the following first few terms: 


Then, since T(Gilll) and are disjoint sets in cj if j 7 ^ k, we have 

OO 

^r(e:W) = a;. 

3=0 


(2.1.9) 
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Therefore, it is reasonable to write as in (12.1.21) and more precisely, 

OO 

( 2 . 1 . 10 ) = that is, X = with ^ Xicj 

i=o |i|=i 

Here, is called the j-th degree component of X G Ci. By definition, we get 

(tU) (r{k) £ qj . j < 


( 2 . 1 . 11 ) 


(t = Y^ with 0 = c, 

j=0 


^[j]. (f[k] ^ (Aj+k] and c 


( 2 . 1 . 12 ) 

Remark 2.1.3. The second relation with in (j2.1.12p also holds for the Clifford algebras 
but the first one with Gil'l is specific to the Grassmann algebras satisfying (12.1.11) . Here, the Clifford 
relation for {ej} is defined by 

(2.1.13) CiCj + ejCi = 26ijl for any i, j = 1,2, ■ ■ ■ . 

Typical examples, though not countably many but finitely many elements, are the 2x2-Pauli matrices 
Cj = {o'j}j=i, 2,3 and the 4 x A-Dirac matrices {e£}j=o,i, 2,3 = {0,oej}. 

2.1.3. Topology. We introduce the weakest topology in (t which makes the map T continuous 
from to uj, that is, X = —)> 0 in Gi if and only if proji(X) —)• 0 for each I G X with 

projj(X) = Xi; it is equivalent to the metric dist(X, T) = dist(X — Y) defined by 

dist(x) = y ' 


(2.1.14) 


IGX 


+ |proji(X)| 


for any X G Gi. 


For example, X^^) = f{i)cri • • • —)■ 0 in Gi even if f{i) —)• oo because dist(X(^)) < 2 2^+^. 

Comparison 2.1.1. The sequence space uj is regarded as a formal power series ring of an 
interminate element X (see, for example p.25 or p. 91 of F. Treves m\) That is. 


C[[X]] = {u = u{X) = ^ UnX"- I Un G C} = {u = (uq, ' ' ' ,Un, ■ ■ ■) \ Un ^ C}. 
Introducing “standard” algebraic operations and putting a fundamental neighbourhood system as 

oo ^ 

Vm n = {u = 'a(X) = > UpX^ I Up G C, lupl < — for any p < n}, 

’ i- ^ m 

p=0 

we may define a Frechet topology on it. 

2.1.4. Algebraic operations — addition and prodnct. For any X,Y G Gi, we dehne 

CXD 

(2.1.15) X + y = ^(X + y)W with (X + X) 1^1 =x[^]+y[^l forj>0 

and 


j=0 


XY = ^(Xy)I^'l where (XX)!^'! = ^ ^ (XX)ia^. 

j=0 k=0 \l\=j 


(2.1.16) 
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Here, {XY)i = G C is well-defined because for any set I G X, there exist 

only finitely many decompositions by sets J, K satisfying I = J-j-K (i.e. I = J U K, J n K = 0). 
Here, the indeces r(I; J, K), or more generally r(I; Ji, • • • , J^) are defined by 

(2.1.17) (-i)Hi;Ji,-,Jfc)^Ji with I = Ji+J 2 +-- 4 Jfc. 

But for notational simplicity, we will use (—l)"^!*) without specifying the decomposition if there 
occurs no confusion. 

Exercise 2.1.1. Prove that for sets J, K satisfying I = J -|- K, 


Moreover, we get 

Lemma 2.1.1. The product defined by (I2.1.16p is continuous from C x Gi —)■ C. 

Proof It is simple by noting that there exist 21^1 elements J G X satisfying J C I and that 

|(^H)i|< ^ IXjIIHkI <2’'m(max|Xj|)(max|yK|) for any X,H G C. □ 

I=J+K 

Proof of Proposition Clearly, we get 

fx(YZ) = (XY}Z {associativity), 

^X{Y + Z) = XY + XZ {distrihutivity). 

Other properties have been proved. □ 

Remark 2.1.4. We may consider that an element of X £ <t stands for the ‘state’ such that 
the position labeled by is occupied by Xj £ C. In other word, considering {cjj} as the countable 
indeterminate letters, it seems reasonable to regard C as the set of certain formal power serzejil with 
simple topology. Therefore, it is permitted to reorder the terms freely under ‘summation sign’. That 
the sunttnaUon ‘une^hUtonally (tkouyh not ahsolutely) eonoeryent% ami ,o 

such a big space C with rather weak topology because this algebra is considered 
as the ambient space for reordering the places. We feel such a big ambient space will be prefarable 
and tractable for our future use. 

Remark 2.1.5. (1) As forms a filter by (12.1.111) and (I2.1.12p . it gives a 0-neighbourhood 

base of the linear topology of C which is equivalent to the above one defined by (I2.1.6p . (See G. 
Kothe 190] for the linear topology of vector spaces.) 

(2) We may introduce a stronger topology in (t called the topology by degree, that is, X^^'^-^X in C 
means that 

(i) there exists £ > 0 such that = Xi = 0 for any n and I when |I| > and 
(a) — Xi\ —)• 0 as n ^ oo when |I| < £. 


^with the special property that same letter appears only once in each monomials 
^diverting the terminology of the basis problem in the Banach spaces 
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2.1.5. The supernumber. The set C defined by (12.1.21) is called the (complex) supernumber 
algebra over C and any element X of C is called (complex) supernumber. 


(2.1.18) 


p{X) = 


Parity: We introduce the parity in by setting 

^1 if X = X]igiji|=od 
X G C is called homogeneous if it satisfies p{X) = 0 or = 1. We put also 

' Giev = = {^ e g: I p{x) = o}, 

eiod = = {^ e g: I p{x) = 1}, 

G: ^ GTev © GTod = Giev X Giod. 


(2.1.19) 


Moreover, it splits into its even and odd parts, called (complex) even number and (complex) 
odd number, respectively : 

(2.1.20) X = Xev + Xod = X] 

|I|=ev |J|=od j=ev j=od 

Using (12.1.201) . we decompose 

( 2 . 1 . 21 ) X = Xb+Xs where Xs = ^ xl^'l and Xb = Xg = x[°] 

1 < J '<00 

and the number Xb is called the body (part) of X and the remainder Xs is called the soul (part) 
of X, respectively. We define the map ttb from Gi to C by 7 rB(X) = Xb, called the body projection 
(or called the augmentation map). 

Remark 2.1.6 (ImportanJ^ . € does not form a field because X^ = 0 for any X G Giod- But, 
it is easily proved that 

(i) if X satisfies XY = 0 for any Y G Giod: then X = 0, and 

(a) the decomposition of X with respect to degree in ()2.1.10p is unique. 

These properties are shared only if the number of Grassmann generators is infinite. For example, 
if the number of Grassmann generators is finite, say n, then the number aia 2 - ■ -(Jn, which is not 
zero, is recognized 0 for the multiplication of any odd number generated by 

Lemma 2.1.2 (the invertible elements). Let X G Gi with Xb 0. Then there exists a unique 
element Y ^ it such that XY = 1 = UX. 

Proof. In fact, decomposing X = Xb + Xs and Y = Ib + Us, we should have 

XbFb = 1, ^bUs + XsFb + ^sUs = 0. 

Therefore, putting Xs = X]|i|>o Ys = X]|j|>o noting that = (—l)'^(^U,J)(jK 

for K = I + J, we have 

FB = ^B^ u^k = -Xb' (-i)-(™)Xiyj. 

K=I+J 


■^Tiiis important fact is not mentioned at lecture time, why such bonehead! 
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For example, 


for |K| = 1, then Yk = -X-^X^Yb, ■ 


for |K| = i, then Yk = -X^^ ^ 

K=I+J 

If Xb = 0, there exists no Y satisfying XY = 1 or YX = 1. □ 

Now, we define our (real) supernumber algebra by 


( 2 . 1 . 22 ) 


iH = 7r. 


-1 

B 


n e: = 


|x = I Xb e M and Xi e C for |I| ^ o| . 


Defining as same as before, we have 

(2.1.23) fR = IRev © 5^od, = 

Analogous to we put 

' m = {x £€ \ ttbX e M}, = iRn 

(2.1.24) i IRev = fR n elev, IRod = 51 n Cod = <5od, 

IR ^ IRev © 51od = 51ev X IRod. 

Here, we introduced the body (projection) map ttb by ttbX = projB(X) = Xq = Xb. 
and other terminologies are analogously introduced. 

2.1.6. Conjugation. We define the operation “complex” conjugation, denoted by X as fol¬ 
lows: Denoting the complex conjugation of Xi G C by Xj and defining for 

I = (ii, • • • ,in), we put 

X = = ^(-l)^^^CT^ 


IGX 


IGX 


(2.1.25) 

Then, 

Lemma 2.1.3. For X, X € C and A G C, we have 

(2.1.26) 


(X) = X, XY = YX, AX = AX. 


Proof. To prove the second equality, we remark cr^o"^ = a^. In fact. 


(tIcjJ = (-1)-(K;I,J)^K = 


|k|(|k|-i) 


cr 


K 


= [- 1 ) 2 (-1) 2 o-'cr = (-1) 2 (-1) 2 

Therefore, we get the desired result. □ 

Moreover, we have, if K = I + J, 

^ |K|(|K|-1) |I|(|I|-1) 


K|(|K|-1) , . |I|(|I|-1) , , |J|(|Jj-l) .|N^r(K;J,I) 


-ir 

Remark 2.1.7. We may introduce “real” as X = X for X G C, or from purely aethetical point 
of view, the set of “reals” may be defined by 


91* = {X = ^ Xiu^ I Xi g M}, 


lex 
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but we don’t use this “real” in the sequel. Beeause the analysis is really done for the body part and 
the soul part is used not only for reordering the places but also “imaginary”, therefore, we imagine 
that the set 

TZp = < X = xicj^ I xb £ M and xi S F > 

I lei J 

would be more natural as our “supernumber algebra”. Here, F should be an associative algebra 
such that we may define seminorms analogously as before. This point of view will be diseussed if 
necessity oecurs. 

Remark 2.1.8. There is another possible way of defining the eonjugation: By Hahn-Banach 
extension theorem, we may define Uj as a linear mapping from ^ to C sueh that {aj,ak) = Sjk, 
and by this, we may introduce the duality (•,•) between C and C which is the Grassmann algebra 
generated by {(Tj}, and whose Freehet topology is eompatible with the duality above. In this ease, 
putting for / = (ii, • • • ,in) and 

lex lex 

we have also ()2.1.26l) . 


2.2. Superspace 


Definition 2.2.1. The super Euelidean space or (real) superspaee 9^™'!"' of dimension m\n is 
defined by 

y^m\n 


( 2 . 2 . 1 ) 


where x = *(xi, • • • , Xm) o,nd 6 = \9i, • • • , On) with Xj G fHevj £ 51od- 


Notation: In the following, we abbreviate the symbol ‘transposed’ ,Xm) and denote 

X = (xi, • • • ,Xm), etc. unless there occurs confusion. 


The topology of is induced from the metric defined by distm|„(X, T) = distm|„(X — Y) 
for X,Y £ where we put 


( 2 . 2 . 2 ) 


distm|n(^) = X] 


( 1 |proji(xj)| \ 
2di) 1 + |proji(xj)|y 


+ y f ©Y— _ 

V ^2^® l + |proji(0s)|y 


Clearly, disti|i(X) = dist(X) for X G 91^1^ = 91 C C. Analogously, the complex superspace of 
dimension m|n is defined by 


(2.2.3) 


^m|n _ 

V., '“ev ^ '“od- 


We generalize the body map ttb from 91™'l"' or 91”’'l‘^ to M'" by ttbW = ttbx = (ttbXi, • • • , Tr^Xm) G 
for X = {x,9) G 91™!"'. The (complex) superspace (P™-!"- is defined analogously. 

Dual superspace. We denote the superspace 91™'!"' by 91^^” whose point is presented by 
X = (x, 9) = (xi, • • • , Xm, 9i, - ■ ■ , 9n). We prepare another superspace 91^^” whose point is denoted 
by H = (^, tt) = (^ 1 , • • • , ^m, TTi, • • • , 7r„), such that they are “dual” each other by 

m n 

{X\r)m\n = G 51ev 

j=l k=l 


(2.2.4) 
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Or, for any h £ and k G , we may put 

m n 

(2.2.5) = h-^ + k-^ ^(^fclvTfc) G IHev 

j=l k=l 

We abbreviate above (•|•)m|r^ or by (-I-) unless there occurs confusion. 

2.3. Rogers’ construction of a countably infinite Grassmann generators 


We borrow her construction in A. Rogers Denote hy Ml the set of integer sequences 

given by 

Ml = {fj, \ h = (^ 1 , /U 2 , • • • , Hk), I < fki < k -2 < ■ ■ ■ < IJ-k < L} and Moo = Uf^^ML- 

We regard 9 £ Ml and for any j G N, we put (j) G Afoo- For each r G N, we may correspond a 
member // G A4cxd by using 


(2.3.1) 


r = 1(2^1 + 2^2 -^ 2^*). 


(2.3.2) 


Conversely, for each ^ G Afoo we dehne as = (0, • • • ,0,1,0, • • • ) where r and /i are related 
by (I2.3.ip . Then, w = Now, we introduce the multiplication by 

toi /r G Ad(X3, 

. ®(mi)^(m 2 ) '' ’ wheie fj, (/^ij /^ 2 ! ■ ■ ■ j /r/j). 

That is, we identify 

UJ3W = {wi,W2,W3,W4,- ■ ■) = ^^ {W{l),W(^2),Wil,2),W[3)r 

1=1 

where 

®(1) ^ ®(i)®(2) = ®(i,2) ^ '^1*^2 = -^(1,2) = (Ij 1) 0) ■ ■ 


E 


= > w,,e 




k-i 


^{//l)^(/i2) * * * ^ ^2 * * * ^ 0, * * * ). 


k’k 


Dehning aj = e(j), we have a countably infinite Grassmann algebra by (j2.3.2|) . 

In stead of the sequence space w, Rogers uses to construct the real Banach-Grassmann 
algebra, which is the set of absolutely convergent sequences 

||X|| = ^|Ai| < oo for A = with Aj G M, such that ||Ay|| < ||A||||y||. 

lex 

Proposition 2.3.1 (Roger). with the above multiplication forms a Banach-Grassmann 
algebra with countably infinite generators. 

Remark 2.3.1. There are many papers treating super manifolds which are based on ground 
ring with Banach-Grassmann structure (for example, V.S. Vladimirov and I.V. Volovich |138j . 
etc). This phenomenon is rather reasonable because inverse or implicit function theorems hold 
in Banach space as same as Euclidian case, but not so in general, in Frechet space. But the 
condition |Ali| < oo is too difficult to check in our concrete problem. This has the similarity to 
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indeterminate coefficients method to solve Cauehy-Kovalevsky theorem and to cheek its convergence 
by majorant test. 

Remark 2.3.2. Concerning inverse or implicit funetion theorems in certain Freehet space, see 
R. Hamilton m or J. T. Schwartz [ml for Nash’s implicit function theorem. 





CHAPTER 3 


Linear algebra on the superspace 


In this chapter, we quote results from F.A. Berezin [lOj . B.S. deWitt |34j and D.A. Leites |97j 
with modifications if necessary. 

Remark 3.0.3. Almost all papers prefixed “super”, treated the case of finite number of odd 
variables also with the finite number of Grassmann generators, or rather, they don’t distinguish 
odd variables and Grassmann generators. But in any way, after slight modification if necessary, 
algebraic operations not affected with the topology is borrowed from these papers. 


3.1. Matrix algebras on the superspace 


3.1.1. Super matrices. 


Definition 3.1.1. A rectangular array M, whose cells are indexed by pairs consisting of a row 
number and a column number, is called a supermatrix and denoted by M ^ Mat ((m|n) x (r|s) : C), 
if it satisfies the following: 


(1) A {m + n) X (r + s) matrix M is decomposed blockwisely as M = where A, B, 

C and D are mxr,nxs,mxs and n x r matrices with elements in respectively. 

(2) One of the following conditions is satisfied: Either 

• p{M) = 0; that is, p{Ajk) = 0 = p{Buv) and p{Cjy) = 1 = p{Duk) or 

• p{M) = 1, that is, p{Ajk) = 1 = p{Buv) and p{Cjv) = 0 = p{Duk)- 


We call M is even denoted by Mat ev((in'|iT') x (r|s) : C) (resp. odd denoted by Mat x (r|s) : 

^)) if p{AI) = 0 (resp. p{M) = 1). Therefore, we have 

Mat ((m|n) x (r|s) : C) = Matev((?^|^) x (r|s) : C) 0 Mat od((?7i|^) x (r|s) : Gi). 

Moreover, we may decompose M as M = Mb + Afg where 


A/b 



when p{M) = 0, 


when p{M) = 1. 


The summation of two matrices in Matev((™'K) ^ (^1'®) • or in Matod((™K) ^ (^1®) : 
is defined as usual, but the sum of Matev((™|?i') x (r|s) : C) and Mat od(("i|^^) x (r|s) : Gl) is not 
defined except at least one of them being zero matrix. 
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It is clear that if M is the (m + n) x (r + s) matrix and N is the (r + s) x (p + q) matrix, then 
we may define the product MN and its parity p{MN) as 

{MN)ij = Y,MMp p{MN)=p{M)+p{N) mod 2. 

k 

Moreover, we dehne Mat [m|n : C] as the algebra of {m + n) x (m + n) supermatrices. 


3.1.2. Matrices as Linear Transformations. By definition of matrix operation to vector, 
we have 

Matev((m|n) x (r|s) : ^) 3 M = (^ ^ 

Matod((m|n) x (r|s) ■. t) 3 M = (^ ^ x Kv, 

Mat od((n|m) x (m|n) : C) 9 q”) : x ^ 91", x 91™^ = 91"'™. 

For elements X = (x,0) = (xi,--- ,dn) and H = (^,7r) = (Ci,-" ,Cm,vri,--- ,7Tn) 

in we define X and (X|H)m|„ as in (I2.1.25p and (I2.2.4p . respectively. 

If we introduce the duality between as in (12.2.41) . we may define the transposed operator 
as 

{MX\E)^\n = for any M G Matev(("i|n) x (r|s) : (f), 

for X = (x,0) G and H = (^,w) G More precisely, we have 

'" = ‘(d b) = (-C ‘‘b) “<1 

Analogously, defining the duality between and C™'" for Z = {z,9) G T = {w,p) G C™'!" 
by 

m n m n 

{Z\T)^\n = '^~jWj+ '^ekPk, or ='^ZjW-+ '^ek'Pk, 
j=l k=l j=l k=l 

we denote the conjugate (or adjoint) matrix of A by A* = h4 = *A etc. Then, we may introduce 
M*, the conjugate (or adjoint) of matrix M, by 


(AfZ|r)^l„ = {Z\M*T),\,. 


Therefore, we have 


M* = 


A C 
D B 


A* -D^ 
-C* B* 


and M** = M. 


Lemma 3.1.1. For M G Mat {{m\n) x (r|s) : Gi) and N G Mat ((r|s) x {p\q) : C), we have 


{MNf = N^M\ (MN)* = N*M*, {M^f = AM A, where A 



If M G Mat[m|n : (£] is even, denoted by M G Matev[iR|R- : then M acts on 

linearly. Denoting this by Tm, we call it super linear transformation on and M is called the 

representative matrix of Tm- 
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Proposition 3.1.1. Let M e Matevl^T^I^T- : and assume del Mb ^ 0. Then, for given 

Y e 

(3.1.1) TmX = Y 

has the unique solution X € which is denoted by X = M~^Y. 

Proof. Since Mb has the inverse matrix Mg (|3.1.ip is reduced to 

X + NsX = Y', Y' = M^^Y 

where Ng = Mg^Ms. Remark that iVsXh] g 3 — 0- Decomposing by degree, we 

get 

xW = y'h] - for j = 1, 2,.... 

As = Y'^^\ we get X^^^ from for j > 1 by induction. □ 

Exercise 3.1.1. How about M G Matod((?TT'|iT') x (n|m) : C) ? 

Definition 3.1.2. M G Matevl^-I^^ • called invertible or non-singular if is invertible, 
i.e. det Ab- deti^B 7^ 0, and denoted by M & GLev[m|n : £]. 


3.2. Supertrace, superdeterminant 


3.2.1. Supertrace. 


Lemma 3.2.1. Let V, W be two rectangular matrices with odd elements, m x n, n x m, 
respectively. We have 

(1) tr(PlP)*^ = -tr(lPP)*^ for any k = 1,2, ■■■ . 

(2) det(I,„ + VW) = det(I„ + WV)-\ 

Proof. Let V = {vij), W = (wjk) with Vij,Wjk G Cod- 
tr (VW)^ = 

= -Yl ^hh'^nn ■ ■ ■ Vje-ijkWjkWiji = - tr (WV)^. 

Using this, we have tr {(WVy~^WV) = — tr (U {WVY~^W) which yields 

log det(I„ + WV) = tr log (I„ + WV) = Y -tr {(WV^-^WV) 

e 

= E (Viwvy-^W)] =-Y tr {VWY 

£ £ 

=-log det(I,„ + Uiy). □ 

Comparison 3.2.1. If A = (0^) G Mat {m x n : Cev); B = {bjk) G Mat (n x m : <Lev), then we 

have 

( 1 ) tr {ABY = ix{BAY, 

(2) det(Im + AB) = det(In + BA). 


Definition 3.2.1. Let M = 


A C 
D B 


G Mat [m|n : C]. lUe define the supertrace of M by 


str M = tr A - (-I)pW tr B. 
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Using Lemma 13.2.11 we get readily 

Proposition 3.2.1. (a) Let M,N e Mat [m|n : C] such that p{M) + p{N) = 0 mod 2. Then, 
we have 

str (M + N) = str M + str N. 

(b) M is a matrix of size {m + n) x (r + s) and N is a matrix of size (r + s) x (m + n). Then, 

str {MN) = (-I)pWpW str(A^M). 

3.2.2. Super determinant. For even supermatrix, we put 

Definition 3.2.2. Let M be a supermatrix. When detPe / 0, we put 

sdet M = det(^ — CB~^D)-{(\et B)~^ 
and call it superdeterminant or Berezinian of M. 

Corollary 3.2.1. When detPe / 0 and sdet M / 0, then det^e / 0. 

Exercise 3.2.1. Prove the above corollary. 


For reader’s sake, we recall the definition in commutative setting. 


Definition 3.2.3. Let B = {Bjk) be (i x £)-matrix with elements in (Lev, denoted by, B G 
Mat [£ : Cev] • Cev 'is a commutative ring, we may define det B as usual: 


det B = E sgn(/9).Bip(i) • --Bip^i). 

P&Pe 

Then, analogously as ordinary case, we have, 

(3.2.1) det(^i?) = det det P, det (exp A) = exp (tr A) for A, S G Mat [£ : Cev]- 

Moreover, for block matrix case, we have 
Comparison 3.2.2. Let 


A = 


M = 


Im 

-^22 ^21 


^11 ^12 
. ^21 ^22 

be block matrices of even elements. Then, we have 

(3.2.2) det^ = det(AM) = det ^ 12^22 ^21 ^ 21 )" det ^ 22 - 

V U ^22 J 

Remark 3.2.1. It seems meaningful to cite here the result of F.J. Dyson m, 


Theorem 3.2.1 (Dyson). Let R be a ring with a unit element and without divisors of 
zero. Assume that on the matrix ring A with n > 1, a mapping D exists satisfying the 
following axioms: 

Axiom 1. For any a d A, D[a) = 0 if and only if there is a non-zero w £ W with 
aw = 0. Here, W is the set of single-column matrices with elements in R. 

Axiom 2. D{a)D{h) = D\ab). 

Axiom 3. Let the elements of a be Uij i,j = I,-- - ,n, and similarly for b and c. If for 
some row-index k we have 

{ Oij — bij — Cij , Z k 

Oij ~\~ bij — Cij , Z — k, 
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then 

D{a)+D{b) = D{c). 

Then, R is commutative. 

This theorem states that if the elements of matrix are taken from non-eommutative algebra, then 
it is impossible to define the determinant having above three properties. But, he claims a eertain 
‘determinant’ is defined for some elass of matrices with elements in ‘quarternion’ requiring only 
one or two properties above (By the way, Moore’s point of view, is reconsidered signifieantly in that 
paper). In fact, we may define “superdeterminant” for “supermatrix” as above which staisfies the 
properties below. 


Now, we continue to study the properties of super-determinant defined in the previous lecture. 
Following decomposition of a even supermatrix M will be useful; 


(3.2.3) 


'A C 
D B 


Im CB-^ 
0 

Im O' 
DA-^ 



'A 

- CB-^D 0 


Im 

o' 



0 B 


B-^D ln_ 


'A 

0 


Im 


0 

B - DA-^C 


0 

In 


if det B-q / 0, 
if det / 0. 


Moreover, we have 


'A 

C 


'A C 

-1 

{A-CB-^D)-^ 

-A-^C{B - DA-^C)-^' 

D 

B 


D B 


-B-^D{A-CB-^D)-^ 

{B - DA-^C)-^ 


[im- a-^cb-^d)-^a-^ -{im- a-^cb~^d)-^a-^cb~^' 

-(I„ - B-^DA-^C)-^B-^DA-^ (I„ - B-^DA-^C)-^B-^ 

A-^{lm-CB-^DA-^)-^ -A-^CB-^{ln-DA-^CB-^)-^' 

-B-^DA-^{1^ - CB-^DA-^)-^ B-^{ln - DA-^CB-^)-^ 


sdet 


A C 
D B 


= (det A)(det B)-^ det(Irn - A-^CB-^D) 

("3 2 4 ) = (det A)(det B)~^ det(Im — CB~^DA~^) = (det Ji)“^(det B)~^ 

= (det A)(det B)~^ det(Iri, — B~^DA~^C) 

= (det A)(det det(In — = (det A)(det B). 

As we have the following 
(3.2.5) 

we guarantee the invertibility of matrices appeared above 


'A 

C 


1 

o 


I-m 

0 ■ 


'A 

C 


Im 0 ■ 


D 

B 


o 

1 


0 

-In, 


D 

B 


. 0 



A - CB-^D 0 

0 B- DA-^C 


Lemma 3.2.2. (1) Let L S Matevl-^ • ^ev] such that the product of any two entries of it is zero. 
Then 

(I^ -|- L)~^ = li — L, det(l£ -|- L) = 1 -|- tr L. 

(2) Let M G Matevl^^l^T- : 'll] such that the product of any two entries of it is zero. Then 


sdet (Im+n + M) = 1 -|- str M. 
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Proof. (1) Remarking 

(I^ + L)~^ = — L + ■ and det(e^) = 

we get the result readily. 

(2) For M ^ 


D B 


satisfying C{In + B) = 0 and tr Atr R = 0 guaranteed by the product 
of any two entries of M being zero, 

sdet (Im,+n + — det(Im -\- A — C{ln + B) det(I^ + B) 

= det(Im + A)- det(I„ — R) = 1 + tr ^ — tr R = 1 + str M. □ 

Corollary 3.2.2. When detRu / 0 and sdet M / 0, then det / 0. 

Exercise 3.2.2. Prove the above corollary. 

Theorem 3.2.2. Let M,N £ Mat [m|n : C]. 

(1) If M is invertible, then we have sdet M 7 ^ 0. Moreover, if A is nonsingular, then 

(3.2.6) (sdet M)~^ = (det det(R — DA~^C). 

(2) Multiplicativity o/sdet .• 

(3.2.7) sdet (MN) = sdet M-sdet N. 

(3) str and sdet are matrix invariants. That is, if N is invertible, then 

(3.2.8) str M = (-l)P(^)+P(^)str(iVMiV-^), sdet M = sdet (iYMAT-i). 


Proof {due to Leites |97jl. (1) By 
(3.2.9) 


'A 

C 


Im 0 


D 

B 


DA-^ In 



A 0 

0 B-DA-^C 


A-^C 
0 In 


if det / 0, 


we have readily by dehnition, sdet M = det A(det(R — DA ^C)) which yields (13.2.61) . 
(2) [Step 1]: Let Go and G- be subgroups of GL[m|n : £], given by 


e+ = 


Im C 
0 In 


; Go — 


A o' 
0 B 


, G- = 


Im 0 

D In 


Then, we have, M = M+MoM_ with M+ £ G+, Mq £ Go and M_ £ G-. i.e., for any M £ GL[m|n : 

e:], 

o' 


'A 

C 


Im 

CB-^ 


'A - CB- 


o' 


I 

D 

B 


0 


In 



0 


B 


B- 





C 


In 

C] 


Im 

C + C'^ 




0 

In. 

X 

0 

In. 


0 


In 



(3.2.10) M = 
Remarking that 


we introduce the notion of elemantary matrices having the form 

Im E 
0 In 


if det Bb / 0. 


where E has only one non-zero entry. 
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[Step 2]: We claim sdet {MN) = sdet M■ sdet N whenever M G or M G Gq, and similarly, 
whenever N G Go or N G G-- For example, when 

cl 


M = 


0 L 


D B 


Im C 

'A 

C 

= sdet 

'A + C'D 

C + C'B 

0 In_ 

D 

B 


D 

B 


gG+ N = 

J 

we have 

sdet (MN) = sdet 

= det(A + CD - (C + CB)B-^D)-{det D)-^ = det( 2 l - CB-^D)-{det D)-^ 
= sdet M- sdet N. 

Exercise 3.2.3. Check other cases analogously. 

[Step 3]: We claim that sdet (MN) = sdet M- sdet N for any elementary matrix N 


N = 


Im D 
0 In 


e G+. 


Since we have 

sdet {MN) = sdet (M+(MoM_iV)) = sdet M+- sdet (Mo(M_iV))) = sdet Mq- sdet {M_N), 
sdet M- sdet N = sdet Mq - sdet M_- sdet N, 
by Step 1 and Step 2, we need to prove 

sdet {M_N) = sdet M_ - sdet N = 1 
when N is an elementary matrix. By definition, 

sdet P™ TT^l fl=sdetP;? , ^= det{l - E{1 + DE)-^D)-det{l + DE)-\ 

■L' -^TT, U -^77, ■^77 I 

As E has only one non-zero entry, the product of any two of the matrices E, DE, E{1 + DE)~^D 

is zero. Applying Lemma, we get, by (1 + DE)~^ = 1 — DE and E ■ DE = 0, 

sdet {M_N) = det(l - L»E)-(det(l + DE))-^ = (1 - tr DE){1 + tr DE)-^. 

As tr DE = — tr ED, we have 

sdet {M_N) = 1 = sdet M_- sdet N. 


[Step 4]: Put 

0 G GL[m|re : 94] | sdet (MN) = sdet M- sdet N for any M G GL[m|re : 94] 


For Ni,N 2 G G, we have 

sdet {M ■N 1 N 2 ) 

(3.2.11) 


sdet {{MNi)N 2 ) = sdet (MW)- sdet W 

sdet M- sdet W- sdet W = sdet M- sdet {N 1 N 2 ), 


which implies G froms a group. By Steps 2 and 3, G contains G- and Go and all elementary matrices 
N G G+- By Stepl, GL[mjre : Gl] is generated by these matrices, we have G = GL[mjn : £], that is, 
sdet {MN) = sdet M- sdet N. 


(3) Let N,M be given. Then, using (I3.2.11|) . we get 

str NMN-^ = ^- 1 )pOv{mn-^) mN-^N = (_i)pW+p(m) 
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since p{MN = p{M) + p{N mod 2 and 0 = p{NN = p{N) + p{N mod 2, we have 
p{N)p{MN~^) = p{N) + p{M) mod 2. 

Using ()3.2.1ip . we have sdet (MN) = sdet (NM) which implies sdet {NMN~^) = sdet {N~^NM) 
sdet M. □ 


Theorem 3.2.3 (Liouville’s theorem: Theorem 3.5 of |10j ). Let M{t) G Mat [m|n : C] with a 
real parameter t. Let X{t) G Mat [m|n : C] satisfy 

(3.2.12) j^X{t) = M{t)X{t), X(0) = Im+n- 

Then X{t) G GL[m|n : C], and 

(3.2.13) sdet X{t) = exp{ f dsstr M{s)}. 

Jo 


Proof (with slight modification of Berezin’s proof in |10| 1. Let X(t) be a solution of 

j^X{t) = -X{t)M{t), X(0) = Im+n. 

Then, since 

^(X{t)X{t)) = 0 with X(0)X(0) = Im+n, 
dt 

we have X{t)X{t) = Im+n which implies X{t) G GL[m|n : Gl]. 


Let 


M{t) 


A{t) C{t) 

m B{t)\^ 


X{t) 


'Xn{t) Xu{t) 
X2l{t) X22{t) 


Then, we put Y{t) = Xii{t) — Xi 2 {t)X 22 it)X 2 i{t) and Z = X 22 {t)- Differentiating X 22 X 22 
w.r.t. t and substituting X 22 = DA 12 + BX 22 which is obtained from (13.2.121) . we have. 


j^Z = -Z{DXi2X2i+B). 

Analogously calculating, we get 

^Y = {A- Xi2X22^D)Y. 

As all elements appeared in the above equations are even, we may apply the classical Liouville 
theorem to have 

^ det y = tr (A - Xi 2 Xf 2 ^D) det Y, ^detZ = - tr {DXi 2 Xf 2 ^ + B) det Z. 

{jLIj (UiL 

Putting V = X 12 X 22 s-iid W = D in Lemma r3.2.1l we get tr [A — X 12 X 22 D) = tr {Ap DX 12 X 22 ), 
therefore, recalling the definition of super-determinant, we have 


— sdet X = -^(det Y- det Z) = tr (A — B)- det Y- det Z = str M- sdet X with sdet A(0) = 1. 

(JjL (JiL 

This yields the desired result after integrating w.r.t. t. □ 


Corollary 3.2.3. For M,N G Matev[iR|i^ : we have 


(3.2.14) 


sdet {MN) = sdet M- sdet N, 
exp (str M) = sdet (exp M). 
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Proof. (1) Put X{t) = (1 — t)Im+n + tM and Y(t) = (1 — t)Im+n + tN. As X{t) and Y{t) are 
differentiable in t and invertible except at most one t, we my define 


A{t) = ^^X{t)-\ B{t) 


dX{t) 

dt 


Y{t)-\ 


Then 

j^{X{t)Y{t)) = {A{t) + Bi{t))X{t)Y{t) where Bi{t) = X{t)B{t)X{t)-^. 

Applying above theorem, we have 

ds str {A{t) + = exp{ f (is(str A{t) + str B{t))} 

Jo 

= sdet A(l)- sdet Y (1) = sdet M- sdet N. 

(2) Putting M{t) = M, X{t) = and t = 1 in theorem above, we get the desired result. □ 


sdet (MA^) = sdet (A(l)y(l)) = exp{ f 

Jo 


Comparison 3.2.3 (cited from “Encyclopaedia of Mathematics” ed. M. Hazewinkel). Liouville- 
Ostrogradski formula (or Liouville formula) : A relation that connects the Wronskian of a system 
of solutions and the coefficients of an ordinary linear differential equation. 

Let xi{t), ■ ■ ■,Xn{f) he an arbitrary system of solutions of a homogeneous system of linear first- 
order equations 

(3.2.15) x' = A{t)x, X e M" 

with an operator A(t) that is eontinuous on an interval I, and let 

W{xi{t), • • ■,Xn{t)) = W{t) 


be the Wronskian of this system of solutions. The Liouville-Ostrogradski formula has the form 
(3.2.16) {t) = A{t)-ti A{t), t£l 

or, equivalently, 


(3.2.17) 


W{xi{t),---,xn{t)) = W{xi{t),---,x, 



ds tr A(s)}, 


t,t ^ I. 


Here, tr A[f) is the traee of the operator A(t). The Liouville-Ostrogradski formula can be written 
by means of the Cauehy operator X{t,t) of the system (|3.2.15l) as follows: 

(3.2.18) det X{t,t) = exp{ dstrA{s)}, t,t^L. 

The geometrical meaning of ()3.2.18l) (or (13.2.17p ) is that as a result of the transformation X{t,t) : 
M” —>■ M” the oriented volume of any body is increased by a factor exp{J)*ds tr A(s)}. 


3.3. An example of diagonalization 


Definition 3.3.1. A supermatrix M = 


A C 
D B 


G Mat [m|n : C] is called generic if all 


eigenvalues of Mb as Mat [m + n : C] are different each others. 


Theorem 3.3.1 (Berezin). Let M G Mat [m|n ; C] he generic. Then, there exists a matrix 
X G GL[m|n : C] such that E = XMX~^ is diagonal. 
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Proof. Decomposing the equality EX = XM with respect to the degree, we have 

k k 

(3.3.1) = (XM)[^1. 

j=0 j=0 

From this, we want to construct X^^^ and For A: = 0, we have 

(3.3.2) 


By the assumption, there exist = diagonal matrix with (A^° 

diagonal matrix with • • • , a[,°^_,_„) such that 


,Ai^J) and xflE'il = 


and x‘7bb = f;^7^22. 


Defining 


Xio] = 

\ 0 X, 


0 

[ 0 ] 

22 


^[ 0 ] ^ ^11 

\ 0 E. 


.F17 0 

10 ] 
22 . 


we have the desired one satisfying (|3.3.2p . 

Assume that there exist X^-^l and for 0 < j < A;— 1 satisfying (|3.3.ip . Multiplying (XM)“^ 
from the right to (13.3.11) for k, we have 

(3.3.3) f;MxW(xM)-i - x[*^](x[°])-^f;M + eW = 
where 

k—1 k—1 

kW = (j; xhlM[*^-^'])(xM)-^ - (^X[^']X[*^-^'])(X[°])-^ 

j=0 j=l 

By inductive assumption, the matrix is known and belongs to Mat [m|n : Gl]. From (I3.3.3I) . we 
have 

(3.3.4) 

This equation is uniquely solvable since A^*^^ / A^*^^ and 

r Af' = 


(Af - A™)(^''^’(^'°’)“^)ii + = (Xl^^l) 


V 


I (XW(X[0] )-!),,• = 


(KW)i 

A^-a 

t- 3 


[ 0 ] 5 


for i 7 ^ j. 


Therefore, we define XtH and for any j > 0. Since X^^l is invertible, X E GL[m|n : £]. This 
implies X and E are defined as desired. □ 

Problem 3.3.1. Find a condition for a supermatrix M being diagonalizable? Is “generic” 
condition in Theorem \S.S.l\ necessary? 


3.3.1. A simple example. Let 

Q = \ with xi, X 2 € IHev, Oi, O 2 G Ttod, 

\t>2 1X2 J 

which maps to 91^1^ or IHod x fTlev to 91od x flHev This supermatrix appears in Efetov’s calcula¬ 
tion in Random Matrix Theory (see for example, K.B. Efetov m, A. Inoue and Y. Nomura |82j ). 
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3.3.2. Invertibility of Q. Find Y for a given V such that 


QY = V with y = ( ^^ ) , F = 




xiyi + 6»iW2 = 1^1, 02yi + ix2Uj2 = P2- 


If (xiX 2 )b / 0, we have readily 


iX2Vi - 0iP2 XiP2 - O 2 V 1 . 

Ul = -, ^2 = -- With D± = iXiX2±0i02- 


D_ 


D 


+ 


Analogously, for 


^ ^ ^ ^od X zlRev, = 


G IRod X IRe 


satisfying QY = V, we have 


iX2Pl - O1V2 . X1V2 - O2P1 
(^1 = -f;-, m = 


D_ ’ " D+ 

To relate the above quantity with the sdet Q, we proceed as follows: Let 


y = 

Then, from QY = I 2 , we have 


yi 

W2 iy 2 


with QY = YQ = h. 


xiyi + 611 x 2 = 1 , xixi + iy29i = 0 , 

6*21/1 + 1X2X2 = 0, 02^1 - X 2 y 2 = 1- 


Therefore, we have 


y={_\ i: ] = (sdetQ)-^ h 


iX 2 di 

D_ H_ 


. D+ D 4 , 

which yields YQ = I 2 also. Here, we used 


\ ^ 


sdet Q = det(xi — 6 i{ix 2 ) ^ 02 )-(det(ix 2 )) ^ (sdet Q) ^ + 6 * 16 * 2 ^ 


(iX2)" 


Therefore, 


2/1 \ I ix 2 iix 2 )'^ 

2 1 —^2 ixiX2—20i02 


( 1 




hjr. \ \00 

‘^2/ 2 x^ 


Vl 


n. 


ix2Vi—9ip2 


2 1 —iX2d2Vl+(ixiX2 — 2did2)p2 I ’ 


(ix 2 )^ 


^1 ^ _ -6^+ I ix 2 

2 1 —^2 ix\X2—2di92 


( 1 


7^1 

(IriF 


Pi 


3 . 3 . 3 . Eigenvalues of Q. Let 


/ ix2pi—i9iV2 

L*4~ / ( 1 x 2 )^ 

2 I —tX2g2Pl + (»xiX2—26)16)2)112 
( 1 x 2 )^ , 


Then, 

Putting 

we have 


Qt/ = XU with ^ ~ ^ ^ ^ev, S ^od, A G IHe 


(xi — A)u + ^itd = 0, 0211 + (/X 2 — X)x = 0. 

L*+(A) = (xi - A)(zx2 - A) + 0102, D-W = ( 1*^1 “ A)(ix2 - A) - 0i02, 
D_{X)u = 0, L*+(A)a; = 0. 
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To guarantee the existence of mb / 0 satisfying above, we take A satisfying 

iA_(A) = A^ — {xi + ix 2 )\ + ixiX 2 — 01^2 = 0. 

This yields 


A — xi + 




IC'2 


Xi — 1 X 2 


and 


U = 


1 

02 


(or X = ix 2 - but 7rB(A) 0 M) 


QU = (xi + 

Xl — 1 X 2 


Analogously, we seek A G iViev, U G Tlod x IHev satisfying QU = A17 which is given 


-01 


0102 


[/ = , gc/ = (ix2 +- 

1 / Xl - ^a;2 


Therefore, 


Q 


1 

^2 




Xi—tX 2 — 
1 


1 

02 


01 


XI—IX2 

1 


Xl + 


0102 

Xl —2X2 


iX2 + 


0102 


3.3.4. Diagonalization of Q. We may diagonalize the matrix Q by using the change of 
variables 


(3.3.5) 

or 

(3.3.6) 

such that 

(3.3.7) 
where 

G = 

It is clear that 


if ^(x,0) = {y,uj) = < 


0102 ^0102 
01 = 3^1 H-^-, y2 = X2 -^-; 

Xl — 1X2 Xl — 1X2 

01 02 

Wl = -^-, UJ 2 = -^-, 

Xl — 1X2 Xl — 1X2 


ipiy,uj) = (x,0) = 


Xi = yi+ Ujiui2{yi - m), X 2 = y2- wiU2{yi - m), 
01 = uiiiyi - iy2), 02 = -W2(yi - iy2), 


GQG-^ = 


01 0 

0 iy 2 


GQ^G-^ = 


-1 _ fyl 0 


0 -yi 


1 + 2 ^UJlUJ2 UJl 

UJ2 1 — 2 ^CJiCJ2 J ' 


^-1 _ ^1 + 2 ^UJiUJ2 

—U2 1 — 2“^ti;iti;2 


-oil 


str g = Xl — ix 2 = 01 — *02 = str GQG and 
str g^ = Xl + x| + 20102 = 01 + 02 = str {GQG~^)^. 

Mini Column 2: Tensor and exterior algebras, interior product 


As a characteristic feature of mathematical thought, it some times happens that to gener¬ 
alize that situation makes it easier to understand. Though I have a tendency to feel bothered 
and sleepy following lengthy algebraic procedure, but I try to collect some terminology from T. 
Yokonuma [145] (in Japanese). 
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Tensor algebras: Let y be a d-dimensional vector space with inner product (•,•). Put V* is a 
set of linear operators on V, then V* and V is dual each other by y*(-, ■)v- 

Theorem 3.3.2. Let k he afield with characteristic 0, and let Pi, 1^, • • •, 14, be finite dimen¬ 
sional linear spaces on k. Then, we have a unique pair {Uq, in) satisfying following properties (®)i, 
(®) 2 , here Uq is a linear space on k and n-times linear map in € CiVi, V 2 , ■ ■ -jVn '■ Uo)- 

(®)i Uq is generated by image of in, iniVi x P 2 x • • • x Pi : Ufi). 

( 0)2 For any <!' G £(Pi, P 2 , • •Pi : U), there exists a linear map F : Uq ^ U such that 
= Foin. 

Definition 3.3.2. {Uq, in) defined in the above theorem is called tensor product ofVi, P 2 , • • •, Pi, 
and denoted by 

Po = Pi ® P 2 ® ® Pn, l^nivi,V 2 , ■ ■ ■-Vn) = Vi ® V 2 ® ® Vn (Ui G p). 

Definition 3.3.3. For matrices A = (ajj), B = {fiij), we define a matrix 

^ CXiiB Oi\2B ••• Oi\nB^ 

Ot2lB . Oi2nB 

• . 1 

\^mlB (y.Yn2B ^mn 

which is called the tensor (or Kronecker) product of A and B and denoted by A® B. If A is 
{m,n)-matrix and B is {m',n')-matrix, then A® B is (mm',nn')-matrix. 

Let P be a linear space over k and V* be the dual of P. Then, 

p-times g-times 

r/(p) = P(g)-^-(g)P(g)P* (g) • • • (g) p* 

is denoted by (p, q')-tensor space. We put ro'^(P) = k, To^(P) = TP(P), Tq^{V) = Tq{V) and 
roO(P) = rO(p) = ro(P). 

Remark 3.3.1. Here, we use identification P (g) P* = V* , P (g) P* (g) P (g) P (g) P* = 
P* (g) P* g) P (g) P (g) P, etc. 

{p, 0 )- or ( 0 , q)- tensors are called p-th order contravariant or ( 7 -th order covariant tensor, 
respectively. An element in To^(P) = P is called contravariant vector, one in Ti®(P) = V* is called 
covariant vector and one in ro'^(P) = A: is scalar. 

From Hom(P, P) = P* (g P = Ti^(P), linear transformation on P is regarded as (1, l)-tensor. 
Since C{V, V : k) = V* ®V* = T 2 ^{V), bilinear form onP is 2-th covariant tensor. 

Proposition 3.3.1 (contraction). Take integers p > Q, q > Q and consider a tensor space 
Tq^iy). For any integers r, s satisfying 1 < r < p and 1 < s < q, there exists a unique linear map 
Cs^ ■ Tq^iy) —)• Tq_iP“^(P) satisfying the following: For any Vi G V, ipj G V*, 

Cs^ (vi <S> ■ ■ ■ <S> Vp <S> ifl 0 ■ ■ ■ <S> g^q) = ips{Vr)vi 0 ■ ■ ■ 0 Vr 0 ' ' ' 0 Vp 0 ifl 0 ■ ■ ■ 0 (fs 0 ' ' ' 0 Tq- 

Remark. In the above, Vr or fig stands for deleting that component, respectively. This map 
Cg^ is called contraction w.r.t r-th contravariant index and s-th covariant index. 
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The permutation group with p letters, {1, 2, • • ■,p}, is denoted by 6p and each a G &p has the 
signature sgn o" = ±. 

Proposition 3.3.2. (1) For each a G &p, there exists uniquely a linear transformation of 
TP{V) satisfying 

Pa{vi ® ® Vp) = '(^<7-1(1) <8) • • • (8) 'yo-i(p) {vi G V). 

(2) For (7, r, 1 G &p, we have 

P<jPt = Par, Pi = P 


Definition 3.3.4. An element t G T^{V) is called a symmetric tensor when it satisfies for 
any a G Sp. All such elements is denoted by S^iV). In case Pait) = (sgn a)t for any a G &p, it 
is called alternating (=anti-symmmetric?) tensor whose set is denoted by AP(y). 

For t G S^iy), t' G S'^{V), we define product of them as t-t' = 5p+g(t ® t'). 

For t G AP{V), t' G A^iV), we define exterior product of them as tf\t' = Ap+q{t (g) t'). 


Definition 3.3.5. We put 


S„ — 


p\ 




7e6p 


- V (sgn a ) Pa . 

P - 

(TgSp 


Unless there occurs confusion, we simply denote them as Sp = S, Ap = A. 

Definition 3.3.6. In infinite direct sum 

OO 

r(u) = 0r?>(u), 

p=0 

as follows: 

t + t' = ET=oih + t'), 

at = T,JLoatj, 

t<^t' = 0 ( Er+s=p tr <s> t',) . 

Analogously, we put 

Definition 3.3.7. Introducing product ■ in 

OO 

5(r) = 0SP(y) 

p=0 

as 

t G 5P(U), t' G ^''(U) ^ t-t' = Sp+q{t 0 1'), 

we have a symmetric algebra S{V) on V. 


is called tensor algebra, if we introduce addition and product 

OO OO 

t = Y tj,t' = Y*'j^ ^ aGk^ < 

j=0 j=0 


Exterior algebra: 

Definition 3.3.8. Remarking AP{V) = 0 forp > n, we have 

OO n 

A{V) = ^AP{V) = ^AP{V). 

p=0 p=0 
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We define the exterior product A as 

n 

tAt' = ^tpAt'g = ^ Aki ^ tp^ t'g). 

P,Q k=0 p-\-q=k 

A{V) is called the exterior algebra on V. 

Lemma 3.3.1. (1) Vi €V A{vi (8) • • • <8) Vp) = vi A ■ ■ ■ A Vp, 

(2) a & &p v^-ii A ■ ■ ■ A v^-ip = signcr(ui A • • • A Vp). 

( 3 ) t G AP{V),t' G A<i{V) ^t' At = {-l)PH A t' . 

The p-th order covariant tensor space Tp(V) = T^(y*) with inner (or scalar) product 
(^1 (g) • • • (g) G Tp{V), ni (g) ■ ■ ■ (g) Up G TP{V) 

—)> (ni (g) ■ ■ ■ (g) Up, (g) ■ ■ ■ (g) yjp) = • -(Ppivp) 

GV*) 

is regarded as the dual of T^iV). 

A bilinear form (•1-)^ on AP{V) x AP{V*) is defined as 

{z\Op=p'.{z,0 {zeAPiV), ^gAP{V*)). 

Then, 

Proposition 3.3.3. (1) For z = vi A ■■■ A Vp {vi G V) and ^ = ifi A ■■■ A ifp [ft G V*), we 

have 

{z\Cip = det((/?i(nj)). 

(2) AP{V) and AP{V*) are dual each other by the scalar product 

( 3 ) For z = Ylp^QZp G A{V) {zp G AP{V)) and C = Ep=o^p ^ A{V*) {Cp G Ap{V*)), we define the 
scalar product 

n 

(^10 = ^{zp\ip)p 
p=0 

then. Aiy) and AiV*) form dual spaces each other. 

Definition 3.3.9. For ^ G A{V*), we define a linear transformation 6{f) on A{V*) as 

mc = ^Fc {c^A{v*)) 

which is called (left)exterior multiplication. Transposed map of this is denoted by d{fi) and 
called interior product (or multiplication) by 

{d{Oz\o = {zm)o = {z\^AO. 

Remark: Above defined operations are denoted also by (5(.^)- = ^ A •, = CJ-. 


End of Mini Column 2 







CHAPTER 4 


Elementary differential calculus on superspace 


On real Euclidian space M™', to begin with, we consider a real-valued, continuous and smooth 
function. On the other hand if we work on complex space with a complex valued function, it 
seems natural to develop complex analytic functions. From these, what is a natural candidate for 
a function on superspace This chapter and the next one are rewritten rather significantly 

from the original lectures. 


4.1. Gateaux or Prechet differentiability on Banach spaces 


For the future use, we prepare the following lemma: 


Lemma 4.1.1 (see. Lemma 2.1.14 of Berger [12]). LetXi,X 2 ,Y be Banach spaces. The Banach 
spaces L{Xi,X 2 : Y) and L{Xi : L{X 2 : Y)) are identical up to a linear isometry. 


Definition 4.1.1. Let (A", || • ||x) and {Y, || • ||y) be two Banach spaces. 

(i) A function : A —)• T is called Gdteaux(or G-) differentiable at x & X in the direction h G A 
if there exists an element G Y such that 


||<l>(x-|-t/i) — <l>(x) — /i)||y —>■ 0 when t ^ 0, i.e.-^^{x + th)\^_^ = h). 

<hg(x;/i) is also denoted by <hg(x)(/i), dG^ix;h) or {dG^ix)){h). The second order Gdteaux- 
derivatives d^Q ^{x\h) at x ^ X in the direction h = (hi,/i2) G A^ is defined by 


d'c^ix] h) = h) = dcidc^ix; hi); / 12 ) 

= ^dG^{x + th2;hi)\^^^^ 


dtidt2 


^{x + hhi + t2h2)\^^^^^^^ 


Analogously, we may define N-th Gdteaux-derivatives (i[^^<l)(x; h) (or ^^ q \ x ] h)) with h = (hi, • • •, hw) G 
A^. If this (ig<h(x; hi, • • •, hAr) exists, then it is symmetric w.r.t. (hi, • • •, hiv). 

(ii) 4> : A —>• y is called Frechet(or F-) differentiable at x & X if there exist a bounded linear 
operator ^p{x) : A —)• A and an element T{x,h) G Y such that 


^{x + h) — ^{x) — ^'p{x)h = T{x,h) with ||t(x, h)||y = o(||h||x). 


It is clear that if^'p{x) (or dp^{x)) exists, then <hg(x) exists also and 4>g,(a;) = ‘h);,(x). The second 
order Frechet-derivatives 4>'^(x;h) at x & X is defined if ^'p : X —>• L(A : Y) is differentiable at 
X £ X in the Frechet sense. In this case, G L{X : L{X : A)) = L 2 {X : A) = L(A, A : A). It is 
denoted by ^ £ C‘^{U : A) if (a) is twice Frechet differentiable, and (b) ^'fi{x) : U —)• L(A, A : A) 
is continuous. We define analogously N-th Frechet differivative and a class of N-times Frechet 
differentiable functions C^{U : A). That is, $ G Cp{X : A) means for each x £ U C X, ^ is 
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N 

N-times Frechet- differentiable and is a continuous map from U to L{X x ■■■ x X : Y) = 

L]\f{X : Y) w.r.t. x 

Theorem 4.1.1 (see, Theorem 2.1.13 of Berger |12j l. //: X —>• T be Frechet-differentiable 
at X, it is Gateaux-differentiable at x. Conversely, if the Gateaux derivative of ^ at x, dQ^{x,h), 
is linear in h and is continuous in x as a map from X —)• L{X : Y), then <I> is Frechet-differentiable 
at X. In either case, we have ^'Q{x)y = ^'p{x,y). 

Theorem 4.1.2 (see, Theorem 2.1.27 of Berger |12]h If ^ : X ^ Y be N-times Frechet- 
differentiable in a neighbourhood U at x and 4>^^(x)(/i^^\ • • •,denotes the N-th Frechet de¬ 
rivative, the is N-times Gateaux-differentiable and 

Conversely, if the N-th Gateaux derivative d^^'^^{x;h^^\-■ o/ exists in a neighbourhood 

of U of x, h^^\ ■ ■ ■,h^^'l) e L]\f{X : Y), and as a function of x, d\^'^^{x; h^^\ ■ ■ ■,h^^'l) is 

continuous from U to Ln{X : Y), then is N-times Frechet-differentiable and the two derivatives 
are equal at x. 

Problem 4.1.1. How does one extend these notion of differentiability to those on functions 
on ? 


4.2. Gateaux or Frechet differentiable functions on Frechet spaces 

In this section, I borrow representations in R. Hamilton’s paper |57j which I overooked when 
lecture had been prepared. 


4.2.1. Gateaux-differentiability. 


Definition 4.2.1 (Gateaux-derivative, -differential and -differentiability), (i) Let X, Y be 
Frechet spaces with countable seminorms {pm}, {Qu}, respectively. Let U be an open subset of X. 
For a function f : U^Y, we say that f is 1-time Gateaux (or G-)differentiable at x £ U in the 
direction y£X if there exists the following limit in Y: 


t —>-0 t 


dfjx + ty) 
dt 


t=o 


dGf{x]y) = dcfixffy} = dGf{x)y = fG{x)y, 


i.e., for given x G U and y £ X there exists an element dGf{x;y) £ Y such that for any n £11, we 
have 


qn{f{x + ty) - f{x) - tdGfix] y)) = o{t). 

We call this dGf{x; y) the G-differential of f at x in the direction y and denoted as above, and 
dcfix) or fljix) are called the G-derivative. Moreover, f is said to be G-differentiable in U and 
denoted by f £ {U : T) if f has the G-differential dGf{x-, y) for every x £ Lf and any direction 
y £ X. A map f : U ^ Y is said to be 1-time continuously G-differentiable on U, denoted by 
f £ Gq{U : Y), if f has G-derivative in U and if dGf '■ U x X 3 {x,y) ^ dGf{x‘,y) £ Y is jointly 
continuous. 
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(a) If X, Y are Banach spaces with norms IHIx, IHly, respectively, then, f has G-differential 
df {x] y) & Y at X & U in the direction y & X if and only if 

\\f{x + ty) - f{x) - tdGf{x-,y)\\Y = o(|t|) as t ^ 0. 

Moreover, f G Cq{U : Y) if and only if f is G-differentiable at x and dcf is continuous from 
U3x to dcfix) G UX : Y). 

Proposition 4.2.1 (see, pp.76-77 of |57j). Let X, Y be Frechet spaces and let U be an open 
subset of X. If f G Cq{U : Y), then dGf{x;y) is linear in y. 

Remark 4.2.1 (see, p.70 of m)- It should be remarked that even if X, Y, Z are Banach spaces 
and U C X, there exists the difference between 

“'L : U X Y ^ Z is continuous’^ and “L : [/ —)• L(y : Z) is continuous”. 


Definition 4.2.2 (Higher order derivatives, see, p.80 of [57]). Let X, Y be Frechet spaces. 

(i) If the following limit exists, we put 

M ft ^ ft ^ 1 - dGf{x+ tz-,y) - dGf{x;y) 

dGfix){y,z} = dGf[x;y,z) = Im- - -. 

Moreover, f is said to be Gq{U : P) i/dc/ is Cq{U x X : Y), which happens if and only if dlf 
exists and is continuous, that is, d^^f is jointly continuous from U x X x X ^ Y. 

(ii) Analogously, we define 


dcf -U X X X ■■■ X X 3 {x,yi,---,yn) ^ dGf{x){yi,-- •,?/„} = dGf{x;yi,-- ■,yn) G Y. 

riN N 




dti- ■ -dtN 


i=i 


d jN-1 


tl = ---=tjY=0 


dtjY 


dG + tNhN',hi,-■ ■,hM-i) 


tjv=0 


= dG{dG 4>(x;/ii,---,/iAr_i);/iAr) 


= dG ^{ x \ hi ,- ■ ■, hN ) = 4'[f^(x;/ii,---,/iAr). 

/ is said to be Gq{U : Y) if and only if d^f exists and is continuous. We put Gq{U : Y) = 
nffL,Gf,{U:Y). 

Definition 4.2.3 (Many variables case), (i) Let Xi, X 2 , Y be Frechet spaces. For x = 
{xi,X 2 ) G Xi X X 2 and z = {zi,Z 2 ) G Xi x X 2 , we put 

dxj{x){zi} = f,^fix-,zi) = fxi{x)zi = linr + tzi,X 2 ) — f{xi,X 2 ) ^ 

t-)-0 t 

a ft \t \ ft ^ f r \ r fixuX2+tz2) - fixi,X2) 
dx2f{x){Z2} = fx2{x;Z2) = fx2ix)Z2 = 1™- - -. 

They are called partial derivatives. We define the total G-derivative as 

, ft ^ fit ^ r f{xi+tZl,X2 + tZ2) - f{xi,X2) 
dGf{x){z} = f^{x] z) = Imi-^-. 

For f : X ^ Y with X = 0?=! define dxjf{x) and dGf{x) for x = (xi, • • •, x„), analogously, 

(ii) If Xi, X 2 , Y are Banach spaces, we may define analogously the above notion. 


Proposition 4.2.2. Let 




Y be Frechet spaces and let U he an open set in X = 
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(a) f € Cq{U : Y), i.e. dGf{x){y} exists and is continuous, if and only if dxjf{x){-} exist and are 

continuous, and we have, for x = y = {yi)2=i G X, 

n n 

(4.2.1) dGf{x-,y) = dGf{x){y} = = '^fx.{x){yi}. 

i=l i=l 

(b) [Taylor’s formula] Moreover, if f G Cq{U : Y), we have 

p k 

, f{x + y) = '^—dGf{x){y^^'^] + Rpf{x,y) 

(4.2.2) ^0 k\ 

with Vimt~^Rpf{x,ty) = 0 for y G X, 

where 

Proof. (j4.2.ip is proved in Theorem 3.4.3 of |57j for N = 2. (14.2.21) is given, for example, in 
p.lOl of Keller |87j . et al. □ 

4.2.2. Frechet-difFerentiability. 

Definition 4.2.4 (see, Definition 1.8. of L. Schwartz |124j l. (i) LetX, Y he Frechet spaces, 
and let U he an open subset of X. A function : U ^ Y is said to be horizontal (or tangential) at 
0 if and only if for each neighbourhood V ofOinY there exists a neighbourhood U' o/O in X, and 
a function o{t) : ( —1,1) —>■ M such that 

(4.2.3) pitU') C o{t)V with lim = 0, 

t-^o t 

i.e. for any seminorm Qn on Y and e > 0, there exists a seminorm pm on E and 5 > 0 such that 

(4.2.4) qn{p{tx)) < et for Pmix) < 1, \t\ < 6 

From ()4.2.4p . putting V = {z G Y \ qn{z) < 1}, U' = {x G X \ Pm{x) < 1}, we may recover (I4.2.3p . 
(ii) For given Banach spaces {X, IHIx) and (K, H-Hy), “horizontal” implies 

||¥^(ic)||y < ||2 ;||a'V'(®) with ijj : X ^ R, lim i/’(x) = 0 i.e. ||(/j(x)||y = o(||x||x) as ||x||x —)• 0. 

Definition 4.2.5 (Frechet differentiability), (i) (Definition 1.9. of |124] ) LetX, Y he Frechet 
spaces with U being an open subset of X. We say that f has a Frechet (or is F-)derivative (or f 
is F-differentiable) at x G U, if there exists a continuous linear map A = '. X ^ Y such that 

ip{x\y) is horizontal w.r.t y at 0, where ip{x\y) is defined by 

pix; y) = f{x + y)- fix) - A^y. 

We call A = Ax the F-derivative of f at x, and we denote Axy as dFf{x]y). Moreover, we denote 
f G Cp{U :Y) if f is F-differentiable and dpf ■ UxX3ix,y)^dFfix;y)GY is jointly continuous, 
(ii) For Banach spaces, f is F-differentiable at x if there exists a continuous linear map A = Ax '. 
X ^ Y satisfying 

Wfix + y) - fix) - AyWr = oi\\y\\x) as \\y\\x 0. 

Moreover, f G CpiU : Y) if f is F-differentiable and X 3 x ^ Ax G L(X : Y) is continuous. 
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Remark 4.2.2. If f is F-differentiable, then it is also G-differentiable. Moreover, 
f'ciF y) = dcfix; y) = dpfix-, y) = /^(x; y). 

Definition 4.2.6 (Higher order derivatives), (i) Let X, Y be Frechet spaces with U being an 
open subset of X. A F-differentiable function f : U ^ Y is twice F-differentiable at x £ U if 
dpf : U X X 3 {x,y) ^ dFf{x;y) gY is F-differentiable at x £ X. That is, the function 

'fix; y, z) = dp fix + z;y)- dp fix; y) - d],fix){y, z), 
is horizontal w.r.t. z at 0. 

(ii) (p.72 of ^2\) Let X, Y be Banach spaces. A F-differentiable function f : U ^ Y is twice 
F-differentiable at x £ U if f'p : X ^ L(X : Y) is F-differentiable at x £ X and fpix), the 
derivative of fpix), belongs to L(X : L(X : R)) = L(X x X : Y). f £ C‘^iU : Y) if (a) f is twicely 
F-differentiable for each x £ U and (b) fpix) : U -3 L(X x X : Y) is continuous. 

(in) Analogously N-times F-differentiability is defined. 

Definition 4.2.7 (Many variables case), (i) Let U = with each Ui being an open 

subset of Frechet spaces Xi. For x = (xi, • • -jXat) £ U with Xj £ Ui and hi £ Xi s.t. Xi + hi £ Ui, 
if there exists Fiix\hi) £ Y such that 

<Piix;hi) = /(xi, • • ■,Xi-i,Xi + h,Xi+i, ■ ■ -xn) - /(xi, • • •,Xi_i,Xj,Xj+i, • • -xn) - Fiix;hi) 

is horizontal w.r.t. hi. We denote Fiix;hi) as dxifix)hi, the partial derivative of f w.r.t. Xj. 
(ii)(p.69 of |12] ) In case Xi are Banach spaces, the partial derivative of f w.r.t. Xi, dxif{x), is 
defined by 

/(xi, • • ■,Xi-i,Xi + hi,Xi+i, ■ ■ -xn) - /(xi, • • ■,Xi-i,Xi,Xi+i, ■ ■ -xn) = dxj{x)hi + o{\\hi\\). 

More generally, for each x if there exists a continuous linear map dpf : X 3 h ^ dpf{x; h) £ Y 
such that 

||/(x + h) - /(x) - dpf{x; h)\\Y = o{\\h\\x) for h£X. 

We denote also dpf{x;h) = ffi{x){h} with f'p{x) £ L(X : Y). Moreover, there exist operators 
dxif{x) £ L(Xj : Y) such that 

N N 

(4.2.5) fp{x-,h) = fp{x){h} = '^dxj{x){hi} = '^dxj{x;hi) with h = (hi, • • •,/iat). 

i=l i=l 

4.3. Functions on superspace 

4.3.1. Grassmann continuation. Let (/)(g) be a C-valued function on an open set D C M”*, 
that is, 

(j)l{q)a^ with fii : Ll 3 q ^ (j)i{q) £ C. 

IGX 

By the dehnition of the topology of C, we have 

lim (({q) = ^^(1101 (j)i{q))a^. 

9^90 f-i 9^90 

IGI 

The differentiation and integration of such fiicf) are defined by 

= y] 5 ^<(>i(9)o-^ and [ dq(j){q) = '^( [ dq (j)i{q)] . 

^ Jn j 
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We say cj) € C°°{Q : €) if (pi € C'°°(S7 : C) for each I £ X. 


Remark 4.3.1. If we use Banach-Grassmann algebra instead of Frechet-Grassmann algebra, 
we need to check whether Xligx l</’i(9)l < oo, etc., which seems cumbersome or rather impossible to 
check for applying it to concrete problems. 


Lemma 4.3.1. Let (p(t) and <h(t) be continuous ^-valued functions on an interval [a, 6] C M. 
Then, 

(1) j^dt(p{t) exists, 

(2) if ^'{t) = <p{t) on [a,b], then f dt(p{t) = <h(6) — 4>(a), 

J a 

(3) if X G € is a constant, then 

/ dt {<p{t) ■ X) = ( / dt(p{t)]-X and / dt {X ■ (p{t)) = X ■ / dt(p{t). 


Moreover, we may generalize above lemma for a Gl-valued function (p{q) on an open set R C 

Definition 4.3.1. A set ilev C = 91™ is called an even superdomain if U = 7rB(ilev) C 
M™ is open and connected and vrg^(7rB(ilev)) = blev Whenil C 91™l” is represented byii = ilevX9lQj 
with a even superdomain ilev C it is called a superdomain in 91™l"'. 

Proposition 4.3.1. Let ilev C be a even superdomain. Assume that f is a smooth 

function from M™ D U = 7rB(ilev) in^to Gl, denoted simply by f G C°°{U : (£). That is, we have the 
expression 

(4.3.1) f{q) = Y, /j(<?) fj{q) G C°^{U : C) for each JgT. 

3 el 

Then, we may define a mapping f of ilev into Gl, called the Grassmann continuation of f, by 

(4.3.2) f{x) = Y where ^“/(xb) = ^ «9g/ j(xb) 

|a|>o"‘ J 

Here, we put x = (xi, • • • ,Xm), x = xb + xs with xb = ( 3 : 1 ,b, • • • = (qi, ■■■ ,qm) = q & U, 

xs = {xi,s, ■ ■ ■ ,Xm,s) and x" = x"i • • • x"™-. 


Proof. [Since circulation of our paper A. Inoue and Y. Maeda [80j is so-limited, I repeat 
here the proof whose main point is to check whether this mapping (I4.3.2h is well-dehned or not. 
Therefore, by using the degree argument, we need to define f^^\ the /c-th degree component of /.] 

[All 1 

Denoting by x) g , the /ci-th degree component of xi^S) we get 

Here, the summation is taken for all partitions of an integer ai into ai = pi^i -!-••• +Pi/ satisfying 
'Yi=i XiPi,i = ki, ri > 0. Using these notations, we put 

1 


(4.3.3) 


/W(i) = 


E 


|a|<fc, fco+fciH - \-km=k 

ki,--- ,km are even 


a\ 
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where 

\J\=ko 

Or more precisely, we have 
/M(x) = /M(xb), 
fW(x) = /W(xb), 

m 

/[2](a;) = /[2 ](xb) + ^(5g^./)[°'(xB)(Xj, 

3=^ 

m 

p\x) = /t^^(xB) + J2^dqjf)^^hxB)ixj,s)^^\ 

3=^ 

m 

fW(x) = /W(xb) + 

3=^ 

^ m 

+ 2 etc. 

j=l j^k 

Since f^^\x) / f^^\x) {j / k) in C, we may take the sum Yl’^o f^^Kx) € C = which 

is denoted by f{x). Therefore, rearranging the above “summation”, we get rather the “familiar” 
expression as in (I4.,'f.2p . □ 


Remark 4.3.2. Concerning the summation in (j4.3.3p . summation w.r.t. a is clearly finite, 
but that in w.r.t. 3 £Z is infinite for |J| = ki. 

Corollary 4.3.1. If f and f be given as above, then 

(i) f is continuous and 

(a) f{x) = 0 in ilev implies /(xb) = 0 in U. 

Moreover, if we define the partial derivative of f in the j-direction by 


(4.3.4) d^J{x) = ^f{x + tei^j)) 

then we get 

(4.3.5) 


where eij\ = (0, • • • , 0,1,0, • • • ,0) G 94™'!°, 


t=o 


dxjf{x) = dqj{x) for j = !,■■■ , m. 

Proof Let yj = yj,B + yj,s e For = yj^BS^j) + yj,se(j) = y(j),B + 2/(i),s ^ 

as 

jJ{x + ty^)) = ^ I ^ d^fj{xB + (a^S + %),s)“| , 

we get easily, 

-Jix + = 2/0),B E ^ + 2/0),s E ^ (^E 9pqJj{xB)a^^ xt 

E “ 1^9 xg = yjdqjix). 


fL 

dt" 
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Here, a = (ai, • • • , aj,aj — 1, aj+i, • • • , am)- Putting i/j = + yj,s = 1 in the above, we have 

(I03I1 . □ 

Remark 4.3.3. (i) By the same argument as above, we get, for y = (yi, • • • ,ym) S 


(4.3.6) 


fL 

dt 


f{x + ty) 


m ^ m 

yj a^s = ^ Vjdxjia 


t—O j=i 

(a) Unless there occurs confusion, we denote f simply by f. 


j=i 


4.3.2. Supersmooth functions and their derivatives. How to dehne the continuity and 
differentiability of functions from to (f? 

Problem 4.3.1. Since 91, and 91'"l”' are Frechet spaces, we may define G- or F-differentiable 
functions as before. By the way, how to take into account the ring structure of Frechet-Grassmann 
algebra in the definition of total differentiability? 


In order to answer this problem, we introduce “the desired or tractable form of functions on 
9 ^m|n)) called them as “supersmooth (or called superfield by physicist)”. In the next section, 
we study their properties and we characterize them. 


Definition 4.3.2. (1) Let ilev C be a even super domain. A mapping F from itev to 
is called supersmooth if there exists a smooth mapping f from U = 7rB(ilev) to <t such that F = f. 
We denote the set of supersmooth functions on 11^ os Css(Hev : ^)- 

(2) Let A be a superdomain in A mapping f from A to is called supersmooth if it is 

decomposed as 

(4.3.7) f{x,e)= Y, yVaix). 

\a\<n 

Here, a = (oi, • • • a^) G {0,1}”, 0“ = 0“^ • • • and faix) G Css(Hev : ^)- Without mentioning it, 
we assume always that fa{x) G Giev(or G Cod) for all a, and call them as even (or odd) supersmooth 
functions denoted by Css (it : C). Moreover, 


^SS = £ Css(H : C) I fa{xB) G C}. 

Therefore, if f G fa{x) may be put any side of 0°". 


(3) Let f G Css(il : C). We put 

for j = 1, 2, • • • , m. 


(4.3.8) 


\a\<n 


Fs+m{X)= ^(-l)'(“)0r •••C-'---e/a(a:) for s = 1,2,-■■ ,n 

\a\<n 


with l{a) = ^ = 0- this case, F^iX) is the partial derivative of f at X = {x, 9) = 

{Xffj w.r.t. X,, 


(4.3.9) 

(4.3.10) 


Pj^X) = -^f{x,e) = d,,J{x,d) = fxAx,9) for j = 1,2,-■■ ,m, 


dx 


d 


Fm+s{X) = -^f{x,0) = dej{x,9) = feAx,0) for s = 1,2, • • • ,n 
F^{X) = dxJ{X) = fxAX) for k = 1,--- ,m + n. 
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Remark 4.3.4. (1) In this lecture, we use the left odd derivatives. This naming stemms from 
putting most left the variable w.r.t. which we differentiate. There are some authors (see, for 
example V.S. Vladimirov and I. V. Volovich UMi; who give the name right derivative to this. 

Put 

Css^^Hii : C) = {fix, 9) = Y, I faix) G Css(ilev : e:)}. 

\a\<n 

For f G 'xith j = 1,2, ■ ■ ■ ,m and s = 1, 2, • • • ,n, we note here the right-derivatives: 

' Ff\X)= Y da.Ja{x)df 

\a\<n 

< |a|<n 

We put here r{a) = Yl]=s+i^j- PK\x)is called the (right) partial K-derivative w.r.t. at 
X = (x, 9) denoted by 

^— 

= ^^fix,9) = 5,,/(x,0), F^liX) = fix,9)^^ = fix,9)de,. 


(2) Since we use a countably infinite Grassmann generators, the decomposition (I4.3.8P is unique. 
In fact, if'ffa^^fai^) = 0 on ii, then faix) = 0. (see, p 322 in Vladimirov and Volovich |138] . ) 

(3) The higher derivatives are defined analogously. For a multiindex a = (ai, • • • ,am) G (NU{0})”^ 
and a = (oi, • • • , On) G {0, !}"■, we put 

= and ■ ■ ■ d^f. 


Assume that for X = ix,9),V = iy,u:) G we have X + tV G il (for any t G [0,1]). 

Repeating the proof used in the proof of Corollary 14.3.11 for / G Css(ll: Gl), the following holds: 


(4.3.11) 




f) m ^ 


t—0 j = l J 5—]^ 

Definition 4.3.3. A function f from the super domain il C 94™'!"' to d , is called G-differentiable 
at X = (x, 9 ) if 

fix -\- y , 9 -\- u ;)- fix , 9 ) = YiVi^i + oJsF ^) + YiVi^i + uj ^ Rs ). 

Here , 

d(i?j,0)—)>0, (i(Rs, 0) —)• 0, dm \ niiy , oj ), 0 )^ 0 . 


4.3.2.1. Taylor’s Theorem. For / G CssiU : d), we have 
d 


(4.3.12) 


From this, we define 


dt 


fiX + tV) 


t—0 j=i 


Ewji-/m+E“*sr/m- 


s=i 


Definition 4.3.4. For a supersmooth function f, we define its differential df as 


m+n 


dfiX) = dxfiX) = Y 

K=1 ^ 
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or 


df{x,9) = '^dxj 
i=i 


df{x,e) 

dxj 


+ dOs 

S=1 


df{x,B) 

dOs 


From the before mentioned Definition 15.2.11 we have 

Proposition 4.3.2. Let il be a superdomain in For any f,g& Css(bf : <2^), the product 

fg belongs to Css(ff : o-nd their differentials dxf{X) and dxg{X) are continuous linear maps 

from in”"!” to 

Moreover, 

(1) For any homogeneous elements A, ^ € C, 

(4.3.13) dx{\f + F9){X) = {-lY^^'^^^^^\dxf{X) + {-lY^^^P^^^pidxg{X). 


(2) (Leibnitz’ formula) 


(4.3.14) dxAf{X)g{X)] 


{dxJ{X))g{X) + (-l)P(^«)^(^(^))/(X)(ax.3(^)). 


Proof. (14.3.13p is trivial. For /,5 G Css(Al: Gi), we have 


(4.3.15) 



Therefore, we get the desired result. □ 


4.3.3. Characterization of supersmooth functions. In previous lecture, we introduce 
abruptly a class Css(Af : Gl) of functions on super domain il C But such introduction is 

reasonable or it is stable under rather ordinary operations? Or how may we characterize it? 

Though there exists multiplication in C but not in How the ring structure of the 
definition domain affects the total-differentiability of functions? How do we characterize 
such functions? 

(a) We decompose a function f{z) from C to C as 

Cb z = x + iy —;> f{z) = u{x, y) + iv{x, y), u{x, y) = ^f{z) G K, v{x, y) = 'isf{z) G R 

For z = X + iy and zq = Xq + iyo, since \z\ = sj x^ + 2/^, we have 

1 /( 2 ) - fYo)\ = \u{x,y) +iv{x,y) - {u{xo,yo) + iv{xo,yo))\ 

= Y(a(x, y) - u[xo, yo)Y + iv{x, y) - v{xo,yo)Y 

Therefore, if f{z) is continuous at 2; = Zq, u(x,y),v{x,y) are continuous at {xo,yo) as 
real-valued functions with 2 real variables. 

(b) A function f{z) from C to C is called total differentiable at z = zq if there exists a 
number 7 G C = L(C : C) such that it satisfies 

(4.3.16) \f(zo+w)-f{zo)--fw\=o{\w\) (|■u;|0). 

This number 7 = a-l-i/? (a, /? G R) is denoted by f'{zo). We check a little bit more precisely, 
putting w = h + ik {h,k G R), then jw = (a -|- i/3)(h -I- ik) = {ha — kfi) + i{ka + h/3), we 
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(4.3.17) 


(4.3.18) 


(4.3.19) 


(4.3.20) 


have 

|/(zo + w)-f{zo) - 7w| 

= |m(xo + h,yo + k) - u{xo, yo) - (ha - kf3) 

+ i{v{xo + h,yo + k) - v{xo,yo) - (ka + /i/3))| 

= ([m(xo + h,yo + k) - u{xo, yo) - (ha - fc/3)]^ 

1/2 

+ [i;(a;o + h,yo + k) - v{xo,yo) - {ka + h/S)]'^) 

Therefore, when {h, k) 0(i.e. ^/h'^ + k'^ —0), 

|M(a;o + h,yo + k) - u{xo, yo) - {ha - k/3)\ = o{\/h^ + k?), 

|?;(a:o + h,yo + k) - v{xQ,yo) - {ka + /i/3)| = o{\/+ k?). 

From the first equation above, putting h = 0 and fc —>■ 0, we get /3 = —Uy{xo,yo)j and 
putting k = 0 and /i —>■ 0 then a = Ux{xo,yo). From the second one above, we have 
a = Vy{xo,yo) and /3 = Vx{xo,yo). Therefore, we get a system of PDF 


‘^x — '^y — '^x 

called Cauchy-Riemann equation. If real valued functions u, v with two real variables satisfy 
Cauchy-Riemann equation, then they belong to C°“, moreover, u{x, y)+iv{x, y) is shown as 
a convergent power serie^ m z = x + iy which is written f{z), and called analytic. Without 
confusion, we write 

d 

= f'{z) = a + il3 = Ux - iuy = Vy + ivx- 
(c) Using above notation, we consider a map $ from to 


4 > : 9 



fu{x,y)\ 

\.v{x,y)J 


Denoting (^“) by (xo, 2 /o), ‘h is said to be totally differentiable at {xo,yo) if there exists 
^'F{xo,yo) G T(R^ : K^) such that 


|| 4 >(a;o + h,yo + k)- ^{xo,yo) 


^'F{xo,yo) 




II) 


Representing ^p{x,y) as 

^F{x,y) 


/ux{x,y) Uy{x,y)\ 
\vx{x,y) Vy{x,y))’ 


we have 

[{u{xo + h,yo + k)- u{xo, yo) - {hux{xo, yo) + kuy{xo,yo)))‘^ 

+ {v{x + h,y + k) -v{x,y) - {hvx{xo,yo) + kvy{xo,yo)))‘^]^^'^ = o{\/h‘^ + F), 


i.e. 

|it(xo + h,yo + k) - u{xo,yo) - {hux{xo,yo) + kuy{xo,yo))\ = o{\/ + k'^), 
|u(a;o + h,yo + k) - v{xo,yo) - {hvx{xo,yo) + kvy{xo,yo))\ = o{\/h'^ + F). 


Identifying as C, we seek a condition that $p(a;o,?/o) S L{'E? : K^) is regarded as a 


multiplication in C. When an element a 
linear operator in that is, a matrix is identified with a + ib 


ib £ C acts as a multiplication operator, then a 
a — 6 ' 


a 


Since 


^'F{x,y) 


/ux{x,y) Uy{x,y)\ 
\vx{x,y) Vy{x,y))^ 


we have Ux = Vy, Uy = —Vx- In another presentation, $^(a;o,yo) S L(R^ : R^) is not only R 
but also C-linear, that is, for any a, 6 £ R, 


-b 


^'F{xo,yo) = ^'F{xo,yo) 


-b 


^in general, this is proved by applying Cauchy’s integral representation 
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( 4 . 3 . 21 ) 


hold. Here, 6 7^ 0 is essential. 

(d) Generalizing above to a map (j) from C™ to C, 

(j) : C™ 5 z = ^{zi, ■ ■ •, Zm) € C. 

This is totally differentiable if there exists S : C) a.t z such that 

\\(l){z + w)- 4 >{z) - 4>'f{z)w\\ = o(||w;||). 

By same calculation, i® 

d(j){z) d(j){z)' 




dz-i 


dZr, 


and each component of (j) is analytic w.r.t. each variable. From Hartogs’ theorem, (j) is 
holomorphic having a convergent power series expansion. 

(e) A map $ from C"* to C" is totally differentiable at z if there exists $'^(2;) G i(C"* : 
C”) 


such that 


/a4>i(^) 

9$i(z) 

dz-i 

dZra 



\ dz. 

dz„ 


||<i>(z + w) — $(2;) — $'^(2:)r(;|| = o( 


Problem 4.3.2. Does there exist Cauchy-Riemann equation corresponding to supersmooth 
functions? 


4.4. Super differentiable functions on 
4.4.1. Superdifferentiability of functions on 


Definition 4.4.1 (see, A. Yagi mu). Let f be a ^-valued function on a superdomain if C 
Then, a function f is said to be super CQ-differentiable, denoted by f & ©^£,(11 : ©) or 
simply f G ©^£, if there exist ^-valued continuous functions Fa {1 < A <m + n) on A such that 

m+rx 


(4.4.1) 


d 

dt 


f{X + tH) 


t=o 


f^{X,H)=J2HAFA{X) 


A=1 


or 


f{X + tH) - f{X) - tfIjiX, H)^0 in when H ^ 0 in (t, 

for each X G il and H G where f{X + tH) is considered as a <t-valued function w.r.t. t G M. 

We denote Fa{X) by /x^(Y). Moreover, for r > 2, f is said to be in if Fa are © 5 ^^- / is 
said to be ©|^ or superdifferentiable if f is ©^£) for all r > 1. 

Definition 4.4.2. Let f be a ^-valued function on a superdomain il C A function f 

is said to be super Cp-differentiable, denoted by f G or simply f G if there exist 

(t-valued continuous functions Fa {1 < A < m + n) on il and functions pA ■ Ax —>• © such 

that 

m+n m+n 

(o) f{X + H)- f{X) = HaFa{X) + Y, HaPa{X-, H) for X G 

j=l A=1 

( 6 ) pa{X,H) -a 0 in (t when If —)• 0 m 


(4.4.2) 
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for each X G il and X + H G ii. f is said to be super Cp-differentiable, when Fa G 

{1 < A <m + n). Analogously, we may define super Cp-differentiablity and we say it superdiffer- 

entiable if it is super -differentiable, denoted by 

Question 4.4.1. Does there exist the difference between 6^^ and or between and 

T-OO Q 

USD • 

Remark 4.4.1. Let QJ be an open set When / : QJ — ;► © is m f is also said to be 

superanalytic. 

4.4.2. Remarks on Grassmann continuation. From Taylor’s expansion formula (14.2.21) 
mentioned before in general Frechet space, we get 

Lemma 4.4.1. For f(q) G its Grassmann eontinuation f has the following Taylor’s 

expansion formula: For any N, there exists fN{x,y) G © such that 

^ 1 

(4.4.3) f{x + y) = V —d^f{x)y°‘ + fAr(/; x, y). 

a! 

|a|=0 

Here, 

fNif-,x,y)= f dt^{l-t)^d^f{x + ty). 

|a|=IV+l 

Proof: Putting q = xb and q' = ye into Taylor’s expansion formula (I4.2.2j) . we have 
^ 1 

/{'I + 9')= E sW'l)9'"+ E 

|o|=0 |a|=A''+l 

Taking Grassmann continuation of both sides, and remarking 9“/(x) = (9“/(x), y'“ = y“, we get 
the desired equality (I4.4.3p . □ 

Corollary 4.4.1. For f{q) G / is super F-differentiable. 


dtj^il-trd^fiq + tq'). 


Proof: We prove the case m = 1. From Lemma, we have 

f{x + y) - f{x) = yf'{x) + yT{x, y), r(x, y) = y [ dt{l - t)f”{x + ty) 

Jo 

and because when y —)• 0 in iRev, then t{x, y) —)• 0 in ©. □ 

Exercise 4.4.1. Prove more precisely, the statement above “ when y ^ 0 in 91ev; then 
t(x, y) ^ 0 in ©”. 

Corollary 4.4.2. For f{q) G its Grassmann continuation f{x) G S’sd(^™'''^)- 

Proof: Putting = 1 in Taylor’s expansion formula (I4.2.2p . we get 

m m 

f{x + y) = f{x) + Vjdxjix) + y) 

i=i i=i 
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Remarking 

dxj{x) = dqj{x) e e:, 

(^ 4 . 4 . 4 ) /■! 

Pjix,y) = '^ykgj,k{x,y), gj,k{x,y)= J{x + ty)dt, 

k=i 

we need to prove 

Claim 4.4.1. When y ^ 0 in 91™, then pj{x,y) — > 0 for each x G 91™ and j = 

That is, for any e > 0, j and x G 91™, there exists 6 > 0 such that if dist^|o(y) < 6, then 
disti|o/5j(x,y) < e. 


Proof. Take any I G lev and decompose I = J + K. Remarking Corollary 14. 4. 1[ we have 

dxjxjix + ty) = ^ - (xs + tys) • 

| a |=0 


a\ 


If I = 0 = (0,0,0, • • •), then 

m 

\pio]Q Pj{x,y)\ <'^\yk,B\\T^Bgj,k{x,y)\ -^0 for i/b- t 0. 


k=l 


For fixed I/O, the family of index sets {K | K C 1} has finite elements, {x-Q+tyB | t G [0,1], |2/b| < 
1} is compact, if taking a such that 2\a\ > |K|, then projK(a^s +il/s)“ = 0. Therefore, there exists 
a constant Ck = C'k(xs,?/s) such that 


projK( 

| a |=0 


“ dljq^dqfixB+tyB) 


a\ 


{xs + tysT) 




a\ 


In fact, if 2\a\ > |K| then projK:(xs + t?/s)“ = 0, then 

|projK(5'i.fc(3;,2/))| < / dt{l-t)\proi^{dl f{x + ty))\ 

Jo 


< 




2|a|<|I| 


and 


therefore 


Ck = 


CK{xs,ys)= |projK(a;s+iys)“| ^ 0 when ys ^ 0 in Gl, 

Jo 


|proji(p/x,y))| sE E IProjJ (yfc ) 11 projK igj,k{x,y))\ sE E |projj(yfc)|C'K. 

fc=lI=J+K fe=lI=J+K 

This hnite sum tends to 0 when y — )■ 0, this implies f{x) G 5^^£,(91™l°). / 

Remark 4.4.2. By the way, concerning the Grassmann continuation f of f, B.S. de Witt 
claimed in p. 7 as follows: 
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“The presence of a soul in the independent variable evidently has little praetieal 
effect on the variety of functions with which one may work in applieations of the 
theory. In this respeet IHev is a harmless generalization of its own subspaee M, the 
real line.” 


Though he didn’t give more explanation of this intuitional claim in [35j . but we interpret his 
saying as 

Proposition 4.4.1. Let F G : C). Putting f{q) = F{q) for q G we have f = F. 

We rephrase this as 

Claim 4.4.2. Let a differentiable function H = H{x) = given as a map 

from to C such that it is 0 on M™. That is, for any a and q G M”*, if dgHj{q) = 0, then H 

equals to 0 on , i.e. for any I G X, proji(ff(3:)) = 0. 


Proof: We apply Taylor’s expansion formula (I4.2.2P once more: For any N and J, remarking 
dqHj{q) = 0, we have 

Hj{xb + xs) = tn{Hj;xb,xs) = - t)^dfHj{xB + txs). 

|o|=Ar+l do 

We need to show that for any I, projj(rAr(i7j; xb, a^s)) = 0. Since all terms consisting of Xg 
have at least 2\a\ as the degree of Grassmann generators, if 2\a\ > |I| > 0 then projj(xg) = 0. 
Taking N sufficiently large such that projj(xg) = 0 for all a with |a| = + 1, then for any J, 

proji(TAr(i^j;xB,xs)) = 0. Therefore, 

proji(^o-^rAr(Ffj;xB,xs)) = 0. f 

jgx 

The proof of Proposition 14.4. 1] is given by applying above Claim to H{x) = F{x) — /(x). □ 

Following is claimed as (1.1.17) in [35] without proof and cited as Theorem 1 in [lOOj . 


Claim 4.4.3. Let f be an analytic function from an open set V G C to C. Then, we have an 
unique Grassmann continuation / : —>• G1 which is super analytic. 

OO . 

(4.4.5) f{z) = ^ —^\zb)zs for z = zb + zs with zb G V. 

n=0 

That is, 


f{z + w) = f{z) + wF{z) + wpj{z,w) when w ^ 0 in then pj{z,w) 0 in 

Remark 4.4.3. Above Claim itself is proved, since F-differentiability of f G : *L) from 

(t to C is shown, by applying Corollary \4.4-^ Moreover, from Theorem \4.4-^ below, f G : 

€), i.e. f is super analytic. 


But I want to point out the argument in the proof of Proposition |.^.g. i| in S. Matsumoto and 
K. Kakazu HOD] which seems not transparent. They claim the eonvergenee of the right-hand side 
of (I4.4.5P and using this, they proceed as follows: 

OO ^ 

f{z + w) = Y] + wb){zs + ws)^ 

n\ 

71=0 
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OO ^ y OO ^ \ / ^ 

n=0 ^i=0 ^ ^k=0 

oo r oo 


n\ 


Zg (analyticity of f onC) 

(renumbering) 

(rearranging) 


k\{n — k)\ 




n=0 ■- ^=0 
oo - r oo 


k-\-j=n 


EsiE^/'""'>(.B)4( E 


re! ' 1 

n=0 '-j=0-’ 


£+k=n 


oo ^ y oo ^ \ oo ^ 

E (E -y/'"*'’>(^B)4) (-B + »s)” = E 


n\ 


n=0 ^ j=0 ^ n=0 

From this expression, they conclude that f is super analytic. Surely, from this expression, putting 

,,n—1 


Fiz) = PHz), p{z,w) = l/»(z)re;^ 

n! 


n=2 

they have 

f{z + w) — f{z) = F{z)w + wp{z, w). 

But we need to show that F{z) is eontinuous w.r.t. z and p{z,w) is horizontal w.r.t w to claim 
f is super analytic. This horizontality is not so clear from their last argument. To clarify this, I 
propose to use the analogous proof in Claim\J.4.2. 


Remark 4.4.4. If f is real analytic on M™', there exists a function d{q) > 0 such that for 
< S{q), f{q + q') has Taylor expansion at q. From above proof, f{x + y) is Pringsheim regular 
w.r.t. lysl < Here, those who is not familiar with Pringsheim regular, please check it in 

inter-net. 


4.4.3. Super smooth functions on superdomain. For future use, we prepare some alge¬ 
braic lemmas. 

Lemma 4.4.2. Suppose that there exist elements C 94od satisfying 

(4.4.6) CTjAi + aiAj = 0 for any i,j G N 

Then there exists a unique element R G such that Ai = aiF for i = 1, • • •, oo. 

Proof. We follow the argument in Lemma 4.4 of US]- Since Ai is represented by Ai = 
with Oj G C and aiAi = 0, we have J2{j \ji=o} ~ Therefore, each Ai can be 
written uniquely as Ai = (X^{j|j.=o} bj<7^)<7i for some bj G C. From the condition (|4.4.6p . we have 
bj = bj for J with ji = jj = 0. Letting bj = bj for {J | ji = 0}, we put 

OO 

f’ = E= E( E 

JGX i=l {J|ji=0}GX 

which is well-defined and further more Ai = aiF holds for each i. Since we may change the order 
of summation freely in 94, we have 

F= Y E = E E ° 

{J|ii=o} {JliiT^o} {J|u=o} {J|L¥o} 

Repeating above argument, we have 
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Corollary 4.4.3 (Lemma 4.4 of |144) L Let {Aj s 94 | |J| = od} satisfy 

a^Aj + a^AK = 0 for J, K G lod- 

Then there exists a unique element F G 94 such that Aj = F for J G Tod- 

Definition 4.4.3. We denote the set of maps f : 94od —> 94 which are continuous and 94ev- 
linear (i.e. f{XX) = Xf{X) for X G 94ev, ^ G 94od; by f e L5^^,(94od : 94). 

Corollary 4.4.4 (The self-duality of 94). For f G L9^^^(94od : 94), there exists an element 
Uf £ Ti satisfying 

f{X) = Xuf for X£ mod- 

Proof. Since / : 94od —)• 94 is 94ev-linear, we have f{XYZ) = XYf{Z) = —XZf{Y) for any 
X,Y,Z G 94od- By putting X = cr^, Y = aj, Z = at and fi = /(ui) G 94 for i = 1, • • •, oo, we have 
<^k{(^jfi + (^ifj) = 0 for any k. Therefore, ajfi + aifj = 0, and by Lemma above, there exists Uf 
such that fi = aiUf for i = 1, • • •, oo. 

For I = (ii, • • •) G {0,1}^ and |I| = odd, then ik = I for some k. Rewrite I = (—I)®!"' ^'^>=-^a^'‘ak 

with Ifc = (ii, • • •, 0, ik+i, • • •)> by 94ev-linearity of /, then we have f{a^) = (-l)®i+'"+®''-ifT^''/(cTfc) 

Then, this map is well-defined because of ajfi -|- aifj = 0, that is, it doesn’t depend on other de¬ 
composition of I. 

.) Put I — (^ 10 ** 5 ^—i,0,ifc^i,***), for I — iii, * * ‘ A j—i: f i L+i ? * * ‘ Ak—i^ 1, ik+i ?***)■ 
Then, for £ = L -|- ij+i -I- • • • -I- ik-i G N, remarking |I| =odd, we have 

^ [ (-l)VfcCrjCr* ^ f/((-l)VfeCTjCr^)_= (-l)VjCrV(^fc), 

(-(-l)VjCrfcCr^ [/(-(-l)VjCrfcCr^) = -(-l)VfeuV(o-j). 

By ajfk -f Okfj = 0, we have 

/((-l)VfcCrjCr^) - /(-(-l)VjCrfeCr^) = -(-l)V^[crj/fc -f akfj] = 0. 

We extend / as f{X) = Yli&i ^ ^ 54od- Then, since Xi G C, 

f{X) = = Xuf. In fact, if I with |I|=odd with ik / 0, then, by fk = f{(Xk) = cruf 

and 94ev-linearity, 

/(o-^) = /(o-^) = (-l)*^’^'"’^*''"^cr^''/(o'fc) = = a^Uf. 

Clearly f{X) = f{X). □ 

Remark 4.4.5. K. Masuda gives the following example which exhibits that^i is not necessarily 
self-dual. 

A counter- exampl^: Let L = 2. Define a map f as 

f{Xiai + X 2 a 2 ) = Xia 2 for any Xi,X 2 G M. 

Then, remarking that (6o + ^i<TiiT2)(9fi(Ti -|- X 2 a 2 ) = 6o(-^i<ti + X 2 a 2 ), we have readily f G 
B'B 2 ev(® 2 ,od : ® 2 )- If we assume that there exists a Uf G 932 such that f{X) = X-Uf, then 
<7i/(<7i) = cri • o'l-Uf = 0 but aif{ai) = ui • (T 2 / 0, contradiction! Hence, there exists no Uf £ 932 
such that f{X) = Xuj. 

^Though I don’t recognize at first reading, but analogously examples are considered in m or [85| 
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Repeating the argument in proving Corollary 14.3.11 we get 

m „ ™ u 

j = l S = 1 

where X = {x,9),Y = {y,u}) € such that X + tY e it for any t G [0,1]. That is, 

Corollary 4.4.5. Css(R : ■ '^)- 

To relate the definitions Css cmd 0^ or we need the following notion. 

Definition 4.4.4 (p.246 of |144j l. Let it be an open set in and / :il—)-CJ. / 
is said to be admissible on il if there exists some L > 0 and a'Rfor C)-valued function (j) defined 
on Yl = Pl{Y) such that f{X) = (fopi[X) = f){pL{X)). For r with (0 < r < oo), / is said to be 
admissible (or simply f G (7^(11: 0) J */</> G C^{Yl ■ M) or C^{Yl ■ C). 

Let f{X) = XIigx/ i ^(or C)-valued on il. For each I G X, if fi is admissible 
C'' (or simply f G Cy) on Y, f £ (7^(11 : 0) is called admissible on il. More precisely, there 
exists some Tj > 0 and a R(or C)-valued function 4>i defined on Yl = Pl{Y) such that fi{X) = 
f’YPLiX) = 4 >i{pl{X)). Moreover, we define its partial derivatives by 

df _ jj ^/j _ [ 1^1 = 

dXA,K J dXA,iL |^|K|=od z/m + l<74<m + n 

Definition 4.4.5 (p.246 of |144] 1. A iR (or (t)-valued function f on Y is said to be projectable 
if for each L > 0, there exists a R(or €)-valued function fi defined on Yl C 91™^” such that 
PL°f = fiopL on il. 

Claim 4.4.4. A projectable function on il is also admissible on il. 

Proof. We use the map projj : R3 X = Yliei -3 Xi £ M(or C) introduced in §2. Then, 
for each I G X, taking L such that I G X^, we have 

U R Y C 

Id □ 

ili -^ Rl Yl -^ C 

Il projjo/^ 

Theorem 4.4.1 (Theorem 1 of |144] 1. Let Y be a convex open set in R^\^. // / : il —)> M is m 
^SD! ihon f is projectable and Cy on il. 

Proof. Since ^fiX + tH) = Y(Ja^i HaFa{X + tH), we have 

J Tn~\-7X 

fix + H)- f{X) = / -fix + tH)dt ='^Ha FAiX + tH)dt. 

'J 0 ^ J 0 

This means that if priHA) = 0, then pLifiX + H) — f{X)) = 0. Therefore if we dehne /i, : 
ill, —^ IRl by friPLiZ)) = pi,(/(Z)), then it implies that / is projectable and so admissible. For 



(4.4.7) 


/GCss(il:0) 
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A 

Ea k = cr^eyi G with = (0, • • •, 0,1,0, • • •, 0), we have 

'-V-' 

m+n 

+ i^A,K)|,=o = ^^Fa{X), 1^1 = |K 

/l is on Ul, thus the function / is admissible on il. □ 


4.4.4. Cauchy-Riemann relation. To understand the meaning of supersmoothness, we con¬ 
sider the dependence with respect to the “coordinate” more precisely. 


Proposition 4.4.2 (Theorem 2 of |144p . Let f{X) = fi(X)a^ G ^^(il: C) where il is a 
superdomain in iH™'!"'. Let X = (Xa) be represented by Xa = Xajct^ where A = 1, ■ ■ ■ ,m + n, 
Xa,i £ C for |I| / 0 and X^q G M. Then, f{X), considered as a function of countably many 
variables {Xa,i} with values in (t, satisfies the following (Cauchy-Riemann type) equations. 


(4.4.8) 


—— f{X) = a^— — f{X) for l<A<m, |I| = ev, 

OXa,1 q 

d ' d 

— /(A) CF^-^ - /(A) =0 /or m -h 1 < A < m -h n, I J| = od = |K 

OXa,3 dA^k 


Here, we define 


A 




with Ea,i = CF^tA = (0, • • •, 0, 0, • • •, 0) G 


t=o 


Conversely, let a function /(A) = fi{X)cF^ be given such that fi{X -LtY) G C'°°([0,1] : C) 
for each fixed X,Y G U and /(A) satisfies above (j4.4.8p with (j4.4.9jl . Then, f G G^(il : C). 


Proof. Replacing Y with Ea ,3 with 1 < A < m and | J| =even in ()4.4.7p . we get readily the first 
equation of (|4.4.8|1 . Here, we have used (14.3.51) . Considering Ea ,3 or T'a.k for m-|-l <H.<m-|-n 
and I J| = odd = |K| in (|4.4.7p and multiplying or from left, respectively, we have the second 
equality in (I4.4.8P readily. 

To prove the converse statement, we have to construct functions Fa{ 1 < A < m n) which 
satishes 

j m+n 

(4.4.10) Hx + tH)l^^ = Y, HaFa{X) 

A=l 

for A G [/ and H = {Ha) G 

d 

For 1 < A < m, we put Fa{X) = —— —/(A) for A G il. 

On the other hand, from the second equation of (|4.4.8p and Lemma 14.4.21 we have an element 

d 

FA{X){m + l<A<m + n) such that Fa{X) = ———/(A). 

oXa,3 

Using these {Fa{X)} defined above, we claim that (14.4.lOp holds following Yagi’s argument. 

Since / is admissible, for any L > 0, PL°f is so also, therefore there exist some N > 0 and 
a 9li-valued C°° function /w such that pL°f{X) = fN°PN{X) on A G il. By natural imbedding 
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from 9^2. to we may assume N > L. Then, we can show that 


d 


dXA. 


K 


-fNiPNiX)) = 


Pl{ 


d 


dXA,K 


f{X)) if K G Xm, 


if otherwise. 


Therefore, for any T > 0, 




t=o 


) = -pL{f{X + tH)) 


t=o 




dt 


= j^fN(XN{X + tH)) 

= '^'^{pn{H))a,k- 

A K 

= '^'^{pn{H))a,k\ 


t=0 

d 


{■.■)pL{f{X))=fN{pNiX))) 


dX 


A,K 


-fN{pN{X))[ •.•) finite dimensional case) 


d 


PL\ 


f{X)){-.-)pL{9{X)) = g^ip^iX))) 


A K 


'SXa^K 

= ^^(pN(ff))A,K-PL(cT^FA(X))( ■.■)by (jMSl)) 

A K 

= Y^Y^(PN(ff))A,K-PL(o-^)-PL(J^A(X)) 

A K 

= ( Y^(PN(ff))A,K-PL(o-^))pL(J^A(X)) 

A K 

= '^PL((PN(ff))A,K-PL((^^))PL(^A(X)) 

A 

= ^(pl(H))a-Pl(Fa(X)) =pLi'£HAFAiX)). 

A A 

Thus, we have (14.4.101) . The continuity of Fa{X) is clear. □ 

Remark 4.4.6. For function with finite number of independent variables, it is well-known how 
to define its partial derivatives. But when that number is infinite, it is not so clear whether the 
change of order of differentiation affects the result, etc. Therefore, we reduce the calculation to the 
cases with finite number L of generators and making that L to infinity. 

Theorem 4.4.2 (Theorem 3 of |144] 1. Let f be a ^-valued (7°° function on an open set 
il C If f is ©; 5 £)(il: C), then f is 0^ on il. 


Proof. Since / G 05 ^), it satisfies Cauchy-Riemann equation. As / is C°° on il, g{X) = 
_ f{X) also satisfies the C-R equation, for 1 < A < m. In fact, for 1 < R < m, |J| =even. 




dXB,j 


dXB,j dX 


d d d 

fiX) = 


A,b 


dXApdXB, 


^ -a^^J—fiX) = a^ ^ 


dXA,o 5X^,0 

And for m + 1 < A < m + n, |J| = |K| = odd, 

^ -g{X) + a^,^g{X) = a^ ^ 


dXB-o dXA-o 


fix) 

^ fiX) = ^^^^9(X). 


dXB,i 


BXb, 


K 


dXBA dX 


^ fiX)+a^ ^ 


B,0 


d 


A,b 


d 


dX 


A,0 


dXB,K 9 X ^,0 

J ^ 


fix) 


a^^J—f{X) + a^^J—f{X) ) = 0. 


dXB,j' 


dXB,K ' 
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Hence g^/(for 1 < H < m) is on il. 

Analogously, for m + 1 < A < m + n, is ^'iso on il. In fact, we have, 

for |K| = even, 

Lemma 4.4.3 (Lemma 5.1 of |144j L Let f G Then 

/(^) = ^ O^fa with fa G ©. 

|a|<n 


Proof. For n = 1 and | J| = odd, we have, 




Hence 




t=s=0 


iGXod 




Since |J|, |K| are odd, we have cr''cj^ = —cr^o"^ and therefore 

) = CT -a •^^/( ) = -<J -a •^^/( ) = -^^/( )• 

Since / is C°° as a function of infinite variables {dj} and its higher derivatives are symmetric, we 
have therefore 


^_^ 

dO-K dOj 


/(0) = o. 


By representing f{6) = X]k'^^/k(^)) the each component /k( 0) is a polynomial of degree 1 with 

d d d 

variables {6j I J £ 21od}- Then <7'^'^/(d) = is constant for any |J| =odd. Thus -jrf{0) 

da oaj da 

is constant denoted by a G ©. Then, ^(/(^) ~ ~ t). Therefore there exists 6 G © such that 

f{e) = 0a + b. 

We proceed by induction w.r.t. n. Let / be a ©|^ function on an open set U C Fixing 

di, • • •, dn-i) f{0i, • • •, dn-i) dn) is a ©^ function with one variable On- Thus, we have 

/( 6 'i,---, 6 ln-i, 6 'n) = dn5(6'i,---,^n-i)+ h( 6 »i,---, 0 „_i) with ■Yf{e) = 5 ( 6 »i,---, 6 »„_i). 

Therefore S'is ©^ w.r.t. (di, •••, h is also ©^ w.r.t. (di, • • •, dn-i)- Tl 


Remark 4.4.7. Though this Lemma with a sketch of the proof is announced in [35] and is 
cited in [TOO] without proof, but I feel some ambiguity of his proof. This point is ameliorated by 
w as above. 

Lemma 4.4.4 (Lemma 5.2 of [144] 1. Let f G on a convex open setU C which 

vanishes identically onUB = ttb{L(). Then, f vanishes identically onlA. 


Proof. It is essential to prove the case m = 1. Take an arbitrary point t G IAb and we consider 
the behavior of / on 7rg^(t). Let X G 'Tg^(t) and Xl = pl{X). Then {Ak | K G Tl, |K| = ev > 2} 
is a coordinate for (vrg^(t))j;, as the ordinary space C. Let /l be the L-th projection of /. Then, 

^^/Ar(Ai,) = /^(Ai) forKGXi and |K| = ev. 

aAK ^^0 
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d 

If Ki, • • •, K/i G Zl, Ik,I =even> 0 and 2h > L, then = 0 and 7 :— 

oxn 

This implies that fi is a polynomial on Moreover, for any h>0, 


d 


d 


fUt) = cr^i- • -o- 


9xki dx-K^ 

Since / vanishes on Ub, we have 




d 

dX-o 


flit). 


d 


JUXl) = 0 . 


and hence 

d d 

t: - ••TT -/ilt) = 0 for any h>0 and Ki, • • •, K/, G Xl with |K,| = even > 0. 

9xki oxk^ 

Thus the polynomial must vanish identically and hence /^ = 0 on This holds for any 

L >0. Thus f = 0 onU. □ 


4.4.5. Proof of Main Theorem 14. 4. 31 

Theorem 4.4.3. Let ii be a superdomain in and let a function / : it —)■ (f 6e given. 

Following conditions are equivalent: 

(a) f is super Frechet (F-, in short) differentiable on it, i.e. / G 5^^ (it : Gl), 

(b) f is super Gateaux (G-, in short) differentiable on it, i.e. f G 0^(11: 0), 

(c) f is 00 -times G-differentiable and f G 0;5£,(il: 0), 

(d) f is 00 -times G-differentiable and its G-differential df is iRcv-Hnear, 

(e) f is 00 -times G-differentiable and its G-differential df satisfies Gauchy-Riemann type equations, 

(f) f is supersmooth, i.e. it has the following representation, called superfield expansion, such that 

f{x,e)= ^ e‘^fa{x) with fa{q) e C°°{7rBiii)) and fa{x)= ^ ^S- 

|a|<n |a|=0 ' ^ <1=^B 

Remark 4.4.8. In the above, (f) stands for the “algebraic^’ nature and (a) claims the “analytic” 
nature of “superfields”. Yagi US] proves essentially the equivalence (b) (e) (/). 


It is clear from outset that (a) ^ ( 6 ) ^ (c) (d). From Proposition 14.4.21 (d) (a). Lastly, 

the equivalence of (d) and (e) is given by 

Theorem 4.4.4 (Thorem 4 of |144| i. Let f be a 0^ function on a convex open setU C 
Then, there exist TK-valued C°° functions Ua on IAb such that 

f{x,e) = ^ e^^Uaix). 

\a\<n 

Moreover, this expression is unique. 


Proof. =^) For fixed x, by Lemma [4.4.3l f{x, 6) has the representation f{x, 9) = 9°'ipa{x) 

with (paix) G 0. Since / G 0^, it is clear that for each a, ^Paix) G 0 is on and moreover 

(Paixs) is in Denoting the Grassmann continuation of it by fiaix), we should have 

Taix) = fa{x) by Lemma 0331 


) Since the supersmoothness leads the C-R relation, we get the superdifferentiability. 


□ 
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4.5. Inverse and implicit function theorems 


4.5.1. Composition of supersmooth functions. Following is the slight modification of the 
arguments in Inoue and Maeda |80j . 

Definition 4.5.1. Let il C and iU C be superdomains and let ip be a continuous 

mapping from il to denoted by (p{X) = , ipp{X)^ ippj^i{X), ■ ■ ■,ippj^q{X)) G p is 

called a supersmooth mapping from ii to ^ if each pa{X) G Css(il : 91) for A = 1,- ■ -jp + q and 
p{A) C 9J. 

Proposition 4.5.1 (Composition of supersmooth mappings). Let il C 91”^l"' and 9J C 
be superdomains and let F : A ^ 91^1'^ and G : 9J —)• 94'’!^ be supersmooth mappings such that 
F(il) C 93. Then, the composition G o F : il —> 91^1^ gives a supersmooth mapping and 

(4.5.1) dxG{F{X)) = [dxF{X)][dYG{Y)]\^^p,^^y 
Or more precisely, 

r+s 

(4.5.2) dxG{F{X)) = {dxAGoF)B{X)) = (^ dx^Gc(X))(cVci"R(P))|y=^(^)). 

c=i 


Proof Put F{Y) = {GB{Y)Yit=v ^ = (^a)a=i, and P = (Pc)ctV By 

smooth G-differentiability of the composition of mappings between Frechet spaces, we have the 
smoothness of 4>(X + tF[) w.r.t t. Moreover, we have (|4.5.2p . 


By the characterization of supersmoothness, we need to say 91ev-fiRearity of d_p<h, i.e. dF^{X){\L[) 
XdF^{X){H) for A G 91ev which is obvious from 


d{G o F)iX){XH) 


±G{F{X + tXH)) 

t=0 

r+s 

(j;Aff4av,Gc(x))(av-„FB(r))| 

Y=F{X)^ 

C=1 


X±G{F{X + tH)) 


t=o 


Xd{G o F)(X)iH). 


□ 


Definition 4.5.2. Let il C 91™'l"' and 93 C 91^1'^ be superdomains and let p : A ^ ^ be a 
supersmooth mapping represented by p{X) = {pi{X), ■ ■ APp+qiX)) with paIX) G Css(B : 91). 

(1) p is called a supersmooth diffeomorphism if 


(i) p is a homeomorphism between il and 93 and 
(a) p and p~^ are supersmooth mappings. 

(2) For any f G Css(93 : 91), {p*f){X) = {f o p)[X) = f{p{X)), called the pull back of f, is 
well-defined and belongs to Css(B : 91). 


Remark 4.5.1. It is easy to see that if p is a supersmooth diffeomorphism, then p-Q = f-qo p 
is an (ordinary) G°° diffeomorphism from ile to 93b- 

Remark 4.5.2. If we introduce the topologies mCss(93 : Gi) andC^^{A : Gi) properly, p* gives a 
continuous linear mapping from Css(^ : ^) to Css(B : Gi). Moreover, if p : A^ ^ is a supersmooth 
diffeomorphism, then p* defines an automorphism from Css(® : 5^) to Css(B : 91). 
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4.5.2. Inverse and implicit function theorems. We recall 

Proposition 4.5.2 (Inverse function theorem on M”^). Let U be an open set in M™. Let 
f :U 3 X ^ y = f{x) € be a {k > 1) mapping such that f'{xo) / 0 for some xq € U. 

Then, there exist a neighbourhood W of yo = /(xq) and a neighbourhood Uq C U of xq, such 
that f maps Uq injectively onto W. Therefore, f\uo has its inverse 4> = {f\uo)~^ : W ^ Uq G 
C^{W). Moreover, for any y = f{x) G W with x G Uq, we have <p'{y) = f'{x)~^. 

Applying this, we have 

Theorem 4.5.1 (Inverse function theorem on Let F = {f,g) : 3 X ^ Y = 

F{X) G be a supersmooth mapping on some superdomain containing X. That is, 

f{X) = e IR-, 9{X) = (gkixm^^ G Kd, 

More precisely, we put 

f{X) = {h{X))Z, G IR™, 9{X) = {gu{X))l=, G Kd, 

such that 

fi{x,e)= O^fiaix), gkix,e)= Y O^gkbix) 

|a|=ev<n |6|=od<n 

(4.5.3) . 

J/m(xB), 9kb{xB)&C i/|a|,|6|/0, 

\/m(xB)GK if\a\=0. 

We assume the super matrix [dxF{X)] is invertible at X, i.e. 7rB(sdet [dx<I>(A)]|^^^) / 
0. Then, there exist a superdomain ii, a neighbourhood of X and another superdomain QJ, a 
neighbourhood of Y = F{X) such that T : it —)• QJ has a unique supersmooth inverse <I> = F~^ = 
( 0 , 1 /’) : il satisfying 

cj{Y) = icjAy))7=i G HY) = (iA,Kn)^'=i G Kd 

and 

(4.5.4) ^{F{X)) =X for X Gii and F{^{Y)) =Y for Y 
Moreover, we have 

(4.5.5) dy<I>(y) = {dxF{X))-^ m 5J. 

Remark 4.5.3. A question is posed on the meaning of “the supermatrix f\uo has inverse”. Lf 
G{X) : il C iR™-!"- —^ is a super mapping represented by 

G{X) = {gi{x,e),- ■ ■,gm{x,9),gm+i{x,0),- ■ ■,gm+n{x,0)) G 

from the definition of dgj, we get 


d^a(x) = (f ^) 
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Here, 


( dgx dg2 
dxi dx\ 

dgi dg 2 
dx2 dx2 


dgi dg2 

\dXm dXm 

(d£2 
aei d9i 
dgi dg 2 
802 802 


8gi dg 2 


dgm \ 

Fix 

dgm 

8x2 

, C’ = 

/ dgm+i 
dxi 

dgm-\-i 

8x2 

dgm+2 

dxi 

dgm+2 

8X2 

dgm 
8xm / 


dgm-\-i 

\ dXm 

dgm+2 

dXm 

dgm \ 
801 
dgm 
802 

, B = 

/ dgm+1 
801 

dgmA-1 

802 

dgm+2 

801 

dgm+2 

802 

dgm 


dgm+1 
\ 80.0. 

dgm+2 

800 


Therefore, dxG{X) gives an even super matrix. 


dgm+n \ 
8x1 
dgm+n 
8x2 


8g-. 


m-\-n 

dXm . 


8gr, 


8gm+n 

802 


8gr, 


8en 


Proof of Theorem 4-5. 1\ . (I) To make clear the point, we consider the case m = 1, n = 2, that 
is, il,53 C Let 


F{X) = F{x,e) = {f{x,e),gi{x,e),g 2 {x,e)) : QJ 


with 


' f{x,o) = f{fi){x) + f(i2){x)eie2, 

(4.5.6) < gi{x,e) = gi{i){x)ei+gip2){x)02, and /(o)(a:B) S M, /(i 2 )(xb), 5 fc(Z)(a;B) S C 

_ 92{x,e) = g2{i){x)9i + g2(2)(,x)92, 

In this case, we have 

/ /(o) (^) + f{i 2 ) ix)9i92 5i(i) ix)9i + 5^(2) ix)92 5^^^) ix)9i + 5^(2) 
dxF{X) = I f(i2){x)92 9i{i){x) 52(1) (a^) 

\ -/(i2)(a:)6'i 5i(2)(a;) 52(2) (a:) 

with 


A C 
D B 


sdet{dxF{X)) = det[A-CB ^D]{detB) ^ and det.B =/3(x) = 5l(l)(x)52(2)(a:)-5l(2)(a;)52(l)(a;)■ 
Therefore, 

(4.5.7) 7rB(sdet {dxF{X))) = /(Q)(xB)/3(a:B)"^ 

We need to hnd d* = {(f, 1 ^ 1 , 1 / 22 ) such that 


' (j){f{xB,9),gi{xB,9),g2{xB,9)) = xb, 

(4.5.8) < 'f’i{f{xB,9),gi{xB,9),g2{xB,9)) = 9i, with < 

^ '>p2{f{xB,9),gi{xB,9),g2{xB,9)) = 02 
To state more precisely, we have 

' Vb = f(o){xB), ys = f(12){xB)9l92, 

< 4>{o)iyB + 5s) = </>(o)(5b) + <?i'(o)(5B)5S) 

_ </'(12)(5B + 5s) = 0(12) (5b) +0(i2)(5b)5S 
and from the hrst equation of (|4.5.8p . 


' 4>{y,^) = 0 ( 0 )( 5 ) + 0(i2)(5)wia;2, 

01 (5,‘^) = 01(1) (5)^^! +01(2) (5)^2, 
1p2{y,Uj) = 02(1) (5)^^! +02(2) (5)^2- 


(4.5.9) 


0(0) (5b) = (p{ 0 )if( 0 ){xB)) = XB, 

0(0) (5b)5S + 0(12) (5b)/3(xb)6'i 52 = [0(o)(5B)/(i2)(a;B) + 0(i2)(5B)/3(a;B)]6'i6'2 = 0. 
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Since /('q^(xb) / 0, there exists a neighborhood C/q C M of xb and Vq C M of /(o)(5b) where 
we hnd a function 0 (o)(?/b) satisfying the first equation (14.5.91) . Moreover, since /3 (xb) / 0, taking 
the smaller neighborhood if necessary, we define 

'/>(12)(2/b) = -</>(0)(2/b)/(12)(3;b)/3(xb)"^|^^^^^^^(^^). 

On the other hand, putting 

= gi(i){xB)0i + gi(2){xB)02, 

W2 = g2{l){xB)01 + g2{2)ixB)d2, ^1^2 = I3{xb)0iO2 
and remarking = 0 for j = 1, 2, from the last two equations of (I4.5.8p . we should have 
'lpl(l){yB){gi{l){xB)01 + gi{2){xB)02) + 'llJl(2){yB){g2{l){xB)01 + g2(2){xB)02) = 01, 
'>p2{l){yB){gi{l){xB)01 + gi{2){xB)02) + ^2{2){yB){g2{l){xB)01 + g2{2){xB)02) = 02, 

that is, 

/^V’i(i)(2/b) V’i(2)(l/B)W5i(i)(a;B) 5i(2)(a;B)A A 0\ 

VV’2(l)(yB) l/’2(2)(l/B)y V52(1 )Ab) 52(2) Ab)/ A 

Therefore, we have i/’*(yB), which satisfy the desired property. 

(II) Do analogously as above for general m, n by putting 


fi{x,0) 

= /i,a(a;) 6 '“, 

gk{x,0) 

= E 

gk,b{x)0^. 


|a|=ev<n 


|fo|=od<n 


(pi'{y,ui) = 

X] A',a'(y)w“', 

f^k'{y,uj] 

E 

'f’k',b'{y)aj^' 


|a'|=ev<n | 6 '|=od<n 


but with more patience. □ 

Remark 4.5.4. Above theorem holds for functions fi G : Ttev) and gk G ■ 

^od)- 

Moreover, we have 

Proposition 4.5.3 (Implicit function theorem). Let <h(X,P) : il x QJ —)■ be a super¬ 
smooth mapping and {X,Y) G il x QJ, where il and TJ are superdomains and respec¬ 
tively. Suppose <I>(X,y) = 0 and dy^ = *■5 a continuous and invertible supermatrix 

at {Xb,Yb) G 773 ( 11 ) X 773 ( 93 ). Then, there exist a superdomain 93 C il satisfying Xb £ 77b(93) and 
a unique supersmooth mapping Y = f(X) on 93 such that Y = f{X) and ^{X, f{X)) = 0 in 93. 
Moreover, we have 

(4.5.10) dxf{X) = - [dxHX,Y)][dY^X,Y)]-\^^^^^ . 

Proof. (14.5.lOp is easily obtained by 

0 = dxHX, f{X)) = {dxHX, Y) + dxf{X)dY<^{X, y))|y=/(x) • 

The existence proof is omitted here because the arguments in proving Proposition 14.5.11 work well 
in this situation. □ 

Problem 4.5.1. Use Ekeland’s idea |42] to give another proof of above Theorems, if possible. 
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4.5.3. Global inverse function theorem. We have the following theorem of Hadamard 
type: 

Proposition 4.5.4 (Global inverse function theorem on M”*). Let f : 3 x ^ y = f{x) € 

M™' be a smooth mapping on M™. We assume the Jacobian matrix [dxf{x)] is invertible on M™', 
and ||(det[d 3 ;/(x)])|| > 5 > 0 for any x. Then, f gives a smooth diffeomorphism from M™' onto M™'. 

Proposition 4.5.5 (Global inverse function theorem on Let F = (/, 5 ) : 3 X ^ 

Y = F{X) E he a supersmooth mapping on We assume the super matrix 



is invertible at any X G and there exists > 0 such that for any x 


OXj OOl 

Then, F gives a supersmooth diffeomorphism from onto 



Proof. From the proof of above Theorem 14.5.11 it is obvious. □ 





CHAPTER 5 


Elementary integral calculus on superspace 


As is well-known, to study a scalar PDE by applying functional analysis, we use essentially the 
following tools; Taylor expansion, integration by parts, the formula for the change of variables under 
integral sign and Eourier transformation. Therefore, beside the elementary differential calculus, it 
is necessary to develop the elementary integral calculus on superspace But as is explained 

soon later, we have the relations 


(5.0.11) 


dxj A dxk = —dxk A dxj for even variables {xj}^^^, 

dOj A ddk = dOk A d6j for odd variables which differs from ordinary one. 

Therefore, the integration containing odd variables doesn’t follow our conventional intuition. 


5.1. Integration w.r.t. odd variables — Berezin integral 

It seems natural to put formally 

dOj = dOjj for 9j = 9jj . 

iei,|i|=od iei,|i|=od 

Remark 5.1.1. Since above sum stands for the position in the sequence space to of Kothe 
and the element of it is given by d9jj for |I| is finite, we may give the meaning to d9j. 

Then, rather formally, since for J and K with |J| = od = |K|, d9j^j, d9k^K and are 

anticommutative, minus signs cancel out each other and the second equality in (15.0.lip holds. 
Analogously the first one in (j5.0.11[) holds. This make us imagine that even if there exists the 
notion of integration, it differs much from the standard one on M™'. 

Here, we borrow explanation of Vladimirov and Volovich. Since the supersmooth functions on 

^0\n 

are characterized as the polynomials with value in (t, we need to dehne the integrability for 
those under the conditions that 

(i) integrability of all polynomials, 

(ii) linearity of an integral, and 

(hi) invariance of the integral w.r.t. shifts. 

Put Vn = ^n(<^) = {u{9) = X]aG{0,l}- I G 

We say a mapping Jn '-Pn ^ ^ an integral if it satisfies 

(1) Gl-linearity (from the right): Jn{ua -(- u/3) = Jn{u)a + Jn{v)/3 for a, P G u,v & Vn- 

(2) translational invariance: Jn{u{- + oj)) = Jn{u) for all oj £ and u G Pn- 
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Theorem 5.1.1. For the existence of the integral Jn satisfying above eonditions (1) and (2), 
it is necessary and sufficient that 


(5.1.1) 

Moreover, we have 




= 0 for 4>a{0) = O’", \a\ < u - 1. 

Jnif’i) where = 6^ = 6i- ■ -6^ 


9=0 


Proof. If there exists Jn satisfying (1) and (2), then we have 

Jn{v) = ^ I{(Pa)Va for v{9) = ^ ^ (t>a{9)Va- 

|a|<n 


As 


(0 + a;)“ = r+ ^ (-l)*0^a;“-^ 

\a—h\>l^h<a 

Jn{v{-+Uj))= ^ Jn{4>a{- + Oj))Va = ^ Jn(</>a)Va + ^ ^ {-!)* Jn{f)b)vb^°‘~^ ■, 

|a|<n |a|<n |a—6|>l,6<a 

by virtue of (2), we have 

^ ^ {-ly Jn{(t>h)Vb^''~^ = 0 . 

|a|<n \a—b\>l,b<a 

Here, Va & ^ and uj G 91”^ are arbitrary, we have (I5.1.ip . Converse is obvious. □ 


Definition 5.1.1. ITe put Jn(</>i) = 1, he., 


(5.1.2) 


/ 


dOn-'-dOi ei---en = l. 


Therefore, we put, for any v = 6°-Va G Vnif^) 

Jn{v) = j d9v{6 

(5.1.3) 


Jn{v) = d9v{9)= d9n---d9iv{9i,--- ,9n) = {dg^---dB^v){0) 

J^0\n 


= V, = 


I = f d^9v{9). 

J Berezin 

This is called the (Berezin) integral of v on 


Then, we have 

Proposition 5.1.1. Given v, w G Vn{^) , we have the following: 

(1) (^-linearity) For any homogeneous \, fi £ (t, 

(5.1.4) [ d9{Xv +pw){9) = [ d9 v{9) + i-iyP^P') p [ d9w{9). 

Jfy\a\n J«H0|n y«H0|n 

(2) (Translational invariance) For any p G we have 

(5.1.5) [ d9v{9 + p)= [ d9v{9). 

Jy\0\n J<H0|n 

(3) (Integration by parts) For v G Vni^) such that p{v) = 1 or 0, we have 

(5.1.6) [ d9v{9)deMG) = -i-'^y’'"'^ [ d9{deM^)M0)- 

J^0\n y<nO|n 
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(4) (Linear change of variables) Let A = (Aji^) with Aj^ S 9^ev be CLn invertible matrix. Then, 

(5.1.7) f d6 V(9) = {det A)~^ f dujv{A-ijj). 

(5) (Iteration of integrals) 

(5.1.8) [ d6v{e)=[ d9n---dek+i( [ d9k ■ ■ ■ d9iv{9i, ■ ■ ■ ,9k,9k+i, ■ ■ ■ ,9n)] ■ 

J^O\n Jy^0\n-k \J^0\k J 


and det 


(6) (Odd change of variables) Let 9 = 9{uj) be an odd change of variables such that 0(0) = 0 
7 ^ 0. Then, for any v £ Vn{^), 

aj=0 


doj 


(5.1.9) f d9v{9)= f du} V {9 (oj)) det 

Jy^0\n J^O\n 

(7) For V G Vn{^) and uj G 


id9{uj) 


dbj 


(5.1.10) 


[ d9 {uji - 9i)-■-{uin - 9n)v{9) = v{uj). 

Tno\n 


Proof. We follow the arguments in pp.755-757 of V.S. Vladimirov and I. V. Volovivh 
with slight modifications if necessary. 

By definition, we have (1). 

(2) Remarking the top term of v{9 + p) containing the term 9i- ■ -dn is same as v{9), combining 
()5.1.ip we get the result. 

(3) Using dg.{vw) = dg.v-w -|- {—ly^’^^v-dg.w with (2), we get (3). 

(4) As {A9)j = YZ=i<^jk0k with ajk G Dlev, 

Jniv{A9)) dg^- ■ •cl0j^'u(A0) |g_Q ^ ^ ^®a-(n) ’ ’ '*^^ct(i)■ ■ 'acr{n)n 

O-epn 

= de^-■ -deM^) ^ sgn (f7)a„(i)i- • •a„(„)„ = Jn{v) det A. 

a-epn 


(5) Obvious. 

(6) We prove by induction w.r.t. n. When n = 1, for 0i = acvi where a G IHev with ttbo / 0, it is 
clear that (I5.1.9|) holds. In fact, 


f)9 

Ji{v) = a~^J{v{auJi)) = viauji)). 

Assuming (I5.1.9P holds for Jn-i, we prove it for Jn. Let 9j = 9j{uji,- ■ ■,ujn) for j = l,---,n. 

(901 (cj) 


Without loss of generality, we may assume that 
have 


doji 


is invertible. By the property (5), we 


aj=0 


Jni'a) — 


Putting UJ = {uj 2 , ■ ■ ■,0Jn), we solve the equation 0i = 9i{uji,uj) w.r.t. cui, having 


(5.1.11) uji = uji{9i,uj) with 01 = 0i(a;i(0i,ca),cD), cji = Li;i(0i(a;i,th),d;). 


We put this relation into 9j = 9j{u}) to have 


9j = 9j{oji{9i,uj),Cj) = 9'j{9i,uj) for j = 2,- ■ ■,n. 
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By (5) and the induction hypothesis, we have 

do' 

Jn-i{v) = Jn-i(det “^^u(6'i,6''(6'i,w))). 
Changing the order of integration w.r.t. 9i and u), we get 

Jn{v) = Jn-i(Ji(det “^^u(6'i,6»'(6»i,w)))). 


Using 6i = we have 

Jniy) — l('^l (het 

' dOi 


_i dO' { dOi 


= Jn{ 


dioi 


dbj \du)i 

det ^ — 
d(jj 


-1 


u (01 (wi, (h), 0'(6*1 (wi, w), w)))) 
v{e{oj))). 


01 =01 (a;) 


On the other hand, if we have 


de'\ dOi 


det 


do 


doj J duji dco ’ 


then we prove (15.1.91) . In fact, from (15.1.111) . we get 

901 dCoi 901 901 

duk dujk doji dojk 


for k = 2, ■ ■ ■ ,n, 


and 


90' 90j ^ 90j 9a;i 90* 90* 90i f 90i 


-1 


dujk diOk duji dojk dook dooi dtOk \ dooi 
Subtracting from k-iow [k > 2) in the first row multiplied by 90i/9u;fc(90i/9a;i)“^, we obtain, 
using above relation, 


, 90 

det — = 

d(jj 


901 902 

du)\ duji 

n ^^2 

^ 9012 


n ^ 

^ 9a;„ 


90n 

9ti;i 

9ti;2 

Ml 

9ti;„ 


901 , 90' 


01=01 (w) 


(7) is clear. □ 

Remark 5.1.2. Above Berezin integration is defined without measure but using inner-multiplication 


in exterior such that 


A 

dz, 


'\dzk — djk ^ I do j Ok — djk‘ 


Remark 5.1.3. (i) We get the integration by parts formula, without the fundamental theorem 
of elementary analysis. 

(a) Moreover, since in conventional integration we get j dyfiy) = a j dxf{ax), therefore the 
formula in (j5.1.7p is very different from usual one. Analogous difference appears in (15.1.91) . 

(Hi) ()5.1.10p allows us to put 

5(0 -uj) = (01 - Wi) • • • {On - U)n), 


though S{—0) = (—1)”5(0). 


^See, Mini-column 2 in Chapter 3 
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(iv) For the future use, we give a Lie group theoretie proof of (15.1.91) due to Berezin [lOj . Let 
a transformation T may be included in a one-parameter family Tt of transformations 0 = 0{uj), that 
is, Tico = 9{uj) and Tqoj = uj with Tt+s = TfTs- Set 

(5.1.12) 9k{t) = {Ttuj)k and g{t) = [ du det~^^^^v{9{t)). 

Jy^n OLO 

od 

Claim 5.1.1. g{t) is an analytic function w.r.t. t and g{t) = <7(0). 


In fact, using the multiplicativity of determinant, we have 


g(t + ,)= du det-■ (2^^).det-■ (®)„(«(( + ,)). 


€ 9lev; ^( 5 ) = det ^R{s) € 9tev; get 


Putting R{s) = 

ff'W = ^9it + s)\s=o = J det ^ [A(s)?;(0(t + s))] 

To continue calculation, we remark the following: (i)Since Tt is a one-parameter trans¬ 
formation group, 6j[f) = 0j{t;u!) satisfy an autonomaous system of differential equations 

e',{t) = -M&iit),--:dn{t)). 


(a) As 


we have 


A(s)=deti? ^(s) = exp (—tr log i?(s)), 


dA{s) 
ds 

_ _ , u>(n\ — _ SF d ddkjt + s) _ ^ d^k{9{t)) 

^ ds d9k{t) ^^0 ^ d0k{t) 


= -ti {R'{s)R ^(s))exp(-tr log R{s))\^^^ 

.s=n 


Therefore, we have, using $fc(0(<)) £ 91od; 


and 


(5.1.13) 


^[A(s)z;(0(< + s))]^^P 


^ d{<I>k{0{t))v{0m 
4 ^ d9k{t) 



d{^k{9{,t))v{0{t))) 

d0k{t) 


Applying the reasoning of the proof of (2) (translational invariance), we have 
5^(0) = [ dw ^ (-^ifkldLo = 0 with ifk = 0k(O)v(uj). 

Since g'{t) has the same form as g(t), that is, (15.1.131) is obtained by replacing v{0{f)) 
with (|5.1.12|) . we get g"{0) = 0. Repeating this procedure, we get 

^(")(0) = 0 for n> 1. 


It follows from the Lie group theory that an arbitrary transformation 9 = 9{oj) can be repre¬ 
sented in the form of a product of a finite number of transformations T = Ti - ■ -T^, each of which 
is included in a one-parameter group. 
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5.2. Berezin integral w.r.t. even and odd variables 


5.2.1. A naive definition and its problem. Because of Remark 14.4.21 in §4 of Chapter 4, 
we are inclined to “define” 

rb pb ^ 2 

/ dqf{q)= dxf{x) where fix) = '^—dgf{q)xs withx = g + xs. 

Ja Jd 

Therefore, 

Definition 5.2.1. For a set U C M™, we define 7r^^{U) = {X s | 7 rB(A) € U}. A 

set ilev C is called an “even superdomain” if U = 7rB(ilev) C M"* is open, connected and 

7 rg^([/) = ilev U is denoted also by ilev,B- When il C is represented by il = ilev x 91”^ with 

an even superdomain ilev C il is called a “superdomain” in 

Definition 5.2.2 (A naive definition of Berezin integral). @For a super domain il = ilev x 9 ^ 0 |n 
and a supersmooth function u{x,6) = Yl\a\<nd'^'^a.i^) : il —^ we “define” its integral as 


B- 


(5.2.1) 


dxd9u{x,9)= / dxi / d9u{x,9) \ = / dqui{q), 

JiXev V 49101" / AB(Uev) 


where 


d9 u{x, 0 ) = A.. -^uix, 9) 


d9n d9i 


TTB (^ev ) 

n 

= Mj(x) and i = (l,---,l). 


01 = -=0n=O 


In the above, ui{x) is the Grassmann continuation ofui{q). 

Desiring that the standard formula of the change of variables under integral sign(=CVF) holds 
by replacing standard Jacobian with super Jacobian(= super determinant of Jacobian matrix) on 
^m|n^ we have 

Theorem 5.2.1. Let it = ilev x c and QJ = TJev x lR0|n ^ Let 

(5.2.2) ip:^3Y = {y,u;) ^ X = {x,9) = {ipQ{y,u;),^pi{y,uj)) e il 

be a supersmooth diffeomorphism from QJ onto il, that is, 

( diPniy,^}) d‘PT{y,u}) \ 

ap^(l,uj) a<p!^(l,uj) 1 • 

auj did ) 

Then, for any function u € Css(il : (i) with “compact support”, that is, u(x,9) = J2\a\<nd'^'‘^a-(x} 
where Ua{xB) £ C'o*^(ilev,B : 94) for all a G {0, !}"■ except a = 1, we have CVF 


(5.2.4) 


B—// dxd9 u{x,9) = B—jj dyduj sdet J{ip){y,uj)u{(p{y,uj)). 

JJ'd JJ<p-^(iX) 


Remark 5.2.1. Seemingly, this theorem implies that Berezin “measure” Dq{x,9) is trans¬ 
formed by ip as 

(5.2.5) {ip*DQ{x,9)){y,uj) = Do(y,a;)-sdet J(<y9)(y,a;), 

where 

d d 

Do{x,9) = dxi A • • • A dxm ® -= dxi -• -dxm-de ^-• -de^ = dxde, Do{y,u}) = dyd^j. 

OUn OOi 

But this assertion is shown to be false in general by the following examples. Moreover, we remark 
also that the condition of “the compact supportness of integrands” above seems not only cumbersome 
from conventional point of view but also fatal in holomorphic category. 
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Remark 5.2.2. Though we give some examples which show the immatureness of the above 
naive definition, but we give a precise proof of this theorem in ^1 of Chapter 9 for future use. 

Example 5.2.1. Let 11 = 7rg^(R) x 91^^ C 91^1^ with Ll = (0,1), ttb : 91^1*^ —)• M and let u he 
supersmooth on 91^1^ with value in 91 such that u{x,9) = Uq(x) + 9i92Ui{x). Then, we have 

B— // dxd9u{x,9)= dx d9u{x,9)= / dxui{x)= / dqufiq). 

JJix Jn J 

But, if we use the coordinate change 

(5.2.6) ip : (y, uj) —>■ (x, 9) with x = y + ujiuj24>iy), B —)■ 11 

whose Berezinian is 

/l + a;ia;2</>'(y) 0 0^ 

Ber (if) {y, co) = sdet J{p){y, tv) = I + ujiuj 2 (p'{y) where J{p){y,u;) = I ^24>{y) 1 0 

\ -(^i4>{y) 0 

and if we assume that the formula (I5.2.4p holds, then since 

u{T{y,uj)) = u^iy + ujiuj2<t){y)) + a;ia;2Mi(y + wiW2</>(y)) = u^iy) + ujiuj2{4'{y)u'^{y) +ui{y)), 
and {l + ujiuj 2 (t}'{y))u{piy,u})) = UQ{y) + ujiuj 2 { 4 >{y)u'^{y) + (j)'{y)uQ{y) + u-fiy)), 

we have 


B-lj dydu (1 + ujiuj 2 (t)' {y))u{p{y, uj)) = 


'tTb^CD) 


dy {(l){y)ufiy))' + 


'tTb^CD) 


dxufix). 


Therefore, if dy {4>{y)uQ{y)y 0, then Jf^Do{x,9) u{x,9) I)o(y,cv) u((p(y,uj)). 

This implies that if we apply (j5.2.ip as definition, the change of variables formula doesn’t hold 
when, for example, the integrand hasn’t compact support. 

Example 5.2.2. [Inconsistency related to Q-integration where matrix Q is mentioned in Chap¬ 
ter 3] Let a set of matrix Q be given by 

Q = {q = I Xi,X2 G 91ev, 9i,92 G 91od} = 9^212 

and let regard Q as a variable with its “volume element” dQ = d92d9i. Then, we have 


(5.2.7) 


[ +^ 2+201 ^ 2 ) ^ 
Jq 791212 271 


We apply change of variables to a super matrix Q as 
(5.2.8) 


0102 

yi=xi-\ -^—, y 2 = X 2 


Xl — 1X2 


70102 
Xl — iX2' 


UJl = 


01 


Xl — 1X2 


^2 — 


02 


Xl — 1X2 


or 


(5.2.9) 


f Xl = yi -l-ujiuj2(yi - m), X2 = y2- iujiuj2{yi - iy2), 
I 01 = a;i(yi - m), 02 = -W2(yi - m), 
to make it diagonal. Then, 


(5.2.10) 

where 


GQG-^ = 


yi 0 
0 iy2 


GQ^G-^ = 


-1 _ fvi 0 


G = 


1 + 2 ^a;ia ;2 

UJ2 1 — 2~^UJiUJ2 


G-^ = 


0 -yi 

1 + 2 “^ci;ia ;2 
-CO 2 


-UJl 

1 — 2 ^Ci7iCi72 
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Clearly, 


Xi - 1 X 2 = yi- W 2 , and str = x‘f + xl + 26162 = yf + yl- 


and their Jacobian (called Berezian) is 

dQ = d 62 d 6 i = {yi - iy2)~‘^■ 

ZTT ZTT 

This implies 

- J dijj2duJi {yi - = q 

which contradicts to (|5.2.7I1 . 


5.2.2. Integration of Gaussian type and PfafRan. In spite of above immatureness of 
the naive definition, we may give examples which mention the relation of Gaussian type integral, 
determinant and PfafRan. 


Definition 5.2.3. For n x n-anti symmetric matrix B = (Bj^) with even elements, we define 
the Pfaffian Pf {B) of B as 

(5-2.11) Pf(.B) = /i 2 \\ Tj (f’)'^p(l)p(2) ■ ■ ■ -®p(n-l)p(n)- 

Here, pn is the permutation group of degree n, sgn (p) is the signature of p ^ pn- 


Remark 5.2.3. Let n be even, and let A = (Aij) be anti symmeric matrix. Then, we have 

J d6 exp{-^Aij6i6j) = Pf (A). 

Moreover, Pf (^4)^ = det(^) holds. 


Definition 5.2.4. A even super matrix M 
ing conditions are satisfied: 


A C 
D B 


is called positive-definite if the follow- 


(gs.l): A has the body part A-q which is regular positive definite symmetric matrix. 
(gs.2): B is a regular anti-symmetric matrix. 

(gs.3): C and D satisfies + D = 0. 


For above super matrix M, we define the corresponding bilinear form as 
(X, MX) = ^XMX 


= YI ^j^jkXk + YY XjCj 

“1“ EE ^tBm-\-tkXk 4“ ^ ^ dgB'^ 

j,k=l j=l s=l k=l t=l s,t=l 

Lemma 5.2.1. Let M be a even, positive definite matrix. Then, 




(5.2.12) 


G{X,M)= [ dXe-^ '2 fix,MX) for X>o 


0 if n is odd, 

(27rA)™/2(2A)-W2(det Al)-V2pf _ dA-^C) if n is even. 


(5.2.13) 


Comparison 5.2.1. For a positive definite symmetric real matrix H, we have 

27r\™/2 


[ e-^^-^^/^dx=(^Y (detR)-V2. 
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Exercise 5.2.1. Prove the following by Berezin integral: 

(i) det( 2 l) = Pf (A)'^ for antisymmeric matrix A, 

(a) For any 2nx2n antisymmeric matrix A and any 2nx2n matrix B, det{B^AB) = det(i?)Pf {A), 
(Hi) For any n x n matrix B, 

o) det(S). 


5.3. Contour integral w.r.t. an even variable 


To overcome the inconsistency in above examples, we need to reconsider the meaning of “body 
part”, that is, not to insist on Remark 14.4.21 of de Witt (§4 of Chapter 4). 

We recall the idea of the contour integral noted in A. Rogers [nsj. 

Contour integrals are a means of “pulling back” an integral in a space that is alge¬ 
braically (as well as possibly geometrically) more complicated than M™. A familiar 
example, of course, is complex contour integration; if 7 : [0,1] —)• C is piecewise 
and / : C —)■ C, one has the one-dimensional contour integral 

[f{z)dz=f f{-f{t))--f'{t)dt= [ dt-f'{t)-f(~f{t)). 

47 JO Jo 

This involves the algebraic structure of C because the right-hand side of above 
includes multiplication • of complex numbers. 


We follow this idea to define the integral of a supersmooth function u{x) on an even superdomain 
ilev C = Tl™ (see also, Rogers |115L 111611118] and Vladimirov and Volovich W) 

Definition 5.3.1. Let u{x) he a supersmooth function defined on an even superdomain ilgv C 
91^1° such that [a, 6 ] C 7rB(ilev)- Let A = Ab + As, /r = /ib + S ilev with Ab = a, fiB = b, and let 
a continuous and piecewise -curve 7 : [ 0 , 6 ] —)• ilev be given such that 7 (a) = A, 7 ( 6 ) = //. We 
define 

(5.3.1) / dxu{x) = 

J7 

and call it the integral of u along the curve 7 . 


/ 


dt'y{t)-u{'y{t)) e € 


Using the integration by parts for functions on M, we get the following fundamental result. 

Proposition 5.3.1 (p.7 of de Witt [35]). Let u{t) e C°°{[a,b] : Gi) and U{t) £ C'°°([o, 6 ] : Gi) 
he given such that U'(t) = u{t) on [a,b]. We denote the Grassmann continuations of them as u{x) 
and U{x). Then, for any continuous and piecewise C^-curve 7 : [a,h] —)• ilev C such that 
[a, 6 ] C 7rB(ilev) and 7 (a) = A, 7 ( 6 ) = p, with Ab = a, fiB = b, we have 

(5.3.2) f dxu{x) = U{\) - U{n). 

J7 


Proof. By definition, we get 

/*6 pb 

/ dt'y{t)u{'y{t)) = dt{jB{t)+'isii))Y^ 

J CL J CL .^^0 
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Ja Ja K. 


+ / dtj^u^^\'yB{t))'^sithsitY 


£>0 


U{b) - U{a) + Y, 77 ^ 
£>0 ^ 


= Uifi) - [7(A). 

Here, we used the integration by parts formula for functions on M with value in Frechet space: 

fb 


f (itn(^)(7B(t))7s(t)7s([)^ 

J a 




Problem 5.3.1. How do we extend Provosition \5.3.1\ to the case when u{t) € C{[a,b] : €)? 

Lemma 5.3.1 (Lemma 3.9 in |115] on 5Si,). (a) (reparametrization of paths) Let 7 : [a, b] —)■ 91ev 
be a path in Dlev and let c, d G M. Also let (j) : [c, d] —>■ [a, b] be with (j){c) = a, 4>{d) = b and 
(/>'(s) > 0 for all s G [c,d]. Then 


/ dxu{x) 
J -7 


/ dxu{x). 

I-y J-ycxj) 

(b)(sum of paths) Let 71 : [a,b] —)• IHev and 72 : [c,d] —)• IHev be two paths with 71 ( 6 ) = 72 (c) Also 
define 71 + 72 to be the path 71 + 72 : [o, 6 + d — c] — >■ Dlev defined by 


71 +72([) = 


7 i(t), a<t<b, 

72 (t — 6 + c), b<t<b + d — c. 

Then if iiev is open in 91ev; u : ilev is in Css and 7 i([a, b]) C ilev, 72 ([c, d]) C ilev; 

/ dxu{x) = / dxu{x)+ / dxu{x). 

J 'y^ H-'V9 ^ ■yi J 'yo 


'72 


(c)(inverse of a path) Let 7 : [a,b] —> Dlev be a path in IHev Define the curve —7 : [a,b] —>■ Dlev by 

- 7 (t) =^[a + b-t) 

Then if iiev is open in 91ev with 7 ([a, 6]) C ilev and u : ilev —)■ IH is supersmooth, 

/ dxu{x) = — / dxu{x). 

■7 *^7 

Proof. Applying CVF on M for t = (p{s) and dt = (p'{s)ds, we have 

f dxu{x)=f ds ( 7 ((/>(s)))'n( 7 ( 0 (s))) = / ds 0 '(s)[ 7 '( 0 (s))n( 7 ( 0 (s)))] 

J yo(p J c J c 

= f dtj'{t)u{'y{t)) = f dxu{x). 

J a J y 

Others are proved analogously. □ 
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Corollary 5.3.1 (Corollary 3.7 in |115j on *Bl). Let u{x) be a supersmooth function defined 
on a even superdomain itev C into Gl. 

(a) Let 7 i, 72 he continuous and piecewise C^-curves from [a, 6 ] —)• iCv such that A = 71 (a) = 72 (a) 
and n = 7 i(&) = 72 (^)- If is homotopic to 72 , then 


(5.3.3) 


/ dxu[x) = / dxu{x). 

j 71 j 72 


(h) If u : IHev —>• 91 is Css on all 91ev; one can write “unambiguously’ 

J dxu{x) = J dxu{x). 

Here, 7 : [a, b] —>■ 91ev is any path in 91ev with 7 (a) = A, 7 ( 6 ) = p,. 


Proposition 5.3.2. For a given change of variable x = (p{y), we define the pull-back of 1-form 


Oa; = dxp{x) by {g:>*X))y = dy pi^iu))- Then, for paths 7 ; [a, b] 91x°, p ^ o 7 : [o, 6 ] 91^'° 


and u, we have 


Pu= dxgccp{x)u{x) = / dy{ip*p)y p{ip{y))u{(p{y)) = 
J "y Jo:>~^o'y 


ip Pip u. 


J7 J-J 

Proof. By definition, we have not only 


but also 


/ Pxu{x)= f dt'y'{t)p{'y{t))u{j{t)), 

J 'y J a 

[ {T*'o)yP*u{y)= ! dy^^:^^p{p{y))u{p{y)) 

J (p J ip ^O'y 

= J dt{p-\'y{t))y^^0^p{p{y))u{p{y)) 

= [ dt'y{t)p{y{t))u{'y{t)). 

J a 

dp{y) 


y=,p-loy{t) 


Here, we used y = p ^{p{y)), x = 7 ( 1 ), y = p ^( 7 (i)) with 

. 1 


1 = p{y)p {p{y)), p{y) = 


□ 


p dy 

Example 5.3.1 (Translational invariance). Let I = (a, 6) C M. ITe identify q £ I as y{q) = 
x G 91ev We put 911 = 7 ( 1 ) = {x G 91ev | 713 ( 0 ;) = g G /} C 91cv Taking a non-zero nilpotent 
element v G 91ev, we put Ty : 91ev 3 y ^ x = p{y) = Ty{y) = y — u £ 91ev, 

= {a; + p91ev I 713 ( 2 ;) = q£ I}, 7 ^( 5 ) = T"^( 7 (g)). 

Then, we have 

/ dxu{x)= dq-i'{q)u{-i{q)) = j dqj[{q)u{j{q))= dyu{y-u). 

Jm Ja Ja Jmi 

Remark 5.3.1. Above identification j{q) = x £ 91ev is obtained as the Grassmann continuation 

L of a function i{q) = q £ C°°{I : M). In fact, 

(9"i(g) 
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5.4. Modification of Rogers, Vladimirov and Volovich’s approach 

Now, we modify arguments of Vladimirov and Volovich suitably to get a new definition. 

Definition 5.4.1 (Parameter set, paths and integral). For any domain D in M”*, we denote 
D = D X as a parameter set. 

(1) A smooth map 7 from D to belongs to when 

7 ( 9 ,^) = (7o(9>^),7l(9,^)) = (7oj(9,^),7l,k(9,^))j=i,-,m, 


k=l,---,n 


and 


Here, 


and 


7o,= Y1 e 91ev, = Y1 G ^lod- 

|a|<n 

70j,a(9) = X] 7D,j,a,I(9)0■^ 7l,fc,a(g) = ^ 7l, 

|I| = |a|(mod2) | J| = |a|+l(mod2) 

7o,a,l(g), 7i,a,j(9) G : C") and 70 , 0 , 0 ( 9 ) G : K^) 

with 0 = even or 0 = (0, • • •, 0) G {0,1}”, 0 = (0, • • •) G X. 


Moreover, if 


sdet J{7){q,'&) / 0 where J{'y){q,'d) = 


d{q,d) 


dq dq 

^7n(g.^) d'yi{q,‘&) j ’ 


then, this 7 is called a path from D to whose image is said to be FSM(=foliated singular mani 

-fold) denoted by 

m = 911 ( 7 , D) = 7 (fi) = {(x, 9 ) G 91 ”^'" I X = 70(9, = niq, i 9 ), 9 G D, i? G 91 ^d}- 

(2) Let 911 be given as above. For a supersmooth function u{x,6) = X)|a|<„ ^“ 110 ( 3 ^) defined on 
911, we define the integration of u{x, 6) on 911 as follows: 


/ dxd9u{x,9) = 

[ d'd 

[ dq sdet J{7){q,'9)u{7{q,'9)) 

Jm 


.Jn 


(5.4.1) RW-1 

Here, we assume that for each il G 91”^; integrands in the bracket [■ ■ •] above are integrable on D. 


Remark 5.4.1. The reason for nomination “singular” is explained in A. Kharenikov | 88 j . It 
stems from the difference from the naive Definition \5.2.2\ of Berezin i.e., their definition domain 
are not ilev = {x G 91"*!'^ | 7 rB(x) G D} though defined via D in M™. 


We need to check the well-definedness of (|5.4.ip in Definition 15.4.11 First of all, we remark 
that by the algebraic nature of integration w.r.t. odd variables, we may interchange the order of 
integration as 




dq sdet J{-/){q,'&)-u{'y{q,'&)) 


d 

d'&n 



sdet J( 7 )(g,il)-u( 7 (g,il)) 


i ?=0 



•^(sdet J(7)(g,il)-u(7(g,il))) 
dll sdet J{'y){q, I})-u{'y{q, It)) . 


u=o 
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In case when 75 ( 5 ,i?) doesn’t depend on 1 }, putting = 7 i(( 7 ,i?) and q = 7 o((?), we get 
d d 


I 

Jfi 




(sdet J( 7 )( 5 ,i?)"u( 7 (g,i 9 ))) 


i9=0 


= dq det 




L 


di? det 






V 


•^^(7o(9)>7l(9,^?)) 


d'du{jo{q),'d) 


f d9u{x,9) 

That is, putting 17 = x 71”^ and Tl = 7(17), we have 'y{q,'&) = (7 o(Q')) 7l(9)'(?)) and 


= dq d'du{q,'9) = dx 

J J ./70(11) 


(5.4.2) 


RW—// dxd9u{x,9)= / d9 

an 491" 


/ 70 (D) 


dx u{x, 9) 


[ dx I 


d9 u{x,9) 


= J d9^J dxu{x,9) 
= f dx( [ d9u{x,9) 


Moreover, we need the following definition: 

Definition 5.4.2. Let two FSM Tl = 7(17) and Tl' = 7^(17') be given. They are called 
superdiffeomorphic each other if there exist diffeomorphisms (/> : 17' —)• f7 and ip : SOI' —)• SOI, such 
that the following diagram holds with 7 ' = o j o cf: 


n 


A 90T = 7(f7) 


r 71 


^ 971' = 7 '(17'). 


n 


Using this notion, we have the desired result: 

Proposition 5.4.1 (Reparametrization invariance). Let 17 and 17' be domains in and we 
put 17 and 17' as above. We assume f7 and 17' are superdiffeomorphic each other, that is, there exist 
a diffeomorphism (jig : 17' —)■ 17 such that ^ which is continuous in 17' and det(^^^) > 0 and a 
map : 17' X 94”^ 9 W 19 ') </’i('?^70 ^ ^od which is supersmooth w.r.t. ff with det(^^^g^r^) ff 

0. Put 

Tl'= {X'= {x',9') \ X'= JO 4>{q',ff), {q',T]')£^'} where (p{q', 9 ') = {(poiq'), (Pi{q', 9))- 
For a given path 7 : 17 —)■ 91™'I"', we define a path 7 o c); : 17' —)• Then, we have 

RW-// _ dxd9u{x,9) =BW-[[ _ dx'd9'u{x',9'). 

JJ 7(11) JJ 70^(11^) 

Proof. By dehnition, we have 


RW- 


7(D) 




dxd9u{x,9)= / dr] [ dq sdet J{j){q,ri)u{j{q,p)) 


and 


RW- 


7 o0 (D') 


dx'd9'u{x',9') = f drj'( f dq'sdet J{j o (j))(q',r]')u{j o cf^q',p'))\ . 

') ioi" \Jn' J 
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Using 


J{'yo(j)){q',T]') = J{'y){cp{q',r]')J{4>){q',r]'), 


we have 


sdet J (7 o 4>){q', q') = det 


sdet J{4>){q',q') = det 

f dhil' 


-if 9 Mq',v') 


det 


V dq' 

Remarking the order of integration, we have 

[ dq' ( [ dq' sdet 7(70 cj)){q', q')u{'y o ^{q', q')) 
JiR" V Jn' 


dq' 

-if 

dq' 


det 


f dMl') 

V dq' 
sdet J{q){q,q) 


q=<t>o{q') ■ 


= / dq' det 

Jn' 


( dMl') 

V dq' 




dq' det' 


-ifd(pi{q',q') 


dq' 


[sdet J{ 7 ){q,q)u{q{q,q))] 


= dq 
Jn 




dq sdet J{q){q,q)u{q{q,q)) 


dqdq sdet J{q){q,q)u{q{q,q)) 


9=<^o('?') 

n=<f>iW,v') 

□ 


Finally, we prove our goal: 


Theorem 5.4.1 (CVF=change of variable formula). Let a supersmooth diffeomorphism ip be 
given from a foliated singular manifold Tt((5, LI) C onto a neighbourhood D of another foliated 

singular manifold 911(7, U ; 

(5.4.3) p : {y,u;) ^ {x,e) with x = pQ{y, u), e = pi{y,u:) 

That is, 9Jt = <^(91) and sdet J{p) 7 ^ 0. Moreover, we assume that 6 = p~^ o q is sdet J{q) / 0. 
Then, for any integrable function u G Css(0 : 91), CVF holds. 

(5.4.4) RW—// dxd6u{x,0) = WJV— dydujsdetJ{p){y,ui)-u{p{y,uj)). 

JJm JJ<f-^{dyi) 

Remark 5.4.2. Analogous result is proved on superspace based on Banach-Grassmann 

algebra assuming the set {x G | x = q{q,'d), q £ LI} is independent from each -d G in 

[US]. 

Remark 5.4.3. Formulas (|5.2.4p and (15.4.41) have the same form hut their definitions (|5.4.ip 
and (15.4. ip are very different each other! This difference is related to the primitive question “How 
to consider the body of supermanifolds?” (see, R. Catenacci, C. Reina and P. Teofilatto |23| ). 
Though we don’t develop supermanifolds theory with charts based on in this note, but in 

Chapter 8, we consider the simplest case 91”*l”. 


5.4.0.1. Proof of Theorem \5. 4 .11 ~ change of variable formula under integral sign. We want to 
prove the following diagram: 

{LI, dqdq) {m,dxde) RW-ff^dxd0u(x,0) e DL 

‘P 

{LI,dqdq) -)■ {?LX,dyduj) - > RArL—ff i,m,dydijj sdet,J{p){y,uj)u{p{y, uj)) £ LA. 
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By definition, we have paths 

O X 3 (?> V) i{q, v) = {x, 6), 

n X iRod 9 {q,r]) 7i(g,r/) = {y,uj), 

which are related each other 

{x,0) = j{q,r]) = (p{y,uj) = (p{'yi{q,r])), 7i = oj. 
We dehne pull-back of a “superform” as 

d = dxdO u{x, 9) ip*t) = dydu) sdet J{(p){y, uj) u{(p{y, uj)). 


Then, we have 
Claim 5.4.1. 
(5.4.5) 


RW-// (^*t) = RW-// d. 

(/7“1o7(Q) JJ 7(£^) 


= sdet J{j)iq,v), 


Proof. Since J{(p ^ o 7) = 7(7)-J((^ which yields 
sdet o 7)(g, ?7)(sdet J{(p){y,Lo) 

(j/,aj)=(p-lo7(g,77) 

and by the definitions of path(contour) and integral, we have 

RW-// 

J J (p~^o‘y(Q) 

= d-d dq sdet o'y)[q,'d)[sdet J{(p){y,uj)-u{(p{y,u})) 

Lie 

= j d'd I dq sdet J{'y){q,'d)-u{'y{q,'d)) 

JiR- L Jn 


(y,oj)=Lp lo7(q,i?). 


= RW-// d. 
7(0) 


we have the claim. jf 

Now, we interpret (|5.4.5p as change of variables: Since we may denote integrals as 


and 


RW-// d = RW-// dxdeu[x,d), 

7(n) JJ m 


RW—// (/j*d = RW—// dydu) sdet J{(p){y,Lo)u{(p{y,Lo)), 

JJ ip~^o'y{Q,) JJ 

we have 

RW—// dxdO u{x,9) = INV— dydu sdet J{(p){y,uj)u{ip{y,uj)). □ 

JJ m JJ 

Remark 5.4.4. It is fair to say that new definitions without inconsistency for CVF are in¬ 
troduced M.J. Rothstein or M.R. Zirnbauer but they are not so easy to understand at 

least for me. 
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Resolution of inconsistency: Here, we resolve the inconsistency derived from the naive defi¬ 
nition of Berezin integral by applying modified Rogers, Vladimirov and Volovich’s definition above. 

Resolution of inconsistency in Example 15.2.11 From Theorem 15.4. 11 we interpret as follows: 

For n = (0,1), we are given 11 = 11 x 91^^, Dehning a map 7 : H —)• 911 as 

7 : 11 9 (g, d) {x, 9) = d), 7 j(g, d)) = j{q, d), 

then we may regard 911 = {{x,6) G 91^1^ | 713 ( 3 ;) G H, 0 G 91^^} as a foliated singular manifold 

7 ( 11 ) in 91^1^. We are given another foliated singular manifold 91 = (5(11) in 91^1^ such that they are 

super-differentiably isomorphic 

(p : (5(11) 9 {y,U!) ^ p{y,oj) = (x,9) G 7 ( 11 ), 

with 

\x = ipo{y,uj) = y + 0710720(1/), 

[Ol = V9pi(2/,07) = 071, 02 = ipi^2iy,^) = ^2, 

and moreover 


6 = p 07 : (g,d) ^ (g-did20(9),d) = ((5o(g, d), (5i(g, d)) = {y,uj) 


Then, 91 = (/7 ^(911) and 


^1-I-O7io720'(7/) 0 o'* 


'1 0 0 ^ 


’^(‘P)(y,^)= W20(y) 1 0 , J(7)(g,d)= 0 1 0 , 


-O7i0(y) 0 

/l-did20'(g) 0 0^ 
J((5)(g,d)= -d20(g) 1 0 

\ di 0 (g) 0 1 , 

In this case, for u{x,9) = Uq{x) + 9 i 62 Ui{x), we have 
RW—// dxdO u{x,9) 

JJ<m 


,0 0 1 , 


[ dd 

[ dgsdet J(7)(g,d)u(7(g,d)) 


.Jn 


f dq j ddu{q,d)= I dq^^u{q,d) 
Jo 491 


od 


/o 9d2 (9di 


i7=0 


/ dqui{q), 
Jo 


and 


RW—// dycko {p*u){y,oj) 
'01 


(5.4.6) 


n 

= f dq 
Jo 


dqdd sdet J(5)(g, d) [ sdet J{p){y,uj)u{ip{y,uj))] 

dd sdet J((5)(g,d)[sdet J{p){y,u:)u{p{y,u:))\ 
d'du{q,'d). 


od 


['dq [ . 

Jo 
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Therefore, without any condition on support of integrand u, we get the following: 

RW—// dxd6u{x,6) 

JJon 

= [fdqdd sdet 

J Jn 

= / Idqdd sdet J{6){q,'d)[sdet J{(p){y,u;)-u{ip{y,uj))] 

J Jn 

= RW—// dydoj sdet J{y>){y,oj)-u{ip{y,oj)) 




(5.4.7) 


(y,uj)=S(g,i9) 


= RW—yy dyduj {(p*u){y,u}). □ 

Remark 5.4.5. In order to recognize this phenomena and for future use, we calculate more 
precisely (please sensitive to the underlined parts): 
sdet J{ip){y,uj)-u{ip{y,uj)) 

= (1 + ujiuj2(j)'{y))[uo{y + ujiuj2(p{y)) + ujiuj2ui{y + wia;2</>(y))] 

= (1 + wiW2^'(y))[no(y) +wiW2(0(i/)ug(y) + ui(y))] 

= uo (y) + W 2 [ {(({y)uQ{y))' + ui {y)], 

and putting (y,a;) = 6{q,i}), then we have 

sdet J{6){q,'d)[sdet J{y:)iy,u})-u{(p{y,uj))]^y^^^^^^^^^^ 

= (1 - 'di'& 2 (j)fq)){uQ{y) + uJiUJ2[{4>iy)uo{y)y + ui{y)])\ 

y=q-'&l’d 2 <t>{q), 

( 5 . 4 . 8 ) aJi=i?i,a;2=-!92 

= (1 - di'd 2 (i)'{q)) [ upiq) - '&i'd 2 (fiq)u'Q{q) + ? 9 ii? 2 [(</>(y)wo( 9 ))' + 

= miq) + 'di'&2 [i4'{q)uQ{q)y + ui{q) -{4>{q)uQ{q)y ] = UQiq) + did2Ui{q). 
Or, since u{ip{y,u:))(^y^^)=s{q,'d) = u{q,'d) and 

sdet J{6){q,d)- sdet J{ip){6{q,'d)) = (1 - di'd 2 (t)'{q)){l + di'& 2 (t>'{q)) = 1, 
we get the result. 

From these, one reason of inconsistent term in (j5.4.7p comes from uJii02{4>{y)uQ{y)y. 


Resolution of inconsistency in Example 15.2.21 [An incosistency derived from the diagonaliza- 
tion of matrix Q mentioned in Chapter 3] From (I3.3.5p . we define a path 7 from (q, rf) to {x, 9) and 
7 from (( 7 , 77 ) to {y,uj) 

{x,9) = {jo{q,r]),Ji{q,T])) =-f{q,T]) and {y,uj)=^{q,y)=(p~^o-f{q,T]). 


Then, 


we have 


J{l){q,r]) 


, i'ni'n2 

yi = qi-\ -—, y2 = q2 


UJl = -i- 


qi - iq2 

m 


qi - iq2 


qi - m 


i02 = l- 


V2 


qi - ^q2 


A 

- ^1^2(51 - *92)“^ 

immiqi - *52)“^ 

*171(51 - *52)“^ 

-**72(51 - *52)"A 


immiqi - *92)“^ 

1 +171172(51 - *52)“^ 

?7i(5i - *52)"^ 

-*72(51 - iq2)~‘^ 


172(51 - ^52)"^ 

-7772(51 - *52)“^ 

-7(51 - 7^2)"^ 

0 

V 

-miqi - iq2)~^ 

7771(51 - 752)“^ 

0 

*(51 - iq2)~^ / 
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and sdet = —(gi — iq 2 ) therefore 

dQ = JJ dqdrj sdet J( 7 )(q, r/) ^ sdet ((/?)(y, a;) 

By this calculation, we have no inconsistency. 




5.5. Supersymmetric transformation in superspace — as an example of change of 

variables 

Stimulated probably from the success of QED, Berezin and Marinov claim in their paper m 
“Treat bosons and fermions on equal footing”, as mentioned before. As the object of this lecture 
notes, we give a basic idea of this “equal footing”. To do this, we need to develop an integration 
theory which admits the change of variables under integral sign. Especially we use transformations 
of mixing even and odd variables. 

In the following, we assume faixB) S C, that is,/a(x) £ Cev, therefore, we denote also 9^fa{x) 
by fa{x)e\ 

Let X = (xi, • • •, Xm) G K”* C and (0i, ^ 2 ) G Taking e G Cod, 7 > 0 and A, ^ G M”* C 
^m|o, define transformation r(A,^) as 

X —> y = X + 2ye6i + 2Ae02, that is, yj = xj + + 2Aje02 

9i — > uji = 9i + jX-xs, with A-x = YlJLi ^jXj 
, 92 —a;2 = 02 - 7/r-xe 
By the dehnition of Grassmann continuation, for any / G : C), we get 


^ d 

/(x + 2/re0i + 2 Aw 02) =/(a^) + 2/r-V/e0i + 2A-V/e02, with = —• 

ox j 

j=i j 

Therefore, (for a = ( 01 , 02 ) G {0,1}^, putting 0 = (0,0), I = (1,0), 2 = (0,1), 3 = (1,1)), for 
u{y,(^) = ^ Ua{y)oj‘^ = Uo{y) + ui{y)u:i + n2(y)w2 + U3(r/)a;iW2, 

| a |<2 

remarking 

(01 + 7A-xe)(02 — 7/i-xe) = 0i02 + 7A-xe02 — 0i7/r-xe 
and calculating slightly, we have 

{T*{X,y)u){x,9) = o(r(A,/r)(x,0)) 

= u(x, 0) + [(yA-x Ui — 7/x-x U 2 {x)) 

+ (-2Voo(x)-/r + 7/r-xo3(x))0i + (-2Voo(x)-A + '^X-xu^{x))92 
+ 2(Vui(x)-A — Vu2(x)-/z)020i]e. 


(5.5.1) 


Definition 5.5.1. A function u G 03 g(iH™'l^ : (f) is called supersymmetric, if for any A,// G 
C it satisfies 


(T*(A,/i)o)(x,0) =u(x,0)(= (r*(O,O)o)(x,0)). 
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Proposition 5.5.1 (Proposition 4.1 of KLP [89]). Following conditions are equivalent for 
u G : e:).- 

(i) u € : (t) is supersymmetric. 

(ii) ui{x) = U 2 {x) = 0 and moreover 


(5.5.2) 


2 ^ . ^ ,,.25 

-Vuq{x) = xuj,[x), i.e. -—Uq{x) = XjUj,[x). 

7 7 oxj 


(in) There exists a function <f>{-) G C'°°([0, oo) : C) satisfying 

u{x,6) = (p( x"^ - -6i9^ = 0 (x^) - —(j)'{x‘^)9i92. 

V 7 / 7 

Proof, [(i) (m)] If u is supersymmetric, then the coefficient of e of the right-hand side of 

(15.5.11) should be 0 for any A,/r G M™'. This implies (15.5.21) . 

[{ii) {Hi)] Restricting (|5.5.2p to M"*, we get that UQ{q) depends only on \q\^ = q-q, that is, 

there exists a function </>(•) G C'°°([0, oo) : C) such that UQ{q) = (l){\q\^). Since the derivative of the 
Grassmann continuated function equals to the Grassmann continuated of the derivative, therefore 

(iii) follows. 

[{Hi) (f)] Obvious. □ 

Proposition 5.5.2. Let u G ^a(') integrable for each a. Then, for any 

T = t(A, h), we have 

[ dxd92d9i {t*u){x,9i, 92) = [ dxd92d9iu{x,9i,92). 

Proof. Integrating w.r.t. 9, we have 
/ dxd92d9iu{x,9i,92) = — / dxu^{x), 

/ dxd92d9i {t*u){x,9i,92 ) = — / dxu^{x) — 2 / dx (Vuj(x)-A — Vu 2 (x)-/r)e. 

On the other hand, from integrability. 


dxVuRx) = 0, j = 1,2 


/ 

we get the result. □ 

Lemma 5.5.1. Let u G 0gg(iK^I^ : C) be supersymmetric and integrable. Then, 

r dvr 

/ dxd92d9iu{x,9i,92) = —'Uo(O)- 

791212 7 

Proof. From previous Proposition, there exists a function (f){-) G C'°°([0,oo) : C) such 
that u{x,9i, 92) = (j){x^ + ^99), and especially Uq{x) = (j){x‘^). Since this is integrable, it implies 
lim^^oo 4>{t) = 0 and 

[ dxd92d9iu{x,9i,92) = - f dx4>'{x'^) 

791212 7 791210 

8 4 4 4 

=-/ rdrcfHr'^) = -/ ds(f)'{s) = —MQ) = —Uo(0). □ 

7 70 7 7o 7 7 









CHAPTER 6 


Efetov’s method in Random Matrix Theory and beyond 


In 1950s, physicists get so many experimental data which are obtained after making neutron 
collided with Uranium 238, etc. and checking these data, they are embarrassed so much to grasp 
the meaning of them. At that time, E. Wigner poses a working hypothesis or Ansatz that high 
resonance of these experiments behaves like eigenvalues of large size matrix. In other word, we 
quote from M.L. Mehta 


Consider a large matrix whose elements are random variables with given probability 
laws. Then, what can one say about the probabilities of a few of its eigenvalues or 
of a its eigenvectors? 

We give another quotation from Y.V. Eyodorov [52] : 


Wigner suggested that fluctuations in positions of compound nuclei resonances can 
be described in terms of statistical properties of eigenvalues of very large real sym¬ 
metric matrices with independent, identically distributed entries. The rational be¬ 
hind such a proposal was the idea that in the situation when it is hardly possible to 
understand in detail individual spectra associated with any given nucleus composed 
of many strongly interacting quantum particles, it may be reasonable to look at the 
corresponding systems as ’’black boxes” and adopt a kind of statistical description, 
not unlike thermodynamics approach to classical matter. 

We should remark that there exist mathematical works concerning the distribution of the zeros 
of the Riemann zeta function from this point of view. 

In any way, in Random Matrix Theory(=RMT), Wigner’s semi-circle law gives a well-known 
corner-stone. 

We report mathematical refinements of this law as an application of superanalysis. That is, 
using Efetov’s idea, we rewrite the average of the empirical measure of the eigenvalue distribu¬ 
tion of the Hermitian matrices in a compact form. Careful calculations give not only the precise 
convergence rate of that law, but also the precise rate of the edge mobility. 

Remark 6.0.1. The usage of the method of steepest descent by physicists are not so mathemat¬ 
ically rigorous in the sense of de Bruijn’s criteria, because we have no general method of choosing 
the steepest descent path for the integral considered. 
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6. EFETOV’S METHOD IN RMT AND BEYOND 


6.1. Results — outline 


Let Rtv be a set of Hermitian N x N matrices, which is identified with as a topological 
space. In this set, we introduce a probability measure by 

N N 

( 6 . 1 . 1 ) k=l j<k 

Pn,j{H) = Z],ljexp [ - ^tr H*H] 

where H = H* = {H*^) = {Hkj) = nf=i nf<fc being the 

Lebesgue measure on , and is the normalizing constant given by Z]s[,j = 2^P(J‘^tt /NfN/2_ 

Let Ea = Ea{H) (a = 1, • • • , N) be real eigenvalues of R G Hat. 

We put 

N 

(6.1.2) pn{X) = pn{X-, H) = AT-i ^ S{X - E^{H)), 

OL = l 

where 5 is the Dirac’s delta. Denoting for a function / on Rat, 

(/>iv = (/(•))iv = / dpN{H)f{H), 

JUn 

we get 


Theorem 6.1.1 (Wigner’s semi-circle law). 

. N n / f (27rj2)-V4J2 - A2 

(PAf(^))7V = ^ Q 


for |A| < 2J, 
for |A| > 2J. 


Remark. By definition, the limit ()6.1.3j) is interpreted as 


N 


lim ((/)(•), / dpN{H)N - Ea{H))) = {f^Wsc) = / dXf{X)wsc{X) 

JiiN 


N^oo 


a=l 


for any f G C'^(M) = D(M). (•, •) stands for the duality between D(M) and D'(M). We need more 
interpretation to give the meaning to dpN{H) Yla=i d{' ~ Pa{H)), which will be given in 
§2???. Or, H —)■ p]\f{X; H)dX is considered a measure (on M)-valued random variable on iij\f and 
(/9Af(A))jy(iA is considered a family of probability measures on M which is tight. 


Though there exist several methods to prove this fact, we explain a new derivation of this fact 
using odd variables obtained by K. B. Efetov |41j . We follow mainly Fyodorov |52j and E. Brezin 
m (see also, P.A. Mello M.R. Zirnbauer [Hi]). 


Moreover, we get, as a byproduct of this new treatise. 


Theorem 6.1.2 (A refined version of Wigner’s semi-circle law). For each X with |A| < 2J, 
when N —>■ oo, we have 

V4 J2 - A2 


(PNiX))^ - 

(-l)^J 


\\/A /2 _ \2 \ 

■ COS {N[ --^ 2 arcsin (^)])^~^ + 0{N~‘^). 


(6.1.4) 


7r(4J2 - A2) 


2J2 














6.1. RESULTS - OUTLINE 


97 


When A satisfies |A| > 2J, there exist constants C±{X) > 0 and k±{X) > 0 such that 


(6.1.5) 


{pn{X)) 


N 


< C±{X) exp [-A:±(A)A^] 


with k±{X) —)• 0 and (^^(A) —)• oo for X\2J or X —2J, respectively. 


Theorem 6.1.3 (The spectrum edge problem). Let z G [—1,1]. 

{pn{ 2J - zN-^/^))^ = N-^/^f{z/J) + 0(iV-2/3) 

^ {pn{-2J + 2iV-2/3))^ = -N-^/^f{z/J) + 0{N-^/^) 


where 

f{w) = \ (Ai'{w)‘^ — Ai"{w) Ai{w)), Ai{w) = [ dx 

471 J Jr 


We have 
as N ^ oo, 
as N ^ oo, 



+ iwx]. 


(A) One of the key expression obtained by introducing new auxiliary variables, is 

(6.1.7) (/lAr(A))^ = 7r"^9= / dQ{{{X-iO)l2-Q}~^)f^f^exp[-NC{Q)] 

JQ 

where stands for n x n-identity matrix and 

C{Q) = str [( 2 J 2 )- 1 q 2 + _ ^ 0)13 - Q)], 


( 6 . 1 . 8 ) 


^ = {Q= f? r ) I e 94ev, Pl,P2 e ^od} = 94212, ^ 

\P2 iX2 J ' JtT 


(((A-i0)l2-Q)-'),,= 


(A - iO - a;i)(A - it) - ix 2 ) + P 1 P 2 


(A — iO — xi)^(A — it) — ix2) 

Here in (|6.1.4p . the parameter N appears only in one place. This formula is formidably charming 
but not yet directly justified, like Feynman’s expression of certain quantum objects applying his 
notorious measure. 


(B) In physics literatures, for example in [52], [147] . they claim without proof that they may 
apply the method of steepest descent to (I6.1.7P when N ^ 00 . More precisely, as 


5C{Q)Q = ^C{Q + eQ) 
de 


€ = 0 


they seek solutions of 


«£(Q) = str (k _ = 0 . 


As a candidate of effective saddle points, they takel^ 


and they have 


Qc = (^A + iVA2-4j2)l2, 


Ju^(pjv(X)}^ = TT ^Q(X-Qc)i,i,^ =Wsc(X). □ 


Problem 6.1.1. Not only the expression (16.1.71) nor the applicability of the saddle point method 
to it are not so clear. Though these formulas obtained are not yet well-defined mathematically but 
so charming. Unfortunately for the time being, we mathematicians may not use them directly. For 
example, the expression ()6.1.7p is mathematically verified only for X — ie (e > 0), but we need 
probably some new integration theory which admits taking limit e —>• 0 under integral sign. Can we 

^for what reason? 
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justify the physicist procedures hy using this new integration theory? More precisely, under what 
condition, do we have the following equality? 


(6.1.9) 


1 


lim lim ( — tr 

AT \ \[ 


1 


1 


:),. = lim lim ( — tr 


1 


') N' 


Y—>-cxD e—>-0 N (A — ie')^]\f — H ^ N (A — i6)]Ij\r — H' 

If this assertion is true, may we justify the physicists argument of “saddle point method”? 

Remark 6.1.1. (i) For mathematical rigour, we dare to loose such a beautiful expression like 
()6.1.7p . but we have the two formulae (16.2.211) and (I6.2.22P below which lead to our conclusion. 

(ii) It is not so simple even in the integral on M”* to apply the saddle point method, that is, to take 
an appropriately deformed “path” in C™, as is explained in de Bruijn m- 

(Hi) The set (Rat, d/i 7 v(-)) is called GUE=the Gaussian Unitary Ensemble. Other ensembles may 
be treated analogously as indicated in [HT] but are not treated here. 


6.2. The derivation of (I6.1.7p with A — ie(e > 0 fixed) and its consequences 


It is well-known that 

6(q) = — lim R—^lim 
vr q — ie 27ri e->-o 


q — ie q + ie 


= — lim 


TT e-i^O _|_ £2 


in v'i 


that is, for any cp G Cq 
f dq 

Jr 




= TT 


q — le 


dq 


e0(g) 

q2 _|_ g2 


= TT 


-1 


dq 0(0) = (0, 8) as e —>■ 0. 

1 + r 


Therefore, for any fixed 0 E C'^(M), we have 


[ [ diUNiH) hm [ dXcfiX)^ ^ " 

N 

= lim [ dpLjAiiH) [ dX(j )(\)—tt- - 


2+e2 

by Lebesgue’s dom.conv.theorem 


1 


N 


S L /. Z] n _ p by Fubini’s theorem. 


Riv '7riV^^(A-£;„(R))2 + e 

The second equality is guaranteed by the fact that for any f G C[ 

H GiiN, 




N 


we have, for any e > 0 and 
< max |</>(A)|. 


vriV^^ (A-E„(i7))2 + e2 
Here, we used the fact j'jg(iAe(A2 + e2)“^ = tt. The third equality holds because we have 

N 




7riV^^(A-i?„(R))2 + e2i 




N 


ttN a? + e 


1 

< - 


2 — 


and the right hand side is integrable w.r.t. the product measure dXdp,]s[{H) for any fixed e > 0. 

In order to check whether we may take the limit before integration w.r.t. dX in the last line 
above, we calculate the following quantity as explicitly as possible: 

r 1 ^ 

( 6 . 2 . 1 ) 


g{X,e,N)=f 


1 


^^X-ie- Ea{H) 
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We claim in this section that 

(i) g{X, e, N) exists as a function of A for any e > 0 and N gN and 

(ii) lime ^.0 5('5 £)-A^) exists in P'(M) for any N gN and it is denoted by {pn{X))j^. 

Now, we put 

Zj — Xj + — Xj 'iyji Xjj Uj £ f^ev) £ ^od — ^od) 

X = ^{z,9), z = ^{zi,--- ,zn), 6 = ,9n), 

X* = {z*,9*), z* = izi,--- ,zn), 9* = (9ir-- ,9 n). 

Here, 9k and 9k are considered as two different odd variables. 

The following is the key formula which is well known: 

Lemma 6.2.1. Put p = X — ie (e > 0). 

N 


tr 


1 


E 


1 


( 6 . 2 . 2 ) 


- H ^^p-Ea{H) 


^ dzi dzi ^ 


= i 


n n ^^kd9k {z*-z) exp [-iXW ® {plN - H))X]. 

i=i 


/(rAr|2iV 27ri 


k=l 


To prove this lemma, we need the following lemma. 

Lemma 6.2.2. Let T=the diagonal matrix with diagonal given by ( 71 ,-•• ,7Ar) where 'jj G M. 
Putting {z*-z) = have 

(6.2.3) i 


r ^ dr dz- ^ — y 1 

/ n o ■ ^ n d9kd9k {z*-z) exp [-iX*{l 2 0 {T-ielN))X] = 'V] --. 

2717 


Proof. Identifying Zj = Xj + iyj, Zj = Xj — iyj, dzj A dzj = 2idxj A dyj, using the polar 
coordinates {rj,ujj) G M+ x and denoting \zj\‘^ = xj + y^ = r^, 0 < coj < 2?:, we get 


i j Izjpe dii j ^ rjdrjdujjvje 


10 JO 
i 


1 1 


{e + i'yjY e + i'jj jj - ie 


Analogously, 


r ^ TT y_ ^) A 

X-mff 2„ v)n 


1 


e + ilk 


Remarking 


N 


JJ dzj dzj 


lirN\o -*■ -*■ 27ri 

. 7=1 


z -z) exp [—iz 


iz\T-ielN)z] = Y. E— n 


N 


N 


^ 7j-^ey AX 


and 


f TT d9kd9k exp [-i 6 '*(r- 7 elAr) 6 '] = TT(^+*7fc); 
we get the result (I6.2.3P readily. □ 
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Proof of Lemma \6.2.1{ By diagonalization of AIat —i?, we reduce Lemma [6.2.1l to Lemma [6.2.2[ 
In fact, taking G such that GG* = G*G = I]\fGHG* = F, and dehning a change of variables 

5 = G*z, z = z*G, 9 = G*9, 9 = 9*G, dz = dz, dz = dz, d9 = d9, d9 = d9, 

iz*,9*) ^ ^ Q = z*GifilN - H)G*z + rG(/rIw - H)G*9 

= z*{^JIN - T)z + r (/iiw - r)0, 

we reduce it to the diagonal case (Even if we use the naive dehnition of integration, every linear 
transformation is permitted under integral sign, see §1 of the last chapter). □ 

Lemma 6.2.3. For p = A — ie (e > 0), 

rfz ■ dz ■ — 

^ ^ TT d9kd9k (z*-z) exp [-iX*(l 2 ® 

iTTl 

k=l 

j2 N 

X exp [-— (zjZk + 9j9k){zkZj + 9k9j)]. 

j,k=l 


(tr 


1 


(6.2.4) 


//Iw — H 


>» = •/ 


N 

n 

1=1 


Proof. By definition, we have 

1 


(6.2.5) 


(tr 


//Iw — H 


>N = 


r f ^ dz ■ dz ■ ^ — 

/ dnN{H) [i Yi 2 • ^ n ^^kd9k 

J j = l k=l 


X {z*-z) exp [—iX*{l2 ® (/ulAf — • 


As X*{l 2 < 8 * H)X = Hjk{zjZk + 9j9k), we have 


N _ J 2 ^ _ 

( 6 . 2 . 6 ) ( exp [±i Y Hjk{zjZk + 9j9k)\)^ ^ ^ ~ ^ ^ 9j9k){zkZj + 9k9j)]. 

j^k=l j5^=l 


After changing the order of integration and substituting (16.2.61) into (|6.2.5p . we get (16.2.40 . 

□ 


There are at least two approach from (I6.2.4|) to Wigner’s law: The method (I) permits us to 
make e —?■ 0 rather easily and leads us to a not so simple looking formula but which is calculable, 
the other one (II) yields the beautiful formula (16.1.4^ formally, but in order to make e —)• 0 in that 
formula rigorously, we reform it until it is represented by Hermite polynomials, and at that time 
the beauty of the formula (j6.1.4jl is lost. 

(I) The following calculation is proposed by Brezin [17|, I18| : 


Using 


we have 


N 

'y ^ {zjZk + 9j9k){zkZj + 9k9j) 

j,k=l 


{z*-zf + 2{9*-z){z*-9) - {9*-9f, 


exp[4l(r.«)2l 



dr exp [—t{9*-9) 



(6.2.7) 
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':) This equality is non-trivial if we adopt the naive definition of integration. Formally, 
putting 7 = —, by 


-T{0*-e) - Y = -|[(r + 


we get 


dr exp [-T{e*-e) - = exp ] / dr exp [-^(r H-)2] 

-oo ^ ^7 J-oo ^ 7 

/ OO 

ds exp[-^s^] 

and therefore it seems the above equality (16.2.71) follows. But for s = r + 6), do we 

consider as “dr = ds”? (Though RVV-integral is applicable, we dare to prove this fact as 
follows only with naive definition.) 

We may regard the integrand as £-valued real r-variable function, that is, enclosing 
{9*- 9), we may integrate. In fact, since {9*-9)^^^ = 0, 



dr e 


N 

i=o 


{-T{9*-9)y 

j! 



Using 


dTT2^+ie-^”'/2=0, 




the right-hand side of above equation. 


^ 2 ( 2 £- 1 )! 

Y ^ — 1)! ’ 


[7V/2] 

E 

f =0 


dre 


V 2 (-r) 


n 


{9*-9f^ 


= exp 


27 


{9*-9f 


For comparison, we remember a little for ordinary integral case: By 2ix^ = (cc -|- 
+ 5^, we have 


[ dxe-“«e-"'/2 = e-«'/2 f dx f dye 


-yV 2 


= dx{j2 


{—ix^Y 




n =0 


^0 ( 2 -)! ■ 


Even in this case, we need to explain why the second equality and the last one holds in the 
above, but we take these admitted. 


Substituting this relation into ()6.2.5h . we get 
1 


tr 


^ dzi dzi ^ 


— H ^ 


)iv =w n n 


i=i 


k=l 


J 2 


X exp [-iX*{h ® filN)X - ^{{z*-zf + 2{e*-z){z*-e))] 
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Proposition 6.2.1. We have the following formula: 
1 


(tr 


= ^ 


( 6 . 2 . 8 ) 


1 

o 

1=1 


. 1 


^(AT-l)!* 

iv 27 rj 2 J 


POO 


P-oo 



“(AT-l)!* 

iv 27 rj 2 J 


X exp[- 


Af+l 


R+xR 


dsdr (1 + (r + i\) ^s) 


' 2 J 2 


Proof. Since 


-in{e*-e) - ^{0*-z){z*-6) - T{9*-e) = - ^ 6»a((r + in)dab + ^ZaZb)0b, 

a.b 


using Lemma 2.3 and Lemma 16.2.51 below, we get 

N j2 

N 


(6.2.9) j Y\ddkdOk - ^{0*-z){z*-9) - t{ 6*-0)] = + + i/a +'^{z*z)). 

k=l 


Using the expression ()6.2.9p . we have 

, 1 . r ^ 

(tr 


— H 


)n =* / n 


1=1 


/ ^ xl /2 roc r ^ 21 

^ V 2^J J + + ]• 

Identifying by Zj = Xj + iyj , Zj = Xj — iyj , dzj A dzj = 2idxj A dyj and using the 

N 

polar coordinate (r, w) G with I I 

27rz 

1=1 

vol(S'^^“^) = 27t^/{N — 1)!, we get, 


^ dzj dzj _ ^ dxj^ ^ TT-^r^^-^drdio, dco = 

1=1 


r-oo j2 

2 2N r • 2 *^41 

- r exp [-i^ir - —r \ 


{^) ' /_^‘iNr + .f.)''-‘0+v + ^Aexp| 


N 2 


Changing the independent variables as = {N/ J‘^)f and making e —)• 0, i.e. ^ A —iO, we get the 
result. Here, this procedure of making e —)• 0 under integral sign is admitted because of Lebesgue’s 
dominated convergence theorem. □ 

Remark 6.2.1. The formula (j6.2.8h equals to Brezin’s equality (2.16) of \17\ where he takes 
X + ie instead of our choice A — ie. On the other hand, probably, he miscopies his equality in (44) 
ofm, more precisely, the term (1 + xy) in (44) should be (1 + (x — iz) ^y). 


Now, we prepare a technical lemma: 
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Lemma 6.2.4. For any i > 0 and n = 0,1, 2,3, 

( 6 . 2 . 10 ) 


( 6 . 2 . 11 ) 


J —OO 

/: 


n\ 


0 2 £«+i' 


-£t 2 2 n / 2 n + l\ ( 2 n)! _l 


= r”" 2 r 


n! 22 ’ 


-712 , 


Let 6o > 0, do > 0. For tn = doN such that 0 < 7 < 1/2, we have 

roo 

(6.2.12) / dte-^°^^^ <{26odoN^-^)-^e-^°'^o^"~^\ 

Jm 

Proof. The first two are well known. As t > r^v, we have 

6N{t^ - T%) = 5N{t — TN)it + tn) > 25NTNit - tn). 

Therefore, we get 

/*00 /•OO 

./Tjv Jrjv 

Then, we have 

Corollary 6.2.1. For A = 0, we get readily 

(6.2.13) W(0))^ = 


□ 


Proof. Using ()6.2.10l) . ()6.2.1ip to have 


32 


128 


1 


W(0))^ = —9(tr 


1 


ttN 

1 

71A^! 


^)7 


-iOIiv 

1/2 / Al \ .^+1 


1 / N V r ^ 21 P v-w ^ r ^ 2 

71 ( 2 ^) U) f 0 + »)<=xp[-^r 


1 


N 


y / Y iv A 

^ I 271 J2 J 172 ] 


7V+1 


X 


1 / AT 

2 V772 

1 / N 


-^-1 /jv+l^^ 


-A-l 


r|:^ir 


A^ + 2 


2 V 2 J 2 

we may calculate explicitly by the Stirling formula. □ 

In proving (j6.2.9ll above, we have also used 

Lemma 6.2.5. Let M = (Mat) with Mab = otSab + (dzaZb. Then, we have 

det M = a^“^(Q: + Z^lzp), {z]"^ = z*-z. 


N=eyen, 

A^=odd, 


Proof. Let u satisfy Mu = 711 . Then, we have 
(6.2.14) z-Mu = 'y'z-u, u-Mu = ^u-u. 

From the first equation above, we get 

N 

(7 - a - I 3 \ z \^) ^ ufzj = 0. 

j=i 

If Ef=i UjZj / 0, 7 = a + ld\z\^. On the other hand, if E^i '^ 3^3 — *-*) fl^® second one in (16.2.141) 
implies that 7 = 0 . Taking into account the multiplicity, we have the desired result. □ 
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(II) In order to get the expression (I6.1.4p . we proceed as follows: Putting 

Ef.PjV’ 


we have 


N 


str ^ {zjZk + 9j9k){zkZj + 9k9j). 

j,k=l 

On the other hand, the following is known as the Hubbard-Stratonovich formula: 

Lemma 6.2.6. Let A be any even 2x2 supermatrix. For Q G 0 given in (16.1.51) . we have 

f N 

(6.2.15) exp [-str = / dQ exp[ -str ± i str (Q^)]. 

2N Jq 2J^ 

Proof. Let A = with a, b & IHev and 0i, 02 £ 94od- For any 7 > 0, we claim 

I dQ exp str ( 7 Q ± i'y~^A)‘^] = 1. 

Jq z 

As we have readily 

str ( 7(5 ± i'^~^Af‘ = 7 ^(xi + xl + 2 pip 2 ) ± 2i{xia + pi92 - P29i - ix 2 b) - 7“^(a^ -h^ + 20102 ), 


we get 


j dpidp2 exp [-7 ^Pi/92 =F ^(pi02 - /O20i) + 7“^0i02] = ( 7 ^ - 0i02)(l + 7“^0102) = 7^, 
J dxidx2 [-y (x? + xl) =F i{xia - ix2b) + ^(a^ - 0 ^)] 

= [ exp [-^( 7 x 1 ± i 7 "^o )2 - ^( 7 x 2 ± 7"^0)^] = 7“^- □ 


Substituting (|6.2.15p with A = Ax into (|6.2.4p . noting str (QA^) = X*{Q<SiIn)^, taking the 
part of integral and changing the order of integration, we have 

r ^ ftz dz- ^ 

i / ^ d9kd9k {z*-z) exp [-iX* ((//I 2 - Q) ® 

j=i k=i 

N 


^({/rl2 - Q) ® Iw} ^)fefej7sdet ^{i{pl2 - Q) ^ In)■ 

i=i 


Therefore, we have 


Lemma 6.2.7. For p = X — ie (e > 0), 

N 


(6.2.16) (tr —— 7?)^ = f 5^({(lil2 - Q) (S'lw} ^)b6j7 sdet ^{i{pl 2 - Q) ^In)- 
piN - H Jq ^ 

Here, {C)hb,jj is the j-th diagonal element of the boson-boson block of the (even) supermatrix C. 
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Remarking 

({/ 1 I 2 - Q) <8) = ({/ 1 I 2 - Q}~\b for any j = 1, 2, • • • ,N, 

sdet — Q) 0 Iat) = sdet — Q), 

str (AB) = str (BA), str {A + B) = str A + str B, log (sdet ^ A) = i str (log A) for i gZ, 

we have 


(6.2.17) 

with 


(tr 


1 


hIn - Q} exp Q)] 


({/1I2 - Q)}-') 


£(//; Q) = str [( 2 J^) + log - Q)], 

H-iX2 {fJ--xi){fj.-ix2)+ P1P2 


(^fj^ - xi){fi - ix 2 ) - P 1 P 2 {p-xiY{p-ix 2 ) 

o = {Q = (^2 ix}) I ^^’^2 e IRev, Pi,P2 e iRod}- 

Remark 6.2.2. If we could make directly e —)• 0 in (I6.2.17p . we had the formula (|6.1.4I) . We 
claim at least symbolically we do that. 


Lemma 6.2.8. For p = X-ie (e > 0), 


(6.2.18) 

where 


JV**' iiIn-F" 


f 

Jm.- 


dxidx2 N{p — xi — ix2) 
27r J‘^{p — xi){p — ix2) 


exp [-N^{xi,X 2 ]p)], 


, Xi+Xn , p-xi 

^{xi,X 2 ;p) = ^ + log-—. 

2 P — 1X2 

Proof. As the integrand in (j6.2.17p is represented by 


p-xi 


PlP 2 


{p Xl){p 1X2) + PlP2 1 (3,2 + 3,2 ^ 2piP2) + log -^-7- W - 

[p - XlY{p - 1 X 2 ) 2 J^ p-lX2 {p - Xl){p - 1X2) 


}], 


we have 


(6.2.19) 


■ {p - xi){p - ix2) + P1P2 r 1 

dpidp 2 - 7 -TpT-^^-exp - 


1 


{p - xiY{p - iX 2 ) 
-1 


J 2 {p - Xl){p - iX2) 

1 


}dlP 2 ] 


N , 1 

-“ 


{p - xiY{p - 1 x 2 ) p-xi J'^ {p - xi){p - iX 2 ) 
Remarking {p — xi)~‘^ = dxi{p — a:i)“^, by integration by parts, we have 
idx2 -1 


}• 


f dxi 

J ~ 


2 tt {p - xiY{p - 1x2) 

f dxidx2 —N 


exp [-N^{xi,X 2 ;p)] 


{%- - —}exp [-N^{xi,X 2 ]p)], 


J 2'k {p — xi){p — ix 2 )'' P — xi 
which yields (|6.2.18l) . □ 

Remark 6.2.3. As the right-hand side of p6.2.18p is rewritten 

{p- xi- ix2){p - iX2)^~^ 


1 


( 6 . 2 . 20 ) — (tr 


1 


N 


)N = 


f 

ilR 2 


dxidx2- 


N'^~ pIn-H'^' 27rJ2 7jR2'^“'"““'" {p-xi)^+^ 

there is no singularity in the integrand when ^p Y O 


exp [— 


™2 I ™2 

Xi X 2 , 

2J2 J 
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Using the fact that for any real smooth integrable function /, 


lim 


f dx (A 

Jr 


— ie — x) f{x) = lim / dx- 


;f{x) = 7r/(A), 


*=“^0 Jr (-^ “ 2:)^ + 

and integrating by parts based on — xi)~^~^, we have, 

^ (A - ie - xi)-^-^ exp[-A^^] = exp[-Ai^]. 

Using the Hermite polynomial Hi{x) defined by 

[U2] / i\kn\^l—2k -i poo 


Hi{x) = 


k=0 


2’^k\{i-2k)l ~ 71^ J_, 


dte * ^‘^{x^itY 


with 


we have 


l+l POO 

Hi{'yx) = J dte~'^ * 


Lemma 6.2.9. 


( 6 . 2 . 21 ) TT- 


l, aieM-N^] 


,,/JVNP'+1)/2 ,2 


dt {X^itY exp[— 


2 J 2 ^ 


Proof. Using Bell’s polynomial, we have 

exp[-iV^] = vr ^ ^ ) A exp[-iV^] 


i\ 


2J2J k\{i-2k)\\j‘^ 

'J (!L\'" 

P. 


][Y2) ^\[j2) A)exp[-iV_]. □ 


A" 

2 J 2 ' 


On the other hand, 


J dx2 (/I - ix2)^exp [-iV^] = 


jY \ “(^+^1/2 f f 




and 


J dx2 (-ix2)(li - ix2)^exp [-IV^] =-.^A J dx2{^i-ix2Y ^exp[-iV^] 




Therefore, we have 


N 


(pnW)^ = + ^^ 2 ), 


Ki= [ dxidx 2 - xi) ^{^-1x2)^ ^ exp[-jV ^^J~^^^ ], 

Jr2 2J 

K2= [ dxi(ix2 (/r - xi)“^“^(-ix2)(/i - ix2)^“^ exp[-A^Ar^] 

JR 2 2 J 2 


where 













6.3. THE PROOF OF SEMI-CIRCLE LAW AND BEYOND THAT 


107 


Moreover, we get 


2 J 2 ^ 


jy 

/ AT \ -(.^+l)/2 / / ^ \ 1/2 

X (-l)(iV - l)x/27f ^j a 


Combining these, we have proved 
Proposition 6.2.2. For any A € M, we have 


( 6 . 2 . 22 ) 


where 


(6.2.23) 




N 


2 J 2 ^ 


VNHlf_i ( ( — ) A )- 


ivy /2 

x..-.((^)‘"a 


N-1 


N 


-) 

jy 


1/2 


/ iv y/2 1 //V 

V27rJ2 J 2tt{N - 1 )! Vj2 


X // dt ds exp [—A^(/)±(t, s, A)]a±(t, s. A; A^), 


<(>±(i, s, A) = + A^) - log (A=Fit)(A=Fis), 


a-i-(t, s, A : N) = 


1 


1 


(A=F7t)(A=F^s) 2 


--(1-iV-^) 


1 1 
+ 


(A=F7t)^ (A=f*s)^ 


6.3. The proof of semi-circle law and beyond that 


To prove semi-circle law, we need to apply the method of saddle point which is only proved 
in the ordinary space M™'. As we mentioned before, it seems difficult even ordinary case to assure 
whether we may apply that method suitably. And this point is stressed by the old book of de 
Bruijn |30j . pp.77-78 : 

The saddle point method, due to B. Riemann and P. Debye, is one of the most 
important and most powerful methods in asymptotics. • • • (omission) • • • 

Any special application of the saddle point method consists of two stages. 

(i) The stage of exploring, conjecturing and scheming, which is usually the most 
difficult one. It results in choosing a new integration path, made ready for applica¬ 
tion of (ii). 

(ii) The stage of carrying out the method. Once the path has been suitably 
chosen, this second stage is, as a rule, rather a matter of routine, although it may 
be complicated. It essentially depends on the Laplace method of Chapter 4. 
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• • • (omission) • • • Most authors dealing with special applications do not go into 
the trouble of explaining what arguments led to their choice of path. The main 
reason is that it is always very difficult to say why a certain possibility is tried 
and others are discarded, especially since this depends on personal imagination and 
experience. 


In the following, we only explain the rough idea to prove certain claims whose precise proofs 
are shown in A. Inoue and Y. Nomura 


Now, we study the asymptotic behavior of the following integral w.r.t. N: 


tr 


1 


/n-\n -iyX 2 TTjy \jy (^1 + ^ 2 ) 


{N-1) 


(6.3.1) 


l-OO KT l-OO AJ 

h= dss^exp [-^( 2 iAs + s^)] / dr (r + iA)^ exp 

t/ 0 J — 00 


i 


h = I ds exp [— 


N r°° 

+ s"^)] J dr {t + exp[ 


_JL ,2 

2 J 2 


Theorem 6.3.1. Let |A| < 2J. Putting 6 = — argr+, t+ = 2 ^(—iA + V4J2 — A2), we have 


(6.3.2) Ii+l2 = 27re“^ 




12 


\N 


2W(sin 29 ^ 26 ) 
cos 2 0 


N-‘^ + 0{N-^) 


For the proof, see Appendix A.4 of 
Remarking the Stirling formula 

1 


^ ^ ^ 12 288 51840 


139 


Ar-3 _ 


571 


2488320 


iV-^ + 0 (A^-^)), 


that is, 
(6.3.3) 
we get 


1 ]V-^+^/‘^ 1 1 

7-77 = ^ ^- (1 - - —iV-2 + 0{N-^)), 

{N-l)l ^ ^ 12 96 ^ 


(tr 


1 


/^-'(Ar_l)!(^27rj2j V J2 J (^ 1 +^ 2 ), 


(A—iO)lAr — H 
N 2 


= 


J 


1 o^—iN(sin26+26) 

N-^ + —[e-*® - (-1)^--]iV-2 + 0(iV-3) 

12 — 


—id Ar-1 


COS 2 6 


1 


x(l-^Y-i + 0(iV-2)) 


= i- 


.N 

1 


( — ^\N (sin20+20) 

-AT-I + o(Ar- 2 ) ) ^ 


cos 2 0 

Therefore, we proved the first part of Theorem 1.2. □ 

The relation (|6.1.5p for |A| >2J is proved analogously: That is, we have 

Theorem 6.3.2. Let X > 2J. There exists constsnt k{X) > 0 and C{X) > 0 such that 
Ii + I 2 = e~^K{N) + pure imaginary part with |i7(A')| < C{X)N~2e~^^^'^^. 


See, Appendix A.4 of [ 82 ], for the proof. 
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Substituting this estimate into the definition of (pAr(A))jy, we get 
1 , 1 


(pAr(A))^ = 9—(tr- 




1/2 / AT \ 


1 / N \ ' f N\ ^ 

= (t^) + 

^ i 2 ^ ) V ^ j (^(^) + pure imaginary part) 


AT 


\ V2 / iV' 


Y+l 


Applying the Stirling formula to the last line of the above, we get the estimate (I6.1.4p . □ 


6.4. Edge mobility 


To study the asymptotic behavior of (^p]\f{2J—zN or {pn{-2J+zN 2/3)|)^ for |z| < 1 

as N ^ oo, we use in this section the formula (16.2.221) : 


p^N+l/2 r r 

1 ) (Piv(2j - zN-^/^))^ = JI, dtdsa+{t,s,2J - zN-^/^-N) 

X exp [—N(j)j^ {t,s,2J — zN ~‘^^^)], 


(6.4 


jyN+l/2 

(6.4.2) = (27r)3/2(Ar-l)!j2iv+i 


dt ds a-{t, s,—2J + zN 
X exp s, —2J + zN~‘^^^)], 


where 


(6.4.3) 


(/)±(t,s, A) 


a±(t,s, A;iV) 


^(t^ + + A^) - log (A=F/t)(A=Fis), 

2(A=Fit)(A=F/s) - (1 - A^“^)[(A=F/t)^ + (A=Fis)^] 
2(A=F/t)^(A=Fis)2 


Proposition 6.4.1. For \z\ < 1, we have 


(6.4.4) 


{pn{2J-zN-^/^))^ = 


iV-l/3 
Svr^ J3 


dx dy {x - yf exp - ^zJ (x + y))] 


The right-hand integral above, should be interpreted as the oseillatory one. 


Proof. In this proof, we abbreviate the subscript + of (f>+ and o+. 

Put u = For A = 2J — zu‘^, using the change of variables s = —iJ + yu, t = —iJ + xu, 

we have 


ip{x, y, z; u) = (j){—iJ + xu, —iJ + yu, 2J — zu^) = h{u) — log g{u) 

















no 
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where 

= TTWo + ( 2 «/ - zu^)'^) 

_ 1 Kx + y) + y‘^ - AzJ 2 , 4 

5 '(ti) = (2J — — i{—iJ + xu)){2J — zu^ — i{—iJ + ytt)) 

= — iJ{x + y)u — [xy + 2zJ)u^ + iz{x + y)ri^ + z‘^u^. 

Analogously, we put 

a{x, y, z] u) = a{—iJ + xu, —iJ + yu, 2J — zu^‘,u~^) 

{x — y)‘^u^ + u^[2J^ — 2iJ{x + y)u — (x^ + + 4zJ)u^ + 2i{x + y)zv? + 2z^u^] 

^ 2y2(u) ■ 

Using Taylor’s expansion of (/?(x, y, z; u) w.r.t. u at u = 0, we get 

ip{x,y,z]u) = 1 - log + 2/^ - 3zJ(x + y)]u^ + ii(tt), 


with 


4 /•! 


f4)/^ ^ _ 4!z2 3(y"('u)2+y'(u)y(3)(u)) , 12y'(u)VW 6y'(w)^ 

^ + g(^)3 ^(^)4 ’ 

|5^5yi2(u)| < Ck,eu^ for tt > 0, x, y G M, |z| < 1, A: + ^ < 2. 


Moreover, 


e-NR(u) ^ ^ ^ ^ _^-2 / cItR'{tu), 


O^.d /*! ..5 /*! 

R'{u) = —l dT{l-Tfip^'^\x,y,z;Tu) + — dr {I - rf ip^^\x, y, z] ru). 

3 Jo 6 7o 

Therefore, we have 

exp [-Nifix, y, 2 ; ^ g"^ exp + 2/^ - 3zJ(x + 


On the other hand, as we have 


g{u) ^ = J ‘^ — 2u f dr g'{Tu)g{Tu) 

Jo 


-3 


we get 


with 


(x — yY 

a{x,y,z]u)= ^j/ u^ + A{u), A{u) =-u^{x - yf J dr g'{Tu)g{Tu)~^. 


\dxdyA{u)\ < Ck/u^ for n > 0, x, y G M, |z| < 1, A; + £ < 2. 
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Combining these, we get 

f f dtds exp [—s, 2 J — a{t, s, 2 J — N) 

yyR2 

= ff dxdy exp[—Nip{x,y,z;N~^^^)]a{x,y,z-,N~^^^) 

J Jr^ 


(6.4.5) 


= e-^j2iV^-2/3 / / [_ (a;3 + y3 _ ^ 

yJK 2 

X (1 + S{N-^/^)) ^ 


^ g-Y J2Y ^-4/3 / / 


2^^ exp - 3zJ(x + y))] 


+ 0(Ar-5/3) 

Here, we applied the lemma below to 

f{x,y) = A{u), A{u)S{u), S{u) 

for getting the last term 


{x - yf 

2 J 2 


V?, 


Moreover, we may rewrite the above (I6.4.5D using the Stirling formula to get 

iV-i/3 / / . . . z 

^3' 

+ 0(iV“2/3^^ □ 


{pNi2J - zN JJ^^dxdy xexp[-^{x^+ y^-3zJ{x + y))]{x-yf 


Lemma 6.4.1. 7// satisfies 
we have 


\dxdif{x,y)\ < Ck,e, 


dxdy f{x, y) exp [-^(x^ + - 3zJ{x + y))] 


< C < oo. 


Proof. We use Lax’s technique (combining integration by parts with = idq(f{q)e'^^^^'^ 

where \dq(p{q)\ / 0) to estimate the oscillatory integrals noting 


{l-d^- dy) exp [-^{x +y - ‘izJ{x + y))] = ^(x, y) exp +y - ‘izJ{x + y))] 


with 


\ 9x2 2i(x + y) 62;(x^ + y^) + y^ 

4>(x, y) = 1 + ISz^J^ + ^ + 


J3 


J 2 


J 6 • 


Therefore, we have 


too 

dxdy/(x,y) exp [-^(x +y -3zJ{x + y))] 


dxdy (l-d^-dy) 


,2 r,2jix,y) i 3 3 


4>(x,y) 


exp +y - ^zJ{x + y))]. 


By the assumption, (1 — — 5y)(/(x, y)/‘h(x, y)) is integrable w.r.t. dxdy, we get the desired 

result. □ 

Using the Airy function defined by 


d (z) = f 
Jr 


Ai (z) = I dx exp [—-x^ + izx] = dx exp [-x^ — izx] = Ai (z) for z € M, 

3 ./» 3 
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we have 

^<ixexp[-|L + ^] = JAi(£), 

J^dxx ^ 

jfdxAexp|-g + =l = -AAi''(i), 

And we get 

(pjv(2J - zN-^/^))^ = N-^/^f{zJ-^) + 0(Ar-2/3)^ 

where 

^ Ai'(z) - Ai"(z)Ai(z)). □ 

Corollary 6.4.1. For \z\ < 1, we have 

{pn{-2J + zN-^/^))^ = -N-^/^f{zJ-^) + 0(A^-2/3). 

Remark 6.4.1. Though Brezin and Kazakov applied the Brezin formula (2.7) to obtain the 
analogous statement, hut we can’t follow their proof (f8) of |18j . 

============ Mini Column 3: On GOE, GUE and GSE ============ 


In the following, to expect giving a trigger to audience having curiosity to RMT, we mention 
here Gaussian ensembles classified by F. Dyson. The Dyson index fd is dehned by numbers of real 
components in matrix elements belonging to each ensemble. Though I give a look to not only a 
book by Mehta m but also survev paper bv J. Verbaarschot [137], it seems not sufficient to 
comprehend this interesting branch only “a look”. 

Definition 6.4.1. A set of N x N Hermitian matrix H = [Fljjfj whose matrix element is 
distributed with the probability 

P{H)dH = 

is called Wigner-Dyson Ensemble. Especially 


(1) When H = is real symmetric matrix, then it’s index is fd = 1 with volume element 

dH = Wk<j^^kj- This is called Gaussian Orthogonal Ensemble(=GOE). 

(2) When El = [Hj^) is complex Hermite matrix with Hkj = Tlj^) + iElj^j , £ M, 

then it’s index is (d = 2 with volume element dH = Uk<j dHkj Uk<j dHif. This is called 
Gaussian Unitary Ensemble(=GUE). 

(3) Let (real) quaternion with base be decomposed as Hjk = + Hj^i + Hj^^j + 

Hj^k, £ M. When H = {Hjk) is Hermite whose matrix element is quaternion, then 
/3 = 4 with volume element dH = Y[k<j dfdj^j Y[^=iY[k<j dHkj ■ This is called Gaussian 
Symplectic Ensemble(=GSE). 


Remark 6.4.2. ITe prepare letters i, j, k with relations = k^ = ijk = —1. Eor 

example, using Pauli matrices {crj}^^i, we may put i = ia^, j = i(j 2 , k = iai, then we have a 
matrix representation 


q = q^^'> + q^^^i + + q^^'^k 


\^_g(2) _|_ g,(3)^ g(0) _ ^(1)^ j 
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Remark 6.4.3. Following facts are known: 

(1) GOE is invariant unde the similarity transformation 71(0) : H i—)• ^OHO by O belonging 
to 0{N)=real orthogonal group, 

(2) GUE is invariant under the similarity transformation T^O) : H i—>■ U~^HU by U belonging 
to U{N)=unitary group, 

(3) GSE is invariant under the similarity transformation 74{S) : H i-A ^SHS by S belonging 
to Sp{N)=symplectic group. 


Let Ai, • • •, Ajv be eigenvalues of x Hermite matrix. We check the relation between their 
differential dXj and Lebesgue measure dH. In case H G GOE, since the number of independent 
components of Hjk equals to N{N + 1)/2, we have £ = N{N + l)/2 — N = N{N — l)/2 independent 
variables except {Aj}. Because 


N 


tr = Y^ A' 


i=i 


and putting Jacobian of change of variables as 


J(A,/i) = 


det 


V5(Ai, • • -Aw, Ill, • • 


we have 


N 


We need to calculate 


dH = J{X,fi) n dXj d/ifc. 

j=i k=i 

dXdp,J{X,fj,) = J dX j dp,J{X,pL) 

In other word, find the reason for the appearance of difference product of eigenvalues (van der 
Monde determinant)? 

[Report problem 6-1]: Give a precise description for above representation using eigenvalues (see, pp. 
55-69 in Mehta |103) or Theorem 5.22 of Deift [32) for /3 = 

Theorem 6.4.1 (Theorem 3.3.1 of |103] 1. Let xi,- ■ ■,xn be eigenvalues for a hermite matrix 
belonging to GOE {(3 = 1), GUE (/3 = 2) or GSE (/3 = 4). Then, the joint probablity density of 
xi,- ■ ■,xn is given 

PNfiixi,-- ■,xn) = \xj - Xk\^. 


j<k 


Here, 


N 


ZNfi = + /3/2)]-^ JJ r(l + / 3 j 72 ). 

i=i 


Theorem 6.4.2 (Theorem 17.1 of Mehta |103j l. For any given positive integer N, we put 
dx = dxi - ■ -dxf^, 


^Frankly speaking, atlom has not enough patience to understand these facts, therefore he leaves these explanation 
for younger people expecting young gives stimulation to old 
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and 


Then, for 


we have 


$(x) = 


N 




‘Ra > 0 , 3ft/3 > 0 , 3^7 > — min 


/ 1 5R/3 

Viv’iV-l’iV -1 





r(i + 7 + n)T{a + n)T{/3 + n) 
r(l + 7)r(a + p + {N + j - 1)7) ■ 


End of Mini Column 3 


6.5. Relation between RMT and Painleve transcendents 

It is shown rather recently that there is a mysterious connection between RMT, combinatorics 
and Painleve functions. Borrowing the description of Tracy and Widom [133], UMI, we explain 
our problem. 

Let Hat be a set of unitary N x N matrices with Haar measure. Denoting (real) eigenvalues 
of U G Hat as {Ai < A 2 < • • • < Aat} with its maximum Aat = Xn{U), we consider P 2 {Xn{U) < t). 
Then, we have 


Theorem 6.5.1 (UMI). 

=^2(5) = exp(^-^ ds{x-s)q\x)y 

Here, q{s) is Painleve II function satisfying 

q” = sq + 2q^ q{s)^Ai{s)= / dx exp[—-x^ + isx] when s ^ go. 

J'R 3 


Following theorem, which has curious resemblance to above, is proved by J. Baik, P. Deift and 
K. Johansson 1^; Putting uniform probability measure P on symmetric group Sjsf, we denotedAf = 
the length of the longest increasing subsequence for each a G Sn- Then, we have 


Theorem 6.5.2 ([^). 


fiN - 2N 
V iVV6 



F2{s). 


lim P 

N—>oo 
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Table of Painleve equations. : 

(I) w'’ = Qu? + s, 

(II) w" = 2w^ + sw + a, 

/TTTN // w' aw‘^ + 13 S 

w s s w 

(IV) w' = -1-h 4:sw^ + 2(s^ — a)w H- 

2w 2 w 

, 2/1 1 \ w' {w - 1)^ 

= 111 - ' * ' 


(V) w" = W 


(VI) w" = 


w 


\2w 
1 


w 


w — 1 

1 


w 

-h 

s 


P \ jw 5w{w + 1) 

Oiw H-I H-1--—. 

w s w — 1 ' 


+ 


1 


— w 


w — 1 w — s 

w{w — l)(iu — s) 


1 1 

“ H-7 

s s — 1 


1 


w — s 


+ 


s2(s - 1)2 


^ 7('S - 1) ^s{s - 1) 

^ {w — 1)2 {w — sY 


Problem 6.5.1. (i) Can we find another explanation of above theorems by finding “slowness 
variables” as analogous as Efetov’s reproof of Wigner’s semi-circle law? 

(a) Moreover, the results, for example, C. Itzykson and J.B. Zuber [84], D. Bessis, C. Itzykson 
and J.B. Zuber |13] or A. Matytsin m\, should be viewed from our point of view, but I have not 
enough intelligence to appreciate these works. By the way, the article by A. Zvonkin mu seems a 
nice guide in this direction. 


Remark 6.5.1. (i) To finish this lecture notes, I am almost drowned by checking by internet 
searching papers on RMT. For young researchers, T. Tao mu may be recommended. But this is 
also thick to begin with, therefore take a look to X. Zeng and Z. Hou mi- 

(a) There are also papers concerned about. Whether Matytsin’s procedure m which tries to 
generalize Itzykson-Zuber formula has some relations to Functional Derivative Equation or not. At 
least, my life in heaven or hell will be full of mathematical problems considered. 

























CHAPTER 7 

Fundamental solution of Free Weyl equation a la Feynman 


Because of the integration theory is not yet completed when lecture is delivered, this chapter 
is chosen because here we only use the “naive” dehnition of integral on 

Let R be a representation space and let a function : M x —>■ R be given satisfying 

B. = B.{-ihdq) = 

I V’( 0 , 9 ) =t{q)- 

Here, c and h are positive constants, the summation with respect to j = 1,2,3 is abbreviated. Put 
I as an identity map from R to R, and define maps {<Tj : R —)• R} satisfying 

(7.0.2) cTjak + cTkCTj = 26jkl for j, k = 1,2, 3, (Clifford relation) 

(7.0.3) cricr 2 = ia^, 0 - 20-3 = io-i, 0 - 30-1 = icr2. 

Especially when we put R = and ijjlt, q) = *(i/’i(t, q),'ip 2 {t, q)), we have so-called Pauli matrices: 


(7.0.4) 


0 1 
1 0 / ’ 


0 -i 
i 0 


0 -1 


1 0 \ ^ ^ fl 0 

- 1 n 1 1 > I - I 2 - 


0 1 


This equation (j7.0.1jl is called free Weyl equation and we want to construct a fundamental 
solution of this modifying Eeynman’s procedure. (Modification is really necessary because Eeynman 
doesn’t proceed as he wants at that time). 

Before this, we recall a very primitive and well-known method mentioned in Chapter 1. Ap¬ 
plying formally the Fourier transformation (which contains a parameter h) with respect to G 
to (j7.0.1[) . we get 


d ■' 

ih—'ip{t,p) = HV'(t,p) where H = BI(p) = cajpj = c 


P3 


Pi - IP2 


- -V.. '^\pi+ip2 -P3 

As = c^|ppl 2 by (17.0.21) . we easily have 

(7.0.5) ^®'^(p) = [cos (c/i“^t|p|)l 2 — sin(c/R^t|p|)Bl]'0(p). 

In other word, denoting 74 = ch~^t\p\, 

f ^i(t,P)') ^ g-i/i-Pe: 

(7.0.6) 


\^2(t,pj 


V(p) 


J_ / \p\ cos 7t - ip3 sin -ft -i{pi - ip2) sin 74 \ / (p) \ 

\p\ V + ^P2) sin7i \p\ cos 7i -h ips sin74 J y^^ip) j ' 


Therefore, we have 


117 








118 


7. FUNDAMENTAL SOLUTION OF FREE WEYL EQUATION A LA FEYNMAN 


Proposition 7.0.1. For any t e M, 

(7.0.7) = {2TTh)-^/^ [ = [ dq'E{t, q, q')ilj{q') 

Jrs Jrs 

with 

(7.0.8) E{t,q,q') = {2Trh)~^ f dpF^ ^^Tcos (c/i“^t|p|)l2 — sin(c/i“^t|p|)B[(p)l. 

7K3 

Remark 7.0.2. This calculation doesn’t work when (j7.0.ip is changed to 
(7.0.9) m{t) = ^ 07j y-T-^ - ^Aj{t, q)j + eAo{t, q). 

We don’t insist on this equation having physical meaning because we add minimally electro-magnetic 
potential to (17.0.11) very formally. But it seems mathematically interesting to seek a solution of this 
toy model represented as Feynman suggested like below. 


Here, we give another formula for a solution of (j7.0.1j) . 

Theorem 7.0.3 (Path-integral representation of a solution for the free Weyl equation). 
(7.0.10) 'ipit,q)= \>(^{2Trh)-^/^h jj ^ 


a:B='? 


Here, S{t,x,9,f,n) and V{t,x,6,f,T^ are solutions of the Hamilton-Jacobi and continuity equa¬ 
tions, (j7.2.13|) and (j7.2.16p respectively, and j), b are given in (|7.2.ip below. 


7.1. A strategy of constructing parametrices 

Taking the free Weyl equation as a simplest model of constructing parametrices for Dirac 
(11.2.51) in Chapter 1 or Weyl (17.0.91) above, we explain our strategy which is a superly extended 
version of what we explained before. 

(1) Is it possible to extract “symbol” corresponding to a given system of PDO’s? 

(2) To define “symbol”, we need to represent the matrix structure as the differential operators 
acting on superspace. For example, to regard 2x2 matrix structure as differential operators, we 
decompose 

a c\_a-|-6 /l 0\ a — b/l 0\ c-|-d/0 l\ .c — dfo —i\ 

d b)~^^\0 iy^^“V0 -ly)+^“Vl Oj’ 

and attach differential operators for each aj and we get the symbol of that system of PDO’s. 

(3) For the Hamiltonian H{x, 6, vr), we construct a solution S{t, x, 0, vr) of the Hamilton-Jacobi 
equation with given initial data. 

(4) Calculating the Hessian of 5(t, x, 0, vr) w.r.t. ^,7r, we define its determinant below, called 
super Van Vleck determinant: 

/ d^s d'^s \ 

V{t,x,f,9,7r) = sdet [ ) with j.k = 1,2,3, a,b = 1,2. 

\ddadik dOadlTb/ 

(5) Finally, defining an operator 

{U{t)u){x,9) = {2TTh)-^/‘^h [[ 
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we check its properties and show that it’s the desired parametrix (or fundamental solution for this 
free Weyl case). 


7.2. Sketchy proofs of the procedure mentioned above 


(1) A “spinor” 'ip{t,q) = g), g)) : M x ^ is identified with an even super¬ 
smooth function u{t, x, 6) = uo{t, x) + ui(t, x) 9 i 62 : M x —)• Cev as follows: 


(7.2.1) 




V’A A 


u{d) = Uq + Ui 9 i 62 S €e 


Av b 

with Uo = u{0) = ijji, Ui = dg^dgj^u{9)\^^^ = -02. 

Here, functions uo{t,x), ui{t,x) are the Grassmann continuation of 'ijj 2 {t,q), respectively. 

(2) Pauli matrices {crj} have differential operator representations 


A d 


=iA-M0i02 + A 


52 


(7.2.2) 


89 




d9id92 


L02 - A2 


52 


(901(902 


satisfying ()7.0.2p and (17.0.31) . Here, we take an arbitrarily chosen parameter A G = C — {0}. 
Remark 7.2.1. Only for |A| = 1, \\)(Tj{9,—i\dg)f} are unitary matrices. From here, we take 


A = i to have the matrix representation ()7.0.4h for (17.2.2h . 


(3) Since, using (I7.2.2p . the differential operator H given by (|7.0.1I) is identihed with 


(7.2.3) 


h 8 ^ 8 


i 8x 89 


52 


^0 -W-A) TUT = -ich[ 0102 - „ 7T- \-ch[ 0102 + „ tT- 


8 


52 


8 


501(902/5x1 V 50 i502/ 5x2 


where the “ordinary symbol” of the operator (I7.2.3P is considered as 

(7.2.4) T-Loi^, 9, tt) = c(^i -b i^2)0i02 + cS“^(6 - * 6)711712 + c6[l - ik~^{9iTri + 02712)]. 


Therefore, the super-version of Weyl equation is given 


(7.2.5) 


S '■' / H d ^ \ 

ih—u{t,x,9) = no[--^,9,—ju{t,x,9), 

u(0, X, 0) = u{x, 0). 


On the other hand, “complete Weyl symbol” of the right-hand side of the differential operator 
(|7.2.3p is given by 


(7.2.6) 


FL{f,,9,7r) = c{f,i + if,2)9i92 + ck ^(6 - * 6)711712 - ^ 3(6711 + 02 * 12 )• 
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Here, S € or £ (R^ = R \ {0}) is a parameter introduced for Fourier transformations of 

even and odd variables: 

(Feu)(0 = (27r;i)-”^/2 f 

{FeW){x) = {2TTh)-^^^ [ 

{Fov){7t) = 

J^0\n 

{Fow){e) = k'^/^Ln f (i7re*^“'<^l^>R;(7r), 
which are explained more precisely later in §2 of Chapter 9. Here, 


idly) = '^Vjyj, {p\^) = '^PkUik, = 


i=i 


k=l 


Moreover, 


(^u)(e,vr) = / dXe-^^~^^^^~^u{X) = J^[(FeRa)(O][(i"o0“)(vr)], 


/g^ml 


{Fv){x,e) = Cm,n [ = V[(Fe^^a)(x)][(FoVr“)(0)] 

J^m\n 


with 


{X\E) = {x\C) + hk € IHev, Cm,n = (27r/l) 

More explicitly, we have 

Example 7.2.1 (n = 1). 

gi7r/4^i/2 f dO e~'‘^ {uq + ui9) = — ik~^UQT:), 

gi7r/4^1/2 f d-n {ui — ik~^UQT:) = Uq + Ul9. 

. jmoii 

Example 7.2.2 (n = 2). For u{9) = rq + 0i02'Wi and v{tt) = ttiVi + 7:2X2 with uq, ui,vi,V2 £ Gl, 
we have 

51-1/ 


{Fou){7r) = k / d9 e ^^^'^'^u{9) = k{ui + k ^ 711712110 ), 

J 91012 

{Fov){9) = k [ d-K ''^l’^^u(7r) = k{—ik~^92Vi + ik~^9iV2)^ 
Jino|2 




,{Fou){9) = k f dTre*^ ^ ^7ri7r2Uo)] = rto + 6 'i 6 ' 2 «i = 71 ( 6 *), 

791012 

{Fov){7r) = k [ d9 ^^'^'^^]^{—ik~^92Vi + ik~^9iV2)\ = ttiUi + 712172 = 77 ( 71 ). 
791012 


(A) From here, we mention Jacobi’s method to construct a solution of Hamilton-Jacobi equa¬ 
tion: 

(4) Consider classical mechanics or Hamilton flow corresponding to T-L{^,9,7t) 

d for = 1 , 2 , 3 . 

(Y2 7) 

^d d'H{^,9,7T) d dn{^,9,7T) 1. , n o 

-T:^a = -R-, + 7 71-6 =- ^ - for a, 6 = 1,2,3. 
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Proposition 7.2.1 (existence). Under above setting, for any initial data (x(0), ^(0), 0(0), 7r(0)) 
{x,i,0,TL) G (17X71) has a unique solution {x{t),f^{t),9{t),Tr{t)). 

Remark 7.2.2. (i) The solution of above Proposition is denoted by x{t) or x{t,x,^,6,TT), etc. 
(ii) Instead x we regard 91®!^ as the cotangent space o/91^l^. 


Inverse mapping: 

Proposition 7.2.2 (inverse). For any {t,f,,7£), the map defined by 
(®!^) I-)- (S = a:(t,x,^,0,7r),0 = 9{t,x,f,,9,7r_)) 
is supersmooth from 91^1^ to 91^1^. The inverse map of this, defined by 

{x,9) {x = y{t,x,i,9,Ti),9 = uj{t,x,i,9,-K)), 

satisfies 

X = x{t,y{t,x,(,9,7i),^,uj{t,x,^,9,7L),TT_), 9 = 0(t,y(t,x,|,0,7r),|,a;(t,x,|,0,7r),7r), 

X = y{t,x{t,X,i,9,Tl),f,9{t,X,i,9,T£),Tp), 9 = Uj{t, x{t,X,(, 9,7l),(,9{t,X,f,, 9,T£),7l) 


(7.2.8) 


Action integral: For notational simplicity, we introduce the following short-hand symbols in 
this chapter: 

3 

7t = j{t,g = cn-H\^\, c = g + ig, ( = = = 


(7.2.9) 

Putting 

(7.2.10) 
and 

(7.2.11) 

we have 


i=i 


6{t) = 6{t,g = 1^1 cos 74 + 1^3 sin 7 t, 6{t) = 6{t,g = |^| cos 74 - sin 74 . 

So{t,x,g9,7r_) = f ds{{x{s)\gs)) + {9{s)\Tr{s)) -'H{gs),9{s),7r{s))}, 
Jo 

S{t,x,g9,7r_) = {x\g + hk~^{9\T£) +So{t,x,g9,7r_) ^=y^t,x,^,e, 2 i)’ 

9=io{t,x,^,6^n) 


Proposition 7.2.3 (phase function) . Above de/ined 5(t, x, 0, vr) is represented 
(7.2.12) S{t, X, 0, tt) = {x\g + d{t)~^ sin 740102 — — 1)C sin747r;^7r2]. 

Moreover, if h = h, then it satisfies Hamilton-Jacobi equation: 


(7.2.13) 

Then, we put 

(7.2.14) 


d 

W 



50/ 

+ (6'Ie; 

>. 

' d^S 


dx di 

dx dn 

d^S~ 

d^S 


\ do do ^TT j 


Here, “sdet” stands for super-determinant. 
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Proposition 7.2.4 (amplitude function). By calculation, we have 
(7.2.15) . 

Moreover, if h = k, then it satisfies the continuity equation (or the 0th part of transport equation): 


d 


V + 






an 




0 , 


( 7 . 2 . 16 ) I at ' ax \ af, J ' aoan J 

I ^(o,x,^, e,n) = 1. 

In the above, the independent variables of V are {t,x,f,,0,n), those of aH/a^ or aH/an are 

{Sx, 0, Sg). 


(B) There exists another method (in the next section) to solve ()7.2.13p with the initial data 

S{O,x,^,0,n) = (x||^) + hk~^{0\n), 

for any h and k. Curiously, by that method, we have a solution slightly different from (17.2.12p but 
coincides when h = k (I haven’t found the reason why so!). 


(5) Quantization: Using these classical quantities S and A, we have a new representation of 
solution desired as follows; In this paragraph, we rewrite variables from 

9 {x,^,d,n) {x,e,l,n) G ^ 9^3|2 ^-y-*g^3|2_ 

We define an operator 

(7.2.17) {hl{t)u){x,0) = {2nK)~^/‘^k JJ df,dnT>^^‘^{t,x,0,f,,n)e^^ 

where T" stands for the Fourier transformation defined for functions on the superspace. The function 
u{t, X, 0) = {U{t)u){x, 6) will be shown as a desired solution for (17.2.51) h = k. 


It is shown that 
(7.2.18) 


/ha a \ - w '-u/1 h a a 

^o(-nr,0,nn;) = nn: 


i ax ao 


i ax ao 


where the left-hand side is given (17.2.31) with \ = i and 77'^ is a (Weyl type) pseudo-differential 
operator with symbol 'H{fi,0,n) defined by 

J,h-^ {x-y\i)+ik~^ {d-w\-K) ^ 


(7.2.19) {7i^u){x,9) = {2nh) "^k^ I I df^dndydu: e 


-3fc2 


//■ 


, I 0 uj . . . 

'H( t ]u{y,^)- 


Proposition 7.2.5. (1) Fort G M, U{t) is a well defined unitary operator in if 

h = k. 

(2) (i) 'R3 t 77(t) G lB(.^|g gy(91^l^), ev(iR^^^)) is continuous. 

(a) U{t)U{s) =U{t + s) for any t, s G M. 

(Hi) Foru G0gg_g^^o(^^'^)^ we put u{t,x,9) = (U{t)u){x,0). Then, it satisfies 

. . i ih-^u{t,x, 0 ) ='H^u{t,x, 0 ), 

(7.2.20) < at ^ ^ 

y n(0, X, 6) = yfx, 6). 


Finally, we interprete the above theorem with h = k using the identification maps 
(7.2.21) : L2 (m 3 ; c2) ^ >^gs^e^(iH^I^) and b : ^ ^ C^). 

That is, remarking \)'W^ (ji/b = Hi/; and putting \]{t)fi = bU{t) (ji/b, we have 
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Proposition 7.2.6. (1) For i G M, U(i) is a well defined unitary operator in : C^). 

(2) M 9 1 1 —>• U(t) G : C^), L^(M^ : C^)) is continuous. 

(a) U(t)U(s) = U(t + s) for any i, s G M. 

(Hi) Put X = i. For G : C^), we put = b(Z7(t)(j'0) Then, it satisfies 



(7.2.22) 


Corollary 7.2.1. H is an essentially self-adjoint operator in L^(M^ ; C^). 


Remark 7.2.3. Since the free Weyl equation is simple, it is not necessary to use Frechet- 


Grassmann algebra with countably infinite Grassmann generators, because I can construct “classical 
quantities” explicitly. This point is exemplified in the last chapter for the construction of Hamilton 
flow for the Weyl equation with electro-maganetic potentials. Odd variables are symbolically im¬ 
portant for presenting the position in matrix structure and for operations being consistent. In this 
case, odd and even variables are rather separated without interaction, therefore simple! 

Claim 7.2.1. ()7.2.17p reduces to (j7.0.5p after integration w.r.t. dvr. 

Proof of this claim will be given later. 


7.3. Another construction of the solution for H-J equation 


In the above explanation, most essential part is to define “phase” function satisfying Hamilton- 
Jacobi equation. We introduce another new method here to seek the reason why and when we need 
to put h = k {h has a physical meaning but k is artificially introduced). 


Claim 7.3.1. Let T-L{f,,9,TT) be given in (|7.2.6I) as a Hamiltonian function corresponding to 


free Weyl equation. A solution of the Hamilton-Jacobi equation with a / 0 


(7.3.1) 


St+H(Sx,6,S0) = with 5(0, x,^,0,7r) = (x|^) + o(0|7r) 


is constructed without solving Hamilton equation. 


Remark 7.3.1. Though to quantize, we need to take a = hk ^ and finally Kk ^ = 1, to clarify 
the dependence of h in “super version of classical mechanics”, we prefer to introduce parameter a. 


Assuming that the solution 5(f, x, 0, tt) of (|7.3.1I) is even supersmooth, we expand it as 


(7.3.2) 


S{t, x, 0, tt) —5oo + 50201^102 + ‘SnieiGwi + St^^0.^92t^2 


+ St^^0^9i'K2 + + 771772 + 57r27ri020i ^ 1 ^* 2711772 . 



Lemma 7.3.1. Let S be a solution of (j7.3.1h . Put 

H^ =HfiSx{t,x,i,9,'K),9,S0{t,x,i,9,TT)) and 77° 
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then terms 5 ** in (j 7 . 3 . 2 p satisfy 

( 7 . 3 . 3 ) + ii° = 0 with 5 oo( 0 , x, f,) = (x| 0 , 

( 7 . 3 . 4 ) + '^° 27 ri‘^ 02 ei + (^°iei + '^^^282)^^291 + ^6261 = ^ ‘ 56 i 26 »i( 0 ,x,^) = 0 , 

( 7 . 3 . 5 ) 5^101,1 + (77°^0i +‘502ei'H°27ri)‘57riei = 0 with S„^Bi( 0 ,x,O = a, 

( 7 . 3 . 6 ) 5^202,1 + (77°202 +‘502017^°27ri)‘57r2(92 = 0 with S^^ 8 ^{ 0 ,x,C) = a, 

( 7 . 3 . 7 ) ST^29i,t + +‘5020177^2711 )‘57r20i = 0 with 57r20i(O, x,^) = 0 , 

( 7 . 3 . 8 ) ‘ 57 ^^ 02 ,t + (^^202 +‘ 5020177^2711 )‘ 57 ri 02 = 0 5,7^02 ( 0)^)0 = 0 ; 


Proof: Restricting ()7.3.ip to 0 = vr = 0, we get p7.3.3p . Differentiating (17.3.11) w.r.t 61 and 
then 02 and restricting to 0 = tt = 0, we get Riccati type ODE p7.3.4p with parameter (x,^). In 
fact, from the differential formula for composite functions and remarking dsjdsjS = 0, = 0, 

we get 


- dS^, ~ ~ dSoo ~ 

^ 01 77 = -^ 775 ^. + 7701 + 


d'^S^. 
7/ = J 
' d02d0i 


dSx 


dSe^ 


775i - -^de^PL^j + 902 7701 + -^de^Tij, 


and 


dS 

902 77^. = 7702^^ + ^^77,115^., 

95,7,, ~ ~ 550, ~ 

902 7701 = + 770201 + -^^7771101, 

95a;i ~ ~ 550, ~ 

dofH--K2 77^^712 + 7702 712 H ^771^2- 

Remarking also 77°^. = 0, 77^^.^^ = 0, etc, and restricting dg^dg^PL to 0 = vr = 0, we have (17.3.41) . 
Analogously, from 

a o E/ _ nl a nl 1 a nl 1 ^‘502 a , 9^502 .i~ 

97 ii 90 i 77 77 ^ 1 ' o-jY^Pi^j + o-j^-^Pig^ + O 777 PL 777 + Pim 


diTidOi 

and 7771201 = 0 = with 

9.177g^. = 


901 


95 


0fe 


9711 


957. 


501 

dSg 


57ri50i 






OStc- ~ 550, 

a nj _ ^3 ni I Z-IPL'T-I 

L/tTi TX'j^ry ^ ^qj7T2 ^ ^71 


5711 ' 57ri ^ 

we get (I7.3.5p . Other equations (I7.3.6I) - (|7.3.8I) are obtained analogously. □ 


Lemma 7.3.2. Regarding x and ^ as parameters in p7.2.9p and solving ODEs in the above 
lemma, we get 


(7.3.9) 

(7.3.10) 

(7.3.11) 

(7.3.12) 


‘5oo(7>0^>O = 

-kC sin 7 t 


‘50201 


m 


^71101 — 571000 — a 


71202 


^5{ty 


*^771^2 *^7n79i 0* 


772^1 
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Proof. From (|7.3.2p . using = 0, we get = 0 and so (I7.3.9p is obvious. Putting 

this into (|7.3.4I) . we get 

77°,,, = - * 6 ) = 

^ 026 'i ~ ) 10=7r=o = '^1 + = C 

and (j7.3.4h becomes 

(7.3.13) 50201,1 + k~‘^CSj^ei “ 2iS“^65020i + C = 0 with 50201 (0> 2 ;, f) = 0. 


Solving ODE of Riccati type: For a given ODE 

y' = %{t) + qiit)y + g 2 (t)y^, 


assuming 92/0 and putting v = q 2 {t)y, we define 

q' 

P = qi + —1 Q = 7270 

72 

then v' = {q 2 {t)yy is calculated as 

v' = v'^ + P{t)v + Q{t). 

Moreover, differentiating v = —^ w.r.t. t, we get 

u" — P{t)u' + Q{t)u = 0. 


Solving this and using u, we put y 
type. 


-, then this is a solution of ODE of Riccati 

72 M 


Problem 7.3.1. If q 2 {t) has 0-point, then is there any explicit formula for so¬ 
lution for Riccati ODE? 


Using this, we calculate (I7.3.13p . Putting go = “Cj 7i = q 2 = we get 

it — 2 ik~^u + = 0 

and defining A± = ± |,^|), we have 

u{t) = ae^P + fie^-^. 


Therefore, using 


and 


'll 

50201 ( 0 ) = ^- 2 ^^ = 

u(0) = 0 = z^“^[a(^3 + 1^1) + /3(6 - ICI)] 


we finally get the desired result (I7.3.10p . 


50201 (^) 


a(C3 + |g|)e^^~^l^l* + m 


-kC sin7i 

1^1 cos 7 i - i^ 3 sin 7 i' 


Using this result and putting 

(7.3.14) wo{t,x,C) = n%^+Sronl,., = 77°302 + 5 io 77 ° 2 .i = ^ = 
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we get 

(7.3.15) =ai|y = 

(7.3.16) 5^201 a;, 0 = 5^102 = 0- ^ 

Lemma 7.3.3. Terms STr 2 iri o,nd 5jj, satisfy the following: 


(7.3.17) 

(7.3.18) 


'Sn 2 'Ki,t “1“‘^7ri0i‘57r202'^7r27ri ^ with (0, X, ^) 0, 

j + 2 woSii + wi = 0 with (0, x, ^) = 0. 


Here, we put 

Wl =Wl{t,X,f,) 

= {S929l'SiT2TTl,Xj ~ Sni9l'Sn292,Xj)'H^^^^g^ + {30201^^2111,Xj ~ 3m0^^XjSii292)'f^^jll292 

+ \^029l^'^2'^l,Xj Sii^Q^Sii202S029i,Xj ~ 3029\{SiiieiSii292)xj\H^^^,2,lTi 3^2111,xfi^.Q^Q^. 


Proof. Differentiating (I7.3.ip w.r.t. tti and then 712 , restricting to 0 = tt = 0, we have (17.3.3p 
and (j7.3.17p is obtained, using 3 ii ^02 = 0 and restricting to 0 = vr = 0 and 

d 8 H-d (^Hc + \ 

^TTO^Vn - ^77*5 \ ^TTl J - ^772771 


dTTl 


dTTi 


StTi 0712 


P7.3.18p is get, since 

0772 i^Tri <902 <90^77 = 


d^3x 


d'K 2 d'Kid 62 d 0 i 802001 

d‘^3 

8^302 


8^3x ~ d‘^3x ( ~ 830, 

W, + inr^e„a„H„ - 


87ri86i 


dOo 




+ d^2d.,He29r + + ^5^2^-19^-101 


+ 


8 'K 2 d'xid 0 i \ 862 


83x, ~ ~ 830, ~ 

9^L-2 + 9902-2 + ao 99711712 


502 


as,,.. „ (dj^. - 

+ QQ^ CItT2^T^1 I QQ^ tt^jTT2 + '102-2 + '1 


502 


+ 


then remarking 


0 n20niH^j *^71101^71202 99712—i^j ; 


5712 (9902^^ + ) ■ 

5-i99g.0i = 


5502 y I 55ei 55^2 ~ 

■ ^-202^2 “T 'T.^2-iSj ^ * 


5772 


502 5772 


5771 


Oix 2 OixfH 020 i 


525 . 


57725771 


99^10201, 


O O 27 _ 27 

Oit 2 OitfHit^ 0 i 7 ^ 7 9^f7 —1011 

07^207^1 

fdSx, ~ ~ 

diT20iTi 9“ 9^02-2 + ■^^9^-i-2 

525 ., 55fl. 525 


- - -7 --'01 27 I ffJflHy _L _^J^^i_' 37 I 55g^ 5253 ,^. - 

5772502 5771 ^ 57725771 + ^7^25771502 502 57725771 ' 7 
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and restricting to 0 = tt = 0, we have 

So29\XjSTXiO\S-,j292 ^T^lTT2ij S-K\9\Xj{STT2d2^T^292ij ”1“ ‘^02(^1‘^7r2^^2^7r27I'l$j ) 


'STT292Xj'Sm9iT~(-TTi^j9i “ 1 “ 'Sn2iTiXj‘H^jg29i 


“ 1 “ •SQ2Q^S-j^27TlXj'^^j7Tl9l 


~ ‘^11 (^6»2 7T2 + Sg29i'H 7ri7r2 ) 
^02^?l ( ^7r292Xj^7ri9i'^7ri^j7V2 


'7r27riXj'^gj027i'2 “1“‘5ll'^7ri7r2 'S929i'STT2'iriXj'H^j-iYi-n-2) 


— ‘^11 ['^7ri0i — (^02 TT 2 ^929l'H-TriTT2) •S929 i'K-TTITT2] 

^929i\ ^■n'i6iXj'^7r2Tv-i^j “t“ ^■n'292Xj^7ri6i'^7ri^j7r2 ^n292Xj'^^j927r2 


“1“ ‘^TrjTTjXj 

“ 'S929l‘STT2TTlXj'H^j-,YlTr2] 


“1“^7ri7r2^j '^ni9iXj'Sn292T~^n292^j S-j^292XjS-j^^Q^'M.-j^^^^Q^ S■^2nlXj^~^^^029l■ 

Kema,Ikmg 5**a;j = 0 for * = 6a, TTb, we have W 2 = 0. From (j7.3.17p and (|7.3.18h . 
(7.3.19) 5^ 


□ 


-7r27ri {t, X, 0 = 'Suit, X, 0 = 0. 

d{t) 


Finally we have 

(7.3.20) S{t,x,9,^,TT) = (x|.f) + 5(t)“^ [a|,^|(6»|7r) - sin 7*6*102 - sin 7*711712]. 

Claim 7.3.2. S{t,x,9,^,Tr) defined above satisfies (|7.3.ip . 

Proof. Indeed, as 

Sxj — for j — 1,2, 3, and — Sx^ + iSx 2 , C — Sx^i ^Sx 2 , 


Se^=5{t) ^[oI^Itii - sin 7*02], 892 = S{t) ^ [a|^|7r2 + SCsin7*0i]. 


we get 


(7.3.21) 


89^892 = 6 {t) ^ [( 01 ^ 1)^711712 - Calcic sin 7*(0|7r) + (^C sin 7 *)^ 0 i 02 ], 

6189 ^ +62892 = 5(t)“^[a|C|(0|7i) - 2 ^Csin 7 * 0102 ]. 

Substituting these into 7 i{ 8 x, 9 , 89 ), we have 

ni8x, 9 , 89 ) = <0102 + ck-^C89,892 - ick-^U 0 i 89 ^ + 02892 ) 

= cl^|^<^[C0i02 - sin 7 * + <3 cos 7 *)( 0 | 7 i) + <^“^C 7 ri 7 i 2 ] • 

On the other hand, since we get easily 

dt{5{t)~^) = c^“^|^|5(t)“^(|C| siny* + 7 ^ 3 Cos 7 *) and dt(d(t)~^sinjt) = 
we have 

(7.3.22) 5* = ca^“^|?p5(t)“^(|CI sin 7 *+ 7^3 cos 7*)(0|7r)+ [ - <0102 - o^^“^C 7 ri 7 r 2 ] ■ 

Therefore, we have 8 t + ?i = 0. □ 

Remark 7.3.2. (1) From above calculation, we needn’t assume that a = 1 to make 8 satisfy 
()7.3.ip . Since it seems preferable to calculate “classical quantities” without mentioning h, this 
construction is better than Jacobi’s method mentioned before. But to get the desired object after 
quantization, we need some relation between h and k. 

(2) Theoretically, we may calculate even when Aj{q) are added, hut we mayn’t have such an explicit 
formula of 8 ii{t,x,f,) as (I7.3.20p . Especially when Aj(t,q) depends also on t, we have only the 
existence of the solution of ODE of Riccati type. In this case, we need to construct a solution 
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following Jacobi’s method explained in the previous section. Therefore, it is mysterious why by 
such method, we need the condition h = k even in “classical mechanics”?! 


From this, we get 


Proposition 7.3.1. Van Vleck determinant is calculated as 


V{t,x,^,9,7r) 


sdet 


'afs dfs\ 

If If = 

,ded^ dedirj 


Moreover, for any a it satisfies 

\v + 


•9^ ^ d 

—V + — V— + — V— = 


(7.3.23) 


dt 


V df ) 


,V 
de\ OttJ 


0 , 


P(0, X, 9,71) = a 

Here, independent variables in V is (t, x, 0, vr), those for dTL/df and dJi/d'K are {Sx,9,Sq). 


Corollary 7.3.1. Putting A as the square root ofV, we have 

dtA + Axii^ + AqU^t + + dei'^Tr)] = 0 . 


In our case, we have 

(7.3.24) dtA+^Adg('H,r) = 0. 


Proof. Since A = (5(t)/|^|, Axj = 0, Ag,^ = 0 and 

dgai'^TTa) — ^daXjH^jlTa + "^daTTa + aOh^TThT^ a1 

we get the desired result. □ 

7.4. Quantization 

To compare with the Jacobi’s method in A. Inoue m- we reproduce some calculations therein. 

7.4.1. Feynman’s Quantization. To quantize, it seems better to change the order of inde¬ 
pendent variables from (x,^,0,7r) to (x,0,^,7r). We “dehne” an operator 

{U{t)u){x,9) = {277h)-^/^k f j dfd77A{t,i)P^~'^^^'’”'^^^^'^'>Fu{f,7T) 

(7.4.1) 


with A{t,f) = 


m 
«ici' 


Following Feynman’s idea, it seems natural to have 

Claim 7.4.1 [From. Hif, 9, tt) to {—ihdx, 9, dg)). Ifa = hk~^ = l, we have 


(7.4.2) 


ih-^{U{t)u){x,9) 


= Hoi—ihdx, 9, dg)u{x, 9) = {—ihdx, 9, dg)u{x, 9) 


t=o 


where TLq is given in (17.2.3p with A = A Moreover, for 77(^, 9, vr) in (I7.2.6p . we put 
'H^{—ihdx,9,dg)u{x,9) = {27rh)~^k‘^ JJ d^dirdw'd9'e''^ ^{X-x ^ ^ ^ {uo{x)+ui9i92), 

forX = ix,9), X> = ix',9'), E = (^, 77 ), (A|H) = {x\f) + hk-\9\7r). 
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Proof. Remarking 

d^{A{t,on^{s,,e,Se)) = 0 , 

and applying Hamilton-Jacobi (I7.3.1jl and continuity (j7.3.24h equations, we have 

d 


(7.4.3) 
where 

(7.4.4) 

Therefore, 

dt 


5) ^ ^ = -A[- • • ] e 


Jfe —1 


ih-^S 


dt 


ih-^S 


•] = 

ICIsinyt+ z^ 3 COS 7 t 
= ck 43- 


m 




+ T 7 Tt[C^i ^2 - aS (141 sinyt + i43Cos 7i)(0|7r) + a ^ C'^itt 2 ] 


{AP‘ 


ick~^ 


(1 — ia/i“^(0|7r))43- ^^102 — ica^fi~^k~‘^ C,'KiTi 2 . 


t=o 


Since 5(0, x, 6 , 4, t) = (x|4) + a(0|7r), we have 

J -m;i-i(0|7r))(^2^i +uovri7r2) = [uq - 

J d'K + «o7riT2) = e*^ 

J dvre*^ J-{10711772) = e*^ 


These imply that 


44 (V*-- 


(^^■Ui+{10711772) =-43({70 ~«^^~^^^{{i^ 1^2)-^{10^102—{oc/i“^4lii, 


t=0 


which proves, if a = hk ^ = 1, 
ih^{U{t)u){x,e) 

1=0 


(27r;i)-3/2 J , 


d4 e*'^^'^l^^c[43({io - {ii6'i6»2) + Cuo^i92 + C^i] 


= {7io{-ihdx,9,de)u){x,9). □ 


More generally, we have 


Claim 7.4.2. For any t, we have 

ih^{U{t)u){x,6) = 'Ho{-ifidx, 6, de){U{t)u){x, 9) = 'H^{-ihdx,9,de){U{t)u){x,9). 

Proof {.[Reduction to matrix form] Putting 

vo{t,x) = {U{t)u){x,9)\g^^, Vi{t,x) = de2dg^{U{t)u){x,9)\g^^, 

we get 

(7.4.5) U{t)u{x, 9) = uo({, x) + vi{t, x)9i92 
where 

vo{Px) = {2T:h)-^/^ [ d4e'""<"'^Vo(t,4), 

(7.4.6) \ 

ui(t, 4 ) = {27rh)-^/^ d 4 e*"-^<"l«)Ri({, 4 ), 
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with 

(7.4.7) 


fyo(i,0] ^ -ih sin-ft\ fuo{^)\ 


Therefore, when a = 1 = above reduces to the matrix representation (j7.n.6p . 

In fact, rewriting 

U{t)u{x,6) = {2TTh)~‘^/‘^ [ exp {ih“^((xl^) - ^5(t)“^Csin 740102 )} 

y<n3|o a|4| 

X / d-K exp{ih“^d(t)“^(a|^|(d|7r) — a^k~^^sin^tT^i'K2)}{^‘^Ui TMo'^i'^a)) 

J«ko |2 

and since 


/ 9^012 


dvrexplih ^ 5 {t) ^(a|^|(d| 7 r) — ^sin74711712)}+ Ug711712) 

= hg + h^UidTr 2 d-Ki exp{i/i“^d(t)“^(a|^|(d| 7 r) — sin74711712)} 

= hg + ;ui(—ih“^^a^j(t)“^Csin74 + 0162 ) ■, 


7r=0 


we have 


{U{t)u){x,6) = {2TTh) f exp{ih ^{{x\^) - ^5(1) sin740102)} 

Jm^\o a|?| 

X (d(t);Uo + ;Ui(—ih“^^a^Csin74 + a^h“^S^d(t)“^|^|^0i02)). H 

Remark 7.4.1. Above formula (I7.4.7|) with a = 1 = hk~^ gives the proof for Claim \7.2.1, 


Proof .2. [Another direct calculation] Interchanging the order of differentiation and derivation 
under integral sign, we get 

ih-^{U{t)u){x,9) = ih{2Trh)~^^'^h ff d^d7r^(Ale*^ ^‘^)(T'rt)(^, ti) 


= -^A 


ih{27rh) J df, j d7rAl[-• • ]e*^ + 7ig7ri7r2) 


where [• • • ] is given in (17.4.41) . On the other hand, remarking Weyl quantization of (0|7r) gives 


1 - 


PL^i-ihdx, 0, de){U{f)u){x, 0) 


= (27rh) JJ d^d7r7^(^, 0, cl0)[Ale*^ ‘^](h^{ti + { 71711712 ) 
= (27ih)“^/^ y d| J d7iAl{-• • }e*^ ^‘^(h^tii + {ti7ii7i2) 


where 


'H{^,e,de)C^-'^ = {---}e 


ih-^S 


«(£.«. 8») = + =£ 3(1 - -«3A 


with 
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and 


(7.4.8) 


{...} 


cC,6i 02 + cC 


ia?h ^^Csm 7 + h ^ , 9,^,9 

+ lei Vvrs 


m 6{tf 


+ sin^ 76 'i6'2) 




1 - 


iK 


-1 


m 


c|^|(5(t) ^(Cacos 7 t - i|C| sin 7 t) 


- a^C sin 7*1^1(0171) 

(ICK^k) - 2 ^C sin 7 * 0102 ) 


+ C(5(i) ^|CP[C0102 + ^ 711712 

+ ^3 cos 7 * + z|^| sin 7 *)( 0 | 7 r)] when a = Kk~^ = 1. 

Comparing (17.4.411 and (17.4.81) . we have —ih[- • • ] = {•••} when a = hk~^ = 1, which implies 

ih-^U{t)u{x,e) = □ 

Remark 7.4.2. In calculating the right-hand side above, here we used the closed explicit form. 
But, in general, we must establish the composition formula of pseudo-differential operators of Weyl 
type and Fourier integral operators of above type (see. Theorem f.5 of Inoue and Maeda [?]j. 


7.4.2. if boundedness. In order to prove the unitarity of the operator Z//(t) , rewriting ()7.4.6p 
with a = hk~^ = 1, using the Parceval equality only w.r.t. x or we have 

Proposition 7.4.1. 

||ZY(t)u|| = ||ii|| in 


Proof. From above calculation, we have 

|Vb(i,OP = - 75(t)“^Csin7*ui(0)(7io(0 - 75(t)“^Csin7*ui(0), 

1^1 (i, 01^ = ^-^l^{-lHt)-^CsinjtUo{0 + ^t)-^d{t)ui{^)){-i6{t)~^CsmjtUo{0 + ^t)~^6{t)ui{^)), 
therefore 

||7/(t)ii|P = j dC(|Vb(Z,0P + l^i(i>6P) = j + |77i(OP) = Ikip. □ 

7.4.3. Continuity. 

Proposition 7.4.2. 

lim \\U{t)u — u|| = 0 
t-*o 

Proof. Since 

iu{t)u)ix,e) - u{x,e) = (27r;*)-3/2 J- Po(o,0 + (^i(c0 - Viio,0)eM 
we have 

||ZY(t)u-uf = ||Ro(CO-^o(0 ,Of+ ll^i(CO-^i(0,Of ^0 when t ^ 0. □ 
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Problem 7.4.1. Prove above Proposition using 
{U{t)u){x, 9) — u{x, 9) 


= {2TTh) / / d^dvr 


[' ds^{Ais,Oe^’^ 

Jo 


(J'ix)(^, 7 r) 


{2Trh)-^/^ J di j\s J dTr-^{A{s,Oe"^ 


7.4.4. Evolutional property. 

Proposition 7.4.3. 

U{t)U{s)u = U{t + s)u for any it G 0gg 


Proof. Denoting 7 /(s)u = u{s,x, 9 ) = vo{s,x) + V 2 {s,x) 9 i 92 , we have 
U{t)u{s, X, 9 ) 

= y 0 " 4 (s, [(uo — *<J(s)~^dsin 7 sUi) 

- i( 5 (t)“^Csin 7 td(s)“^(-iCsin 7 sRo + d(s)?ii)] 

+ ( 27 r/i)“^/^ J df, e*^* Al(s, [ — i 6 {t)~^( sin7t({io — 7(5(s)“^C sin75111) 

+ d(t)“^d(t)(5(s)“^(-iCsin75ito + d(s)iii)] did 2 - 

By simple calculation, we get 

|Cr^[(d(t)( 5 (s) - |Cpsin 7 isin 75 )no = \f.\~^d{t + s)uq, 

-z((5(t)Csin75+ d(s)Csin7t)Ri = -zC|C|“^ sin71+5111, 

and 

+ s)iio - i|^r^Csin7t+5iii = A{t + s,ON - id{t + s)“^Csin71+5111]. 
Analogously, the coefficient of 6*102 is calculated as 

1^1 “^[-iC sin 71+5 uo + d(t + s)iii]. 

Therefore, we have the evolutional property. □ 


7.5. Fundamental solution 

Though we have proved 67( 62 ) 67 ( 61 ) = 67 ( 61 + 62 ) by using explicit representation in this case, we 
reconsider this evolutional property as products formula for FIOp modifying arguments in Chapter 
10 of H. Kumano-go |91] . 
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7.5.1. Super version of sharp products of phase functions. For the future study of 
resolution of Feynman’s problem, we proceed without using explicit formula for the solution of H-J 
equation as far as possible: 


Let H{t,X,E) be given as x : <t). 


Assumption (A) There exists T > 0 such that for any —T < s,t < T, any X = {x,9) G 91^1^ and 


^ = (?)A) S there exists a unique solution {X{t,s),E(t,s)) satisfying 


(7.5.1) 


!L 

dt 


with 


5(Ls) = -dx'H{t,X{t,s),E{t,s)), 


Xis,s) 
{s,s) 


X 


More precisely, we denote these as 


X{t,s) = X(t,s,X,H), E{t,s) = E{t,s,X,E). 


Assumption (B) For any —T < s,t < T, any X = {x,6) G 91^1^ and H 


exists a solution S{t, s, X, H) satisfying 

r dtS{t, s, X, E) + mt, X, dxS{t, s, X, E)) = 0, 
\S{s,s,X,E) = {X\E). 


(7.5.2) 

Moreover, it satisfies 

(7.5.3) 


dsS{t, s, X, E) - n{s, (-!)?’(-)9s5(t, 5, X, S), H) = 0. 


(^,7r) G 91^1^, there 


Putting 

(7.5.4) </^(t2,ti,to, X‘^,E\X\E^) = 5(t2,ti,X2,H^) - (X^IH^) + S{ti,to,X\E^), 


we need to get critical points (X^,H^) of (/?(t2, ti, to, X^, H*^) w.r.t. X^ which satisfy 

f 5A:i‘7’(t2, ti, to, X^, X^, H°) = 0, 

\ 9siV5(t2,ti,to,X^H\x\ “°) = 0. 


Assumption (C) For given (t 2 , ti, to, X^, H°), there exists a solution (X^,H^), denoted by 
(X^Hl) = {X\t2,h,to,X\E^),E\t2,h,to,X\E^)), 


which satisfies 
(7.5.5) 


dxiS{ti,to,X^,E^) - = 0 , 

9si5(t2,ti,x2,Hi) - (-l)P(=')xi = 0. 


Proposition 7.5.1. Defining fi^-(called sharp) product as 


[5(t2, ti)#5(ti, to)](x2, hO) = (^(t 2 , ti, to, x2, E\X\E^) 


Si=Sip2,ti,to,X2,SO) 


then 


(7.5.6) [{X\E)#S{t, s)]{X\E^) = [5(t, s)#{X\E)]{X\E^) = S{t, s, X\E^), 

(7.5.7) [5(t2,ti)#5(ti,to)](X^,H°) = 5(t2,to,X^, “°) for any ti, to < ti < t 2 . 
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Proof of (j7.5.6p : Put 

^ = {X^\E^) - {X^\E^) +S{t,s,X\E^). 


Since 

r dxMX^,E\X\E^) = -E^ + dxiS{t, s, X\E^) = 0, 

I d^Mx^E\x\E^) = {-iy^-\x^-x^) = 0, 


we have 


Therefore 


{X\Ey = {X^dxiS{t,s,XyE^)). 


^{XyE\X\E^) 


xi^x^=S{t,s,XyEy 


II 


Proof of (I7.5.7P : Substituting the relation derived from (17.5.51) . i.e. 

(7.5.8) = {-ir^~^d^iS{t 2 ,h,xyEy, E^ = dx^S{ti,to,X\E^), 


into the definition, we have 

(7.5.9) [5(^2,^l)#5(^l,^o)](^^HO) = Sit2,h,xyEy - {X^lE^ + Situto,X\E^). 

Differentiating (17.5.9p w.r.t. ti, we have 

dti [S{t2,ti)ffS{ti,to)] ={dtiS{t2,ti,X^,Ey + dt^E^ ■ 5s5(t2, ti, S^)) 

-{dt,x^-E^ + x^-dt,Ey 

+ dtiS{ti,to,X^,E^) + dtiX^ ■ dxS{ti,tQ,X^,E^). 

Remarking ()7.5.8p . we get 

dt^E^ ■ - {dtiX^ -E^ + X^ ■ dt^E^ + dt^X^ ■ dxS{ti,to, X^,E°) = 0. 

From ()7.5.2p and (|7.5.3p . that is, 

dt,sit2,h,x\Ey = n{tu {-ir^^^d^iS{t2, h,x^, e^, e^, 

dt,s{h,to,x\E°) = -nih^x^E^), 
applying (I7.5.8h once more, we have 

dti [S{t2,ti)ffS{ti,to)]{X°, “°) = dtiS{t2, ti,X‘^, H^) + dtiS{ti,to,X^,E^) 

= n{h,{-ir^^^^dES{t2,ti,xyEy,Ey-n{h,x\dxS{h,to,x\E^)) = 0. 
Since ti is arbitrary, taking ti = to, then the relations 

Sito,to,X\E^) = {X^\E^), E^ = dxiSih,to,X\E%^^^^=Ey 

we have 

[S{t2,h)ffS{h,to)]{XyE%^^^^=S{t2,to,xyE°). // 
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7.5.2. Superversion of products of FIOp. Denoting 

to, 2°) = to, =0)^ 


we put, for = (Z//(ti, to)u)(X^), 

(^t(ti,to)u)(Xi) = C3,2 [[ dE^)C{ti,to,X\E^)TuiE^), 


(^t(t2,ti)u)(X2) = C3,2 // dE^ICit2,ti,X^,E^)TviE^). 


Changing the order of integration rather freely, we have 

[^t(t2,ti)(^t(ti,to)n)](x2) = c|2 [[ dE^X{t2,h,X^,E^) 

X [[ 

J 


933|2 

= C3,2 / / dE^ [/C(t2,ti)A/C(ti,to)](x2,sO)J-u(HO) 

/fH3|2 


dE^X{ti,to,X\E^)XuiE^) 


where we put 

[/C(t2, ti)*/C(ti, to)] 


(7.5.10) 


- r 2 

— ^3,2 


936|4 


dE^dX^ X{t2,ti,X^,E^)e-^^ to, H°) 


= c^2 ff dE^dX^Ait2,ti,X^,E^)Aiti,to,X\E^)e^^ W{t2,ti,to,x^,E\x\E.o) 

with (y 9 (t 2 , ti, to, H°) dehned in (|7.5.4p . 

Though we want to show, by direct calculation with certain remainder term if necessary. 


(7.5.11) [/C(t2,ti)*/C(ti,to)](x2,H°) = /C(t2,to,x2,H°), 

this procedure is simple philosophically (because we know how to proceed in ordinary Schrodinger 
case) but seems complicated technically even for the free Weyl equation case (because odd variables 
stay as “variable coefficients”). 

To prove this as generally as possible, we need to calculate Taylor expansion of (p defined in 
(17.5.4p at (X^,H^). Putting as 

{rij,Wa) = r = E^-E^ = (^] - fj, - Wa), ivk, 'db) = Y = X^ - X^ = (xl - xl, 9l - 9b), 
a={a,a), a = (ui, 0 : 2 , « 3 ), a= ( 01 , 02 ), |o| = |a| + |a|, b = (/3,5), etc, 

$(sr,sy) = ^{sr]j,syk,swa,sdb) = (^(t 2 , ti,to,X^,+ sT,X^ + sT,H°), 
we have, abbreviating the dependence on {X'^,E^), 

4>(r, y) = $(o, 0 ) + ^ 4 ,( 0 , 0 ) + ^^^(0, o) + r, 

A n _ j3 

with R = R(T,Y) = ds ^ -^<h{sT,sY). 

Jo 

Claim 7.5.1. By the definition of {X^,E^), we have 
d>(0,0) =5(t2,to,x2,HO), 


(7.5.12) 
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(7.5.13) 

(7.5.14) 

(7.5.15) 


ds 


$(0,0) = Tdr<l>i0,0 ) + y(9r$(0,0), 


^$( 0 , 0 )= r^Y^d^d^mo), 

|a| + |b|=2 


ds'^ 

ds^ 


^{sr,sY)= r“y‘’5^5^4>(sr,sy). 

|a| + |b|=3 


Proof of Claim Yr.5.1\ By definition of T^^-product, we have (17.5.12p . 
By (|7.5.5p . (17.5.131) is obtained from 


ds 


^ + Vk^Vk + ^a^ma + 


(17.5.14p is rewritten as 
d^ 


~dAdj’^r)^ir)j +yk’^yyrij + 

+ yk[dj’^r),,yk + Vk'^yyyk + 


+ + Vk'^yuVJa + 


CL L*J f. / 'UJ ( 




bf^ai 


+ '^bivj'^riji'&t, y yk'^yy-Sh 
/ dj' \ 


= idj,yk,'!^a,'&b)-N 


yw 

'UJq! 

\^h' j 


where 


(7.5.16) 


N = 



^Vk'Vj 



^Vj'Vk 

^yyyk 

~^'^yyk 

~^'^b'yk 

^rijlZVa 

^yy-^a 

^■W^fWa 



^yy^b 

^mal'&b 



_ (Nbb ./Vbf^ 

^IVfb A^ff J ' 


More precisely, 


Nbb = 


^Vj'Vj 


4> 


Vk'Vj \ _ 


Vj'Vk ^yyvk 


/ 4 > 

4> 

4> 

4> 

$ 

V< 1 > 


mm 

^V2Vl 

^vsm 

^yim 

^y2m 

^y3vA 

mv2 


^mm 

^yim 

^y2m 

^y3V2 

mm 

^mm 

^mm 

^yim 

^y2m 

^y3V3 

viyi 

^myi 

^myi 

^yiyi 

^y2yi 

^ysyi 

my2 

^my2 

^my2 

^yiy2 

^y2y2 

^y3y2 

viys 

^V2y3 

^my3 

^yiys 

^y2y3 

^y3y3/ 


A^bf = 


-4> 


\'Vi 

'^a'y^ 




yaj ) ^ 

b'Vk 



~^i:u2m 


~^'&2vA 

~^ujiri2 

^ti72T?2 

~‘^i?ir;2 


~^miri3 

~^m2r]3 


~^'&2'n3 

— ^■wiyi 

~^ti72j/l 

~^'&iyi 

~^'&2yi 

“‘f* 071^2 

~^'W2y2 

~^'9iy2 

~^&2y2 

\~^'^iy3 

”^^2^3 

~^^iy3 

~^^2y3j 


Nbb = 


Vji'^b 


$ 


yy'^b 


^^771 roi 

^7?2roi 

^773ti71 

^j/iroi 

^1/2^771 

^J/3t77l'l 

‘hryiroj 

^>72^2 

‘h 7731772 

‘hy 17772 

‘hy2-!772 

^2731772 

^m^i 

^V2^1 

‘hr73i9i 

•hyiiJi 

^y2'Si 

CO 

V‘^r7ii92 

*^772 1?2 

‘^773192 

‘^J/ii92 

‘^y2'&2 

^y3'^2 / 
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( ^-ca^l-Wa 


^ZUi'Ci72 


^'dl'UJ2 




^ZUll^l 

^'iXi2'I?l 






^t772'I?2 




Concerning (j7.5.15p . we don’t mention precisely here. / 


In the above, to get an even super-matrix corresponding to the Jacobian for <I>(T, y), we have 
changed the order of vector notation as 


9^3|2 ^ ^3\2 ^ 

g^3|2 ^ ^3|2 ^ (r,Y) = {r]j,Wa,yk,'&b) ^ {llj, Vk,-CUa,'&b) 




Then, we need to calculate 


4 J ) 

J 


= ci ,2 


9^6|4 


dTdYA{t 2 ,ti,E^ + r)A{ti,to,E4e^’^ M‘i>(o.o)+(i/ 2 )${o,o)+ii]_ 


For free Weyl case. Now, we return to our special case such that 

(/? = S{t2,x'^,9'^,4,t^^) - - (6'V^) +‘5(ri,x\6»\^°,7r°) 

= + C^( 0 V^) - 0^0202 _ 

- - ( 0 V^) + + C°( 0 V°) - ^^0\0l - EOttOttO 

where T2 = t2 — h, ri = ti — toj C* = C* = “ *?2 with * = 0,1 and 

ni ^ ^ ^C^sin7(T2,|g^|) ^ sin7(T2, |g^|) 

<5(^-2, IC^D’ 5(r2,|C^|) ’ M(r 2 ,l^^|) 

^0 ^ IC°I ^0 ^ ^C°sin 7 (Ti,|g°|) 0 ^ C°sin 7 (Ti,|g°|) 

(5(ri,|C0|)’ J(ri,|C 0 |) ’ 


From (j7.5.5F we may define ~ satisfying 

r (^,1 = d,,S{h,to,X\E°)-i] = -i]+Cj = 0, 

3 3 J J J 

= ~^k + d^iS(ti,to,X^,'^°) = = 0, 

(/ 90 i = dgiS{ti,to,X^,^^) - ^2 = -^1 + C°vr? - D °02 = 0 , 

‘Pel = del‘S{ti,to,X^,'^°) - = -^2 + -h = 0, 

= d^iS{t2,ti,X'^,E^) + §1 = -&el-E}nl + d\ = 0 , 

^ = d^,s{t2Ai:X\E4 + el = -c^el + + el = o. 


From these, we have 

° <5(1-1, |C°|)5('r2, |C°I) 


with Cq = 


_ l^°l 

^('l' 2 ,IC°l)’ 


1 ^ C° sin 7 (T 2 ,|g°|) 

° M(r 2 ,|C°|) 



(l-D%)-i 

( 1 - 0 %)-! 


(-EJ 

(-1 




-CV"! 
CJ«? } ' 
'-CV"! 

, cje| ) ■' 


Therefore, 
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(7.5.17) 


0l = 0l{T2,Ti,9‘^,f,TT^) 
^2 = ^2('r2,Tl,6»2,^°,7r°) 
^2 = ^2('^2,Tl,6»^^°,7r°) 

= fi-i(r2,Ti,6»^^°,7r°) 


1 


5(ri +r 2 ,lC°|) 
1 

+T2,|^0|) 

1 

hn +'r 2 ,|^°|) 

1 

5(ri + T 2 ,|C° 1 ) 


[^(n, sin7(T2, lC°l)vr^] 

[hC^ sin7(Ti, |^°|)(9? + 5(r2, |?°|)7r^], 
[;i"^C°sin7(T2, |C°|)vr? + j(ri, |^°|)6l^] 
[^('^2, |^°|)vr? - ^C°sin7(ri, |^°|)6»i]. 


For notational simplicity, we put 


<l>(sT’, sY) = + ST]) + C^(s)(0^|7r^ + svu) — — E^(s)(7r| + sti7i)(7r2 + SW 2 ) 

— {x^ + sy\i^ + ST]) — {9^ + s? 9 | 7 r^ + sw) 

+ {x^ + sy\f) + + Si?|7r0) - + si9i)(0i + sils) - E°7r?7r° 


where 

pi/ N _ _ |g° + ^^1 p,!/ N +S7/1+ ig + is7?2)sin7(r2,|C° + gi?|) 

S{r2,\e + sv\y S{T2,\C^ + sy\) 

1 . . ^ iCl+Sm -Z^^-ZS7?2)sin7(T2,|C° + S7?|) 

M(r2,|^0 + sr?|) 


Therefore, we have 

C'Ho)=C'o\ DHo) = dI, E\0) = Ey 


By definition above, we have 

^<h(sT, sY) = {x'^\t]) + C^(s)(0^|7r^ + sw) + C^(s)(0^|ti7) — D^(s)0^02 

- E^(s)(7f| + Sn7i)(A2 + StI72) - E^(s) [- 071(712 + SO 72 ) + (tTi + S07i)072] 

- {y\i^ + ST]) - {x^ + sy\r]) - {'d\n^ + sw) - {9^ + s^\w) 

+ (l/le°) + C°(i 9 | 7 r°) - B°[M 9 l + 5 ^ 92 ) + { 9 \ + si?i)i? 2 ], 

-^^sT,sY) = {s){9y^^ + sw) + 2C^{s){9yw) -t)^{s)9l9l 

- E^(s)(A| + S07i)(t2 + SW 2 ) - 2E^(s)[o7i(7r2 + S 072 ) + (tti + S07i)072] 

— 2E^(s)t77i072 — 2(y|?7) — 2(i?|o7) — 2D*^i?ii?2, 

^<l>(sT, sY) = C^(s)(6'^|t^ + sw) + 3C^(s)(0^|o7) — 'D^{s)9f92 

- 'E^(s)(t| + S07i)(t2 + SO 72 ) - 3E^(s) [- 071(712 + SW 2 ) + (Hi + S07 i)072] 

— 6E^(s)07i-072 

= ro{s) + ri(s)o7i + r2(s)o72 + r2{s)wiW2 


ro{s) = C^(s)((9V^) - D^('S)(9?6'i - E^(s)7li7l2, 
ri(s) = s'C^(s)0? + 3C^(s)6'f + sE^(s)7l2 + 3E^(s)7l2, 
r 2 (s) = s'C^(s) 0 | + 3C^(s)02 — s'e^(s)71i — 3E^(s)7li, 
T 2 (s) = —s^'E^(s) — 6 sE^(s) — 6 E^(s). 


where 
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Exercise 7.5.1. Show, by plugging (17.5.17p into <^(0,0), 

<^(0,0) = + CHO)(0V) - (0)0202 _ 

- - (0^#!) + (x^lO + C°(0V°) - 000^02^ - E07r?7r° 


= S{t2-to,X^,E^). 


Proceed analogously to prove, 

^#(0,0) =0. 


For terms in (17.5.181) . using integration by parts, we get 
^ (1 - sf d? 


with 


/ 


ds- 


2! ds3 


<l>(sT, sY) = i ?0 + R\vJi + R\w 2 + R 2 VUi'CU 2 


Ro = Ro{X^,p,E^) = (C^(g)(02|fi^) - D^(s)0^0| - E^(s)ft|fi-^ 

= (C(l) - C(0) - C(0) - lc(O))(02|^ti) - (D(l) - D(0) - D(0) - ^D(O))0202 

-(E(l)-E(0)-E(0)-iE(0))fiiTi, 




R\ = R\{X'^,p,E^) = f ds ^ ^ (g'c^(s)02 + 3 C^(s) 02 + sE^(g) 7 r 2 + 3 E^(s) 7 r 2 ) 

00 


= (C(l) - C(0) - C(O))02 + (E(l) - E(0) - E(0 ))t2\ 


Rl = = j 21 '^^ (gC^(g)0i+ 3C^(g)02 - sE^(s)7r| -3E^(s)7rJ) 

= (C(l) - C(0) - C(O))022 - (E(l) - E(0) - E(0 ))t 1, 
i ?2 = = - [ ds ~ ^ {s‘^e\s) + 6 gE^(s) + 6 E^(s)) 

Jo ^■ 


= -Ei(l) + Ei(0). 

From (17.5.17E we have 

1 


(0^') = 


TT^TTg — 


(,5(r2, |C°|)(0V°) - sin7(ri, |e^|)0i"02"), 


0 |\/ 32 fl 2 N 


5{n +'^2,1?°!) 

1 

+ t2, 1^°1) 


{S'\t 2 , |?°|)vr? 7 r^ - sin 7 (T 2 , |?''|)( 5 (r 2 , |^''|)(0''K' 


0|\/fl2| 0\ 


-h^{C^fsm^j{T2,r\)e'iel 


0\\n2a2 


Using above, we have 

(7.5.19) 


C^(O)(02|fti) + 2C^(O)(0V) - i>\O)9l0^ 

— E^(0)7r|it2 — 2E^(0)[roi7r2 + 7r|tr72] 

— 2E^(0)roizi72 — 2(y|0) — 2(i?|tu) — 2D*’'0ii?2 
^> 2 (X 2 , 0 , “°) - 2{y\p) + ^ 2 ( 0 ^ 0 , ro, d, 7 r°, ^°) 


with 

Mx^,r],E^) = cHo){e^\it^) -i)\o)elel -E\o)itlitl 

'I'2(ro,i?, 0 ^, 0 , 71 '^,^°) = 2C^(O)(0^|tz 7) — 2E^(0)[ti7i7r2 + '7rjtr72] — 2E^(0 )tz7itz 72 — 2(i?|ti7) — 2D°i?i'02- 
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From (j7.5.19p . we have 

J 


= e*'* -*-(0-0);j2 / / 


(27r/i) 


-3 


drjdy- 


X e 


ie°i ie° + r/i 

(j/|f?>+2“^<I>2(Y2,»7,H°)+2“l4'2(ro,'!9,r),7r°,5°)+_R^ro2+-R2(»?)roiro2+-Ro) 


Remarking 

(27rh)-3|y' =5(0), 


holds for suitable function g, and 




Q- 

II 

O 

II 

c-(0)|,=„ = 0, 

c-( 0 )U = 0 . 

(7.5.20) 

C>‘(o)l,.„ = o, 

D‘(0)|,=o = ». 

II 

o 

II 

we have 

E-(0)|,.„ = 0. 

II 

o 

II 

O 

II 

o 

II 

O 


^$(0,0)(x2,r?,HO)|^^Q = -2Ei(0)ruiri72-2(i9|t77)-2D%i?2 and = 0. 

Therefore 


cl^ff dTdYA{T2,E^+T)A{n,Ey 


,i;i-i[-l>(0,0)+2-i'I-(0,0)+R] 


= e 


(7.5.21) 


^ih JJ (irodi^exp [-E^(0)roiro2 - (i9|ti7) - D°i?i'!?2] 

_ ^^ft~l5(ri+T2.A^5°)^2 ^('^1; 1^ |)^('F2,|^ |) ^^^ _ ( 0 )) 


= e 


ih' 


_ l^°l l^°l 

a5('Ti+T2,A2sO)fc2'^('^l + '*'2> l?°l) 

le°l • 


In fact, to prove (17.5.20p . 


d 


+ s?7| = 


{(^ + ST]\r]) 0 


ds |,^0 _|_ g^l ’ (lg2 

and putting 7r(s) = ch~*T|^o _|_ have 


\e+sv\ = 


+ ST/E - (^0 + sri\r])" 
1-^0 + sr/P 


-^j^(s)=ch ^T-^\f + sr]\, ^7^(s) = ch ^r^\^^ + ST]\, 
ds ds ds^ ds^ 


d 

ds 


IC° + 5dl|^=o 


= 0 , 


= 0 , 


^7r{»)|,=„ = 0. 


therefore, 
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Using above 

^ 5 (r, + S7?|) = + sr]\ cos 7r(s) - + sr/|>(s) sin 7^(5) 

- ir]3 sin7^(s) - + sr] 3 )jr{s) cos 7^(5), 

^j{T,\e + srj\)\^^^= 0 , 

^ 5 (r, + sr]\) = + ST]\ cos 7r(s) - 2^|C° + sr]\jris) sin 7^(5) 

- |^° + S7I [7.^(5) sin7.^(5) +7^(s)cos 7 t(s)] 


- 2ir?37^(s)cos 7^(5) - 7(^3 + 5%)[7^(5) cos 7^(5) - 7^(5) sin7^(5)], 


+ srj\) 


= 0 . 

s =0 


From these, we get 


cHs) 

cHs) 


-^\^° + sri\6 ^(r, l^° + sry|)-|^° + sr/|5 + sri\)-^5{T,\f + sr]\), 

as as 

+ sr]\5-^{T, + S7I) - l^° + '®^l) + + ®^l)’ 


c'(o) 


= 0 , 

r}=0 


C\0) 


= 0 , 

77=0 


Analogously, we prove other equalities in (|7.5.2UF 


// 








CHAPTER 8 


Supersymmetric Quantum Mechanics and Its Applications 


8.1. What is SUSYQM 

8.1.1. Another interpretation of the Atiyah-Singer index theorem. Seemingly, being 
stimulated by a physicist E. Witten’s paper M, a mathematician E. Gezler declared in the 
introduction of his paper |55j that 


The Atiyah-Singer index theorem is nothing but the superversion of the Weyl’s 
theorem on the asymptotic behavior w.r.t. time t for 

Here, (M, g) is a compact d-dimensional Riemannnian manifold, is the Laplace-Beltrami oper¬ 
ator corresponding to the Riemannnian metric g = gjk{q)dq^dq^. Though, he declared this, but he 
didn’t try to demonstrate this assertion directly in that paper. 

Our goal in this chapter. We interprete his declaration and calculate the index for the simplest 
example following prescription of Witten and Getzler. 

Roughly speaking, his declaration is sketched as follows: Let K{t,q,q') be the kernel of the 
fundamental solution of IVP 


d 1 

-^v{t,q) = -Agv{t,q) with limv{t,q) = v{q). 


t^Q 


That is. 


where 


j{t,q)= [ dgq'K{t,q,q')v{q') = {e^^^/‘^v){q) 
Jm 


g{q) = det( 5 ij(g)), dgq = y/g{^dq, Ag = d*d = 




Then, the Weyl’s theorem states that belongs to trace class and 

tr(e*^®/^)= f dgq K{t,q,q) ^ f dgql when t —)■ 0. 

Jm Jm 

Here, d is the exterior differential, d* is the adjoint of d w.r.t. dgq and = d*d which is desired 
to be derived from Yl'j k=i9^^i^)PjPk £ C°°{T*M : M) by “quantization”. 

His claim goes as follows: Extencj^ {M, g) superly denoted by (M, g) where M is a supermani¬ 
fold corresponding to M and g is a super Riemann metric of g. In this case, A^ corresponds to the 
form Laplacian dd*+d*d acting on differential forms on (M, g), moreover, it has the supersymmetric 
structure. 


^for simplicity, we only consider the case M = in this section, and concerning Riemann metric g = gij{q)dq'‘dq^ 
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Therefore, calculating the trace of the kernel for ^^gt(<id*+d*d)/ 2 v ^ Witten index 

which gives us new proof of Atiyah-Singer index theorem. 


Remark 8.1.1. (0) For a given Riemann metric g on we calculate its super-extension g 
in ^6 of Chapter 9 which corresponds to the symbol of dd* + d*d. 

(i) What occurs when we quantize Lagrangian k=i 9jk{Q)4^on {M,g)? In case if we 

quantize following Feynman’s prescription with purely imaginary time, the quantized object deviate 
(l/12)i? from (l/2)Ag with R=the scalar curvature (see B. DeWitt [34], Inoue-Maeda |79j ). 

(a) See also, the recent work of Y. Miyanishi [IQ5|, where he constructs a parametrix for the 
Schrodinger equation on S'^ with action integral deformed with (l/12)i? from (1/2)A^, but R = 2 
for 5^. More precisely, he goes as follows; 

Let q,q be 2 points on 5^, let 70 G C'Lg.g be the shortest path between them with length d{q,q). 
Taking a bump function x with compact support contained in d{q, q) < vr, he defines an integral 
operator 

U{t)uiq) = ^ [ 

J 

where 




S{t,q,q) = 


d{q, q) 


and A{t,q,q) = 


9 ^^\q)9 ^^\q)det 


d‘^S{t,q,q) 

dqdq 


1/2 


Then, he asserts that taking the suitable products of these operators corresponding to time slicing 

method and restricting it to “lower energy” part of {l/2)Ag, then it converges to the solution of 

.,duit,q) h? . , / _N /-N 

in — = —AgU{t,q) with hniu{t,q) = u[q). 

CJl 2d i ^0 


Bis definition of the integral operator is different from ours because he needs to introduce 
additionally the cut off and to use not only the action integral but also van Vleck determinant 


corresponding to the shortest path between two points By the way, how to recognize the claim 
“put equal weights for every possible paths” in physics literature? From my point of view, if we 
consider “weights” as amplitude, we need to use 

dqdq J 

or need another phase factor for each path as proposed in L. Schulman m\- 


det 


with for any 7 G Ct^q^q 


The usage of the projection to low energy part corresponding to the spectral decomposition 
for (l/2)Ag make us suspicious “Is his procedure truely quantization?”, because the quantization 
should be carried out only using classical quantities. To overcome this point, it seems reasonable 
to present such projector using classical objects like Fujiwara |48j . f Moreover, he adds also the 
factor g~^^'^{q)g~^^‘^{q) to permit Copenghagen interpretation, that is, consider time evolution in 
the intrinsic Hilbert space (=half density bundle). 


In spite of these, we hav 
d 


ih 


dt 


/ dgq 

Js^ ~ 


/ d‘^S{t,q,q) 


1/2 


Jh ^S{t,g,q) 


u{q) 


= r 


t=0 


-A„ + —R 
2 ® 12 


u{q). 


^In our case considered, we only have the unique classical trajectory! 

^no problem for integrability and differentiation under integral sign for this case 
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That is, this guarantees us Feynman’s picture of quantization. Therefore, it seems more natu¬ 
ral to consider separatel^ two things, one is quantization process and another is eonstruetion of 
the fundamental solution for evolution equation eorresponding to that quantized objeet having as 
infinitesimal operator. 


Remark 8 .1.2. As mentioned before, how do we interpret the saying “put equal weights for 
every possible paths”: it is explained, for example, in D. V. Perepelitsa as follows (with slight 

modification): 


Feynman [44j posits that the eontribution to the propagator from a partieular trajec¬ 
tory is exp[i/i“^iS'( 7 )] where 7 = 7 (-) € Ct,q,q- That is, every possible path contributes 
with equal amplitude to the propagator, but with a phase related to the classical ac¬ 
tion. Summing over all possible trajectories, we arrive at the propagator. The nor¬ 
malization constant A{t) is independent of any individual path and therefore depends 
only on time. 

U{q,t-q,t))=A{t) Y, 

'y^Ct,q,q 

Since I explained in seetiion 1.3 of Chapter 1, as there doesn’t exist full Feynman measurj^, we 
“approximate” Opj on Ct,q,q by the mea.sure on M with some density function, that is. 


Dh) 



/ d^S{t,q, q) 
V dqdq 


1/2 


D{t,q,q), 


where Si^) = S{t,q,q) = [ dt L{-f{s),'y{s)), 

Jo 

but even taking the classieal trajeetory 7c G Ct^q^q in D{jc), it generally depends not only on t but 
also {q, q) ? 


8.1.2. What is SUSYQM?. In order to make clear what should be calculated, we cite the 
definition. 

Definition 8.1.1 (p.l20, H.L. Cycon, R.G. Froese, W. Kirsh and B. Simon [28]). Let Sj be a 
Hilbert space and let H and Q be selfadjoint operators, and P be a bounded self-adjoint operator in 
Sj such that 

H = Q2>0, p2=I, [Q,P]+= QP + PQ = 0. 

Then, we say that the system (H, P, Q) has supersymmetry or it defines a SUSYQM(=supersymmetrie 
Quantum Meehanics). 


Under this circumstance, we may decompose 

■^1 = lib ® where = {u G | Pu = —u}, .^b = {^ G | Pu = u}. 


‘^From Feynman’s introduction and Fujiwara’s procedure, we, at least myself, insist too much to get quantized 
object from Feynman picture implies also to have directly fundamental solution of Schrodinger equation by his method 
^Recall also, there doesn’t exist “functor” called full quantization, see Abraham-Marsden 
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Using this decomposition and identifying an element tt = ttb + itf G as a vector ( , we have a 

representation 

P = ^ ^ ~ simply denoted by) 

Since P and Q anti-commute and Q is self-adjoint, Q has always the form 

(8.1.1) Q=(" f) and /^.) , 

where A, called the annihilation operator, is an operator which maps i^b into and its adjoint 
A*, called the creation operator, maps into i^b- Thus, P commutes with H, and ijb and are 
invariant under H, i.e. Hijb U i^b and Hi^f C That is, there is a one-to-one correspondence 
between densely defined closd operators A and self-adjoint operators Q (supercharges) of the 
above form. 

Definition 8.1.2. ITe define a supersymmetric index o/H if it exists by 

inds(H) = dim(Ker(H|i3b)) — dim(Ker(H|i3f)) G Z = Z U {±oo}. 

On the other hand, we have 

Definition 8.1.3. LetX, Y he two Banach spaces and let C{X,Y) be a set of densely defined 
closed operators from X to Y. T G C{X,Y) is called Fredholm iff the range of T, R(T), is closed 
in Y and both kerT and Y/R{T) are finite-dimensional. T G C{X,Y) is called semi-Fredholm iff 
R[T) is closed in Y and at least one of kerT and Y/R{T) is finite-dimensional. If the operator is 
semi-Fredholm, then the Fredholm index indi;’(T) = dim(kerr) — dim{Y/R{T)) exists in Z. 

Corollary 8.1.1. If the operator A is semi-Fredholm, we have the relation 
inds(ff) = indpiA) = dim(Ker A) — dim(Ker A*). 



In order to check whether the supersymmetry is broken or unbroken, E. Witten introduced 
the so-called Witten index. 

Definition 8.1.4. Let (H,P,Q) be SUSYQM with (j8.1.1h . 

(I) Putting, for t > 0 

At{U) = tr - e-'^^‘) = str 

we define, if the limit exists, the (heat kernel regulated) Witten index Wh o/(H,P,Q) by 

Wh = lim At(H). 

t—>00 

We define also the (heat kernel regulated) axial anomaly Ah o/(H,P,Q) by 

Ah = lim At (H). 


(II) Putting, for z G C \ [0, 00 ), 

A^(H) = - 2 tr[(A*A-^)-^ - (AA* -z)-^] = -^str (H - ^)-\ 

we define the (resolvent regulated) Witten index Wr o/(H,P,Q), if the limit exists, by 

Wr= lim A,(H) for some Cq > 0. 

2 - 10 , 

IKzl^ColO^I 
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Similarly, we define the (resolvent regulated) axial anomaly Ar by 

Ar = — lim Az{H) for some Ci > 0. 
|3fJzf<cT|Q2| 


We have 

Theorem 8.1.1. Let Q be a supercharge on Sj. If exp{—tQf) is trace elass for some t > 0, 
then Q is Fredholm and 


rndtiQ){independent oft) = indi;’(Q) = mds{H). 

//(Q2-z)-1 is traee class for some z € C \ [0,oo), then Q is Fredholm and 

mdz{Q){independent of z) = mdi;’(Q) = mds{H). 

Concerning definitions used in above theorem: 

Definition 8.1.5. Let X, Y be two Banach spaces and let C(X,Y) be the set of all 
densely defined closed operators from X to Y. T G C{X,Y) is called Fredholm if it has 
closed range R{T) in Y and kerT and Y/R{T) are finite dimension. T G C{X,Y) is 
called semi-Fredholm if R{T) is closed in Y and if at least one o/kerT or Y/R{T) is finite 
dimension. 

IfT G C(X, Y) is semi-Fredholm, then Fredholm index\a.dF{T) = diin(kerT)—dim(F/i?(T)) 
exists in Z. 

Corollary 8.1.2. If an operator A is semi-Fredholm, we have 
inds(H) = indi;’(T) = dim(kerT) — dim(kerT*). 


8.1.3. Examples of SUSYQM. 

Example 1. [Witten |143] ] Let {M,g), g = Yli ^ d-dimensional smooth 

Riemannian manifold. We put A(M) = U^^qA^(M) or Ao(M) = U^^qAq(M), where 

A\M) = {u,= uJi,...i,{q)dq^^A---Adq^>^\oj,,...i,{q)GC^{M:C)}, 

Ag(M) = {(u € A^{M) I uji, ...i,{q) G C^{M : C)}, A^(M) = {w C A^(M) | ||a;|| < oo}. 

Let d be an exterior differential acting on ...if^{q)dq^^ A ■ ■ ■ A dq'^'^ as 

= Adq^^ A • • • A dq^F 

dq] 

1=1 

P is defined by Pw = (—l)^cj for uj G A^(M). 

Put Y) = A(M) where A(M) = U^^qA^(M) with A^(M) is the closure of A^(M) in L^-norm 
II • ||. Denoting the adjoint of d in by d* and putting 

Qi=d + d*, Ct2 = i{d-d*), H = Q? = Q| = dd* + (i*d, 


we have that (H, Q^, P) has the supersymmetry on Y) for each 0 = 1,2. 









148 


8. SUSYQM AND ITS APPLICATIONS 


Example 1'. [Witten’s deformed Laplacian |143j ] For any real-valued function (p on M, we 

put 

dl = e^^d*e-^^ 

where A is a real parameter. We have = 0 = 

Qix = dx + dl, Q2x = iidx-dl), Ilx = dxdl + dldx. 

Defining P as before, we have the supersymmetric system (H;^, Q„, P) on Sj for each a = 1, 2. 
Now, we calculate H;^ more explicitly: 

Hx = dd* + d*d + X\dpf + 

*j'=i 

Here, the annihilation and creation operators and a^*, respectively, are dehned as follows: For 
any 0 < ^ < d and q G M, 

' cd*dq^^ A • • • A dq^^ = dq^ A dq^^ A • • • A dq^‘, 

Uqdq^^ A • • • A dq^‘ = ^^(—1)^5*'^'= {Q)dq^^ A • • • A dq^'^~^ A dq^^+~^ A • • • A dq^^. 

^ k = \ 

Then, these give mappings from A{T*M) —)• A{T*M), and we get 


Moreover, 


^g]+ 

K,af]+ = 9 *^( 9 ), 

K, 

<]+ = 

a dp dp 

^ — Y7.Y7 

Dp^ 

dp^ 

dq^ dq^ ’ 

DqWq^ 

Dt 

dt 




[Notation]: For w = ... 4 (g)dg*i A • • • A dg'*'', we put 

(Y7 ./ ,V _ didj^ ■■■ik _ \ ^ . 


dq^ 


rd 


Then, we have 

d d d 

- E d = Y, d* =-Y1 

k,l^m 1=1 1=1 


1=1 


d’u: = - Eb*. -..wi 


IT 


dq^ 


Ls 


X dg*i A • • • A dg*"-! A dg®’’+i A • • • A dq'-*^. 


The most important thing is to consider the operator H;^ as the quantized one from the 
Lagrangian 


Cx = 


1 


dt 


,dq^ dq^ 1 , , ^ dp dp 

Qiii -1“ -)H- RiiklP P P^P ~ 

dt dt ^ Dt ’ A ^ ^ ^ ^ 5g* dq^ 


- X- 




Dq^Dqi 


rp^lfP 


Here, we used the summation convention and p'' and i/’* are anti-commuting fields tangent to M, 
which becomes the creation and annihilation operators after quantization. After representing the 
solution of 


A = X ^HAtt(t), 
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and applying the SUSYQM structure, he concludes that the principal term above when A —>• 
oo(A“^ ~ K) is governed by the instantons or tunneling paths corresponding to C\. That is, those 
paths are defined by Lagrangean below; 


r ^ f rui _L \2 ij 


y 


dt 


dt ^ dq^ 




Using these paths with physicists’ steepest descent method, he may calculate Witten index. 

Example 2. (Deift |31j in p.l23 Cycon et al. |28j ). Let S) = L^(M) (8) = L^(M : C^) = 

and be a polynomial in q. Set A = d/dq + 0(g) and A* = —d/dq + 0(g) with domains 
D{A) = D{A*) = G H^R) \ c^u G L‘^{R)}. 

0 


*^■14 + ' 


+ 
dq ^ 


P = ( ^ ^ 

0 r \o -1 


Then, D{AA*) = D{A*A) = {u £ L'^{R) \ u", cjx'u G L‘^{R)}, 

A*A = + 0^(g) - 0'(g), AA* = + 02(g) + 0'(g), 


and 


f-^+yy)-yiQ) 


0 


-|. + 02 (g)+ 0 '(g);- 

This (H, Q, P) forms a SUSYQM in 
(i) Especially 0(g) = g, we have 

dim(Ker A) = 1, dim(Ker^*) = 0, indF(^) = 1 = inds(H). 


(ii) (Bolle et al. 


For real-valued 0, 0^ G L° 
lim 0(g) = 0± G K 

g—>-±oo 


, we assume that 
>- < 0+, 


/ dq{l + \q\y(l)'{q)\ < oo and [ dg (1|g|2)|0(g) - 0±| < oo. 

i/ M. M. 

Then, they assert that, for z G C \ [0, oo), 

A^{U) = - z)-^y, Wij = i[sign(0+) - sign(0_)] and Mh = 0 . 

Remark 8.1.3. Especially, physicists have the above result by calculating the quantity 


dgd0d0 


[dg] [d0] [d0]e- fo dsC{q(s),q(s)Ms),i}(s)) 


' {t—periodic} 

but it seems difficult to make rigorous their procedure mathematically. 


8.2. Wick rotation and PIM 


Though arguments so far in this chapter mainly treat (abstract) heat equation, but we need 
special trick if we use Fourier transformation within path-integral method. Because, if we naively 
proceed as before, we may have 

j dpD^^‘^{t,q,p)e^d,q,p)^(^p') 
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and by Fourier inversion formula, we need to have at t = 0, 




= 1, e 


S{t,q,p) 


1=0 


= e*®. 


1=0 


Since the second requirement above seems strange because S{t,q,p) S M, therefore we need to 
reconsider the procedure from scratch. 

8.2.1. Quantization and Path-Integral Method. From a Lagrangian 

m 


L{q, q) = + A{q)q - V{q) S C°°(TM), 


( 8 . 2 . 1 ) 

by Legendre transformation, we get a Hamiltonian function 
( 8 . 2 . 2 ) 

whose hamilton flow is defined by 


H{q,p) = ^{p- A{q)f + V{q) G C^{T* 
2m 


(8.2.3) 


with 

P = -Ha, Vp(0) 


Quantum mechanics. Substituting —ihdq into p in (j8.2.2j) . we “quantize” this as 
(8.2.4) 


ih 


= H{q, -ihdq)u{t,q), 


with 

(8.2.5) 


dt 

uit,q)\^^Q = u{q), 

H{q,-ihdq) = A{q)] +Viq). 




( 8 . 2 . 6 ) 


8.2.2. LPIM and HPIM. Feynman feels not good at this “quantization” because Bohr’s 
corresponding principle is not seen transparently. Therefore, he introduces LPI=Lagrangian Path- 
Integral as 

\t,q,q)= [ dFqe^^~'fodsL{g{s),g{s))^ 

with g = {q{-) G V{[0,t] : M) | q{0) = q, q{t) = q] 
which gives the solution of (18.2.41) by 

u{t,q)= j dqK^{t,q,q)u{q). 

How about HPI=Hamiltonian Path-Integral? 


(8.2.7) 


K^{t,q,q)= / dpqdppe^^ ^ 


JrH 


with Ct^q^q = {{qi-),p{-)) G V{[0,t] : r*M) | q{0) = q,q{t) = q,p{-) : arbitrary}. 


Though Hamilton mechanics enlarges the scope of Lagrange mechanics, is such “extension” 
truely necessary for PI? From above representation, check at least when t —)• 0 whether 


( 8 . 2 . 8 ) 


lim dqK {t,q,q)u{q) =u{q). 
t^o - - - 
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In other word, 

[ dpq dpp ^0 dslg(s)p(s)-H(g(s),p(s})] ^ _ g)7 

But this is doubtful because if paths q(-) or p(-) are smooth and t —)■ 0, then seemingly 

f ds[q{s)p{s)-H{q{s),p{s))]^07 
Jo 

Remark 8.2.1. Therefore in stead of above (j8.2.7p . Kumano-go and Fujiwara |94j put 

[ ds\p{s)dq{s) - H{q{s),p{s))] = to gain “jump” p(0)(g(t) - q{0)) 

J[o,t) 

using Lebesgue-Stieltjes integral for left-continuous q{-) on (0, t] and right-continuous p{-) on [0,t). 
That is, by definition, 

/ dsp{s)dq{s)= lim > p{9j)[q{tj) — q{tj-i)] where 9j ^ [tj-i,tj) 


i=i 

N 


lim + 0){q{tj) - qitj-i)) + [ dsp{s)q{s)]. 

4-1 


Though it seems necessary to include discontinuous paths in V, but I’m not sure such choice of 
paths are adequate or not. This will he touched on at the last section. 


By the way, since there exists no rigorous Feynman measure, one may define “path-integral like 
object” rather freely. I declare my opinion concerning Path-Integral Mehod (not Path-Integral). 


My dogmatic opinion 1 : Path-Integral Method, if it is the one related to quantum mechanics, 


should be the representation of solution which exhibits the Bohr correspondence transparently! 


My dogmatic opinion 2 : Broken line approximation is a sort of Trotter-Kato formula far from 


PIM idea! Schematically, 

gift-1 dsL('y(s),j(s))^^^ ^ ^ih-^ /g dsK(7(s)) gift-1 ds^-y^{s) 


But formulation applying this procedure seems meaningful to construct a parametrix or a funda¬ 
mental solution for a already known PDF. Feynman’s procedure is not to derive a PDF rather to 
offer a black box to yield physical explanation for experimental facts. 


Claim 8.2.1. Under these dogmas, we explain why we need HPIM if the order of spacial 
derivatives are one. This point of view is already explained in ^2 of Chapter 1 concerning IVP for 

(fTXTTl) . 

Problem 8.2.1. 1. Reinterprete the papers N. Kumano-go |92j . J. Le Rousseau |98] from 
above point of view. 

2. How to find the representation of solution for Dirac equation under my dogma, we need HPIM 
with superanalysis. 

d III d G 

q) = “ g4(^> 9 )) + q)- 


8.2.3. Relation between quantum and heat. 
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8.2.3.1. Purely imaginary h. It seems well-known that for a solution u{h : t,q) of IVP of 
Schrodinger equation (I8.2.4p . bringing h to —i, that is, putting v{t, q) = u{—i : t, (?), we have 

dt 


(8.2.9) 


q) = ^ + V(q)]v(t, q). 


2m 


We need to pay something making Schrodinger to heat. In fact, comparing this (j8.2.9p with (18.2.141) 
below, we need to take +A and +V instead of —A and —VI By the way, from heat to Schrodinger, 
we pay more, because in general analytic semi-group is not extendable to imaginary time! 


8.2.3.2. Purely imaginary mass. As another way connecting Schrodinger to heat, E. Nelson [l06j 
proposed to complexify the mass m to imaginary one i/r to have 

—v(f A = (- 

with h = \ and A = 0. 


(8.2.10) h^v{t,q) = ^ -iViq)]v{t,q) = - iV{q)]v{t,q) 


2p 


2// 


8.2.3.3. Wick rotation. [Purely imaginary time] Though h and m may be considered as param¬ 
eters, but time t is a dependent variable. Therefore we need some care to make time imaginary. 

For a solution u{t,q) of (I8.2.4p . taking 9 e [0,7r/2] and r € M, we put 


( 8 . 2 . 11 ) 


w{T,q) = u{t,q) 


= u{e '-^T.q). 


t=e 


Then it satisfies at least formally 

( 8 . 2 . 12 ) 


= e "^H{q,-ihdq)w{T,q), 


dr 

wiT,q)\^^f^ = u{q). 
This implies that for initial data i/;(0, q) = u{q), 

Bw{T,q) 


(8.2.13) 


ih 

h 


dr 
d w{T, q) 
dr 


= H{q, —ihdq)w{T,q) with 0 = 0, 

= —p[{q,—ihdq)w{T,q) with 0 = 7r/2. 


For heat type equation, we “assume in general” that all coefficients are real-valued and it satisfies 
(8.2.14) |-u(f, q) = - V{q)]v{t, q), 


2m 


but by Wick rotation from u{t,q) of (I8.2.4p . we get 
d , {-ihdq - A{q)f 


(8.2.15) 


{naq-iA{q)f 


^^v{t, q) = - V (q)]v(t, q) = ^ _ y (q)jv(t, q). 


dt '"'' ' 2m L 2m 

I feel discrepancy! Because even if fi = 1, we must change —A —iA\ 

Therefore, starting from ()8.2.2I) . after quantization we get (I8.2.5p . from it we have three slightly 
different heat type equations. 

Problem 8.2.2. From the right-hand operator in (I8.2.12|) . we define its symbol 


(8.2.16) 


H{q,p) = e ^^H{q,p) = e 




[e "^H{q,-ihdq)]e 


ih ^qp\ 


\h=0' 


Can we quantize H{q,p), so I called, by PIM? And ask whether a functor-like procedure PIM 
(Lagrangian or Hamiltonian) and a restriction of 9 to 9 = 0 or 9 = Trf 2 are commutative under 
what condition? 
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A tentative conclusion. Applying Lagrangian PIM, answers are affirmative. 

But for 0 = 7r/2 with Hamiltonian PIM, something curious occurs, in the sense that it seems 
impossible to use Fourier inversion formula and by a device, we may have heat type equation with 
not real coefficients when A{q) exists. 

Question. Is that impossible in general to apply HPIM for heat type equation? Especially, is 
it possible to include vector potential in Riemann metric by considering A[q) stemming from the 
connection? 


8.2.4. H-J equation. 

8.2.4.1. Classical-flow. Putting H{q,p) = H{q,p), we have 

dH{q,p) ig 1 


(CM) 


Qj = 


dpj 




m 


Pj = = e [^{Pj - Aj{q))dq.Aflq) - dg.V{q)] 


with 


'qjiO) = qA 

yPi(0)=pJ' 


dqj 




8.2.4.2. Action integral(L). For the solution {q{o',q,p),p{a,q,p)) of (ICMh . we put 

(8.2.17) So{T,q,p)=[ da[q{cr,q,p)picr,q,p) - H{q{a,q,p),p{a,q,p))]. 

Jo 

Solving as p^ = Cj{T, q, q) from qj = qjA, q,p), by inverse function theorem, we define 


(8.2.18) 

Then, this satisihes 
(8.2.19) 


S^{r,q,q) = S^{T,q,p) 




-\-H{q, SA = 0 with lim 2r5^(r, g, g) = |g— 


rt—>-0 


8.2.4.3. Continuity equation (L). For D^{T,q,q) = det ( — ), we have 




dqdq 


( 8 . 2 . 20 ) 


D!; -\-dq{D^Hp{q,SAT,q,q))) = 0 with lim TD^{T,q,q) = 1. 


T —^0 


8.2.4.4. Action integral (H). Getting q. = Xj{T,q,p) as before, we put, 


( 8 . 2 . 21 ) 

which satisfies 

( 8 . 2 . 22 ) 


S (r, q, p) = [qp + So{t, q, p)] 


q=x(T,q,p) 


St + H{q,SA = t) with A,q,p) = {q\p). 


Continuity equation (H). Putting 

0"(r.,-,p) = det(^), 

we have 

+ dq{b^Hp{q,Sq)) = 0 with i)^(r, g,p)|^^Q = 1. 
Remark: No singularity at r = 0! 
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8.2.5. Example: Harmonic Oscillator type. 


8.2.5.1. Lagrangian and Hamiltonian functions. From Wick rotated Schrodinger equation, we 
have the symbol (j8.2.16p H{q,p) from which we have the Hamilton flow: Putting 


o2 2 I 22 

p = a +m Lo , 


cos (e = Co-, sin(e ^^Loa) = So-, 


-id. 


we have Hamilton flow 
1 


q{a) = -[(mwC(o - aS„)q + S(op], 

mu - - 

p{(t) = /3^So- 5 + (mcuCo- + aSo 

mu - 


with q = - [(muCr — aSr)q + Srp]- 

mu - - 


We put 


So{T,q,p) = [ da[q{a)p{a) - H{q{a),p{a))] 

Jo 

= 2^2^2 [ “ 0^{muCr - aSr)(f‘ + {muCr + aSr)^ - 2/3^Srqp] ■ 

8.2.5.2. Wick rotated Harmonic Oscillator (L). From q = q{T,q,p), getting 

muq — {muCr — aSr)q 


we define 


P = ^{'r,q,q) = 


S^{r, q, q) = So{t, g, ^(r, q, q)) 


= 


' mu{cos UT {q^ + q^) - 2 qq) 0 3 2 ^ //, 

ZsmujT 2 - 

imu[coshuT{f+ q'^)- 2 qq] a.^ 2 n //, /on 

“ -^ ),(0 = 7r/2), 


which satishes 


Dehning 


2 sinho/r 


S^ + H{q^S^)=Q with lim ( r5^(r, g, O') — 

’ T—>-0 


m{q — qY 


= 0 . 


D^{r,qw) = - 


d^S^{T,q,q) _ mu 
dqdq 


= 


mu 

sin UT ’ 
imu 

sinh UT 


{6 = 0 ), 

, {6 = 7r/2), 


we have 


Df + dq{D^Hp) = 0 with lim q, q) = m,Hp = Hp{q, Sk). 

r —>0 ~ ^ 


Finally, we put 

[UYu]{q) = ^^ [ dqA^{T,q,q)H^-'^'^^-’^’'i>u{q)= f dqK^{T,q,q)u{q). 
V27nh Jm Jk 

K^{T,q,q) = -yl=A^{T,q,q)e^^~"^ATq,q). 

V27rih 

Then, not only 

f) - i 

= [H{q, —ihdq)]u. (Feynman quantization), 


ih-^jjY u 

OT 


T = 0 


d ~ £ 

ih—UYu= [H{q,—ihdq)]UY u. 


but also 
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8.2.5.3. Wick rotated Harmonic Oscillator(H). Analogously defining 

muq — SrP 


q = x{T,q,p) = 


mojC^- — a'Si^ 


we get 


S {T,q,p) = [qp + So{T,q,p)] 


= 


q=x{T,q,p) 

sina;r(/3^g2 


+ 


moj 


2{muj cos LOT — a sin ojt) moo cos lot — a sin lot 
zsinha;r(/3^g^ +P^) 


+ 


moo 


which satisfies 
Defining 

we have 


2 [moo cosh oot + ia sinh uot\ moo cosh lot + ia sinh lot 


+ H{q,Sg) = 0 with lim (r, q, p) = qp. 

^ T—>-0 “ “ 


qp, (^ = 0), 

qp, (0 = 71/2), 


d‘^S^{T,q,p) moo 


dqdp 


mooCr- — oSt 


= 


moo 


moo cos ooT — a sin lot 
moo 

, moo cosh OOT + ia sinh oot ’ 


(0 = 0 ), 

(0 = 7r/2), 


D/' + dq{D^Hp) = 0 with lim D^{T,q,p) = 1 where Hp = Hp{q,§f). 


T—^0 


p — ^■^p\H'>^q 


Then, we put 


1 


= / dpA^{T,q,p)e^^ ^ ^^’^'S)u{p) 

Jh-^{S^{T,q,p)-qp) 


y/2T:h 
1 


271 


dpdq {T,q,p) e*' 


where 


Simply we have 


K^i'r,q,p) = 


1 


moo 


2'Kh 


y/27rh V mLoCr - aSr 

j dpK^{T,q,p)e~"^ ^32 = K^(T,q,q). 


•P) ^>u{q)= / dpK^{T,q,p)u{p), 
JIR 

ih~^ (T,q,p) 


8.2.6. Heat type. Try to get the PIM-like solution for (I8.2.14p . (|8.2.15p . (18.2.91) or (18.2.1011 
from (j8.2.2ll or else by HPIM! 


Problem 8.2.3. Since this symbol (18.2.21) is obtained by putting p in (I8.2.14P of dq, we want 
to ask what is the natural definition of symbol for (18.2.14p ? 


8.2.6.1. LPIM works from ()8.2.2I) . Solving Hamilton equation corresponding to (I8.2.2P with 
q{s) = q{s,q,p) and p{s) = p{s,q,p), we put 

rt 


fi^{t,q,q)= [ ds[q{s)p{s) - H{q{s),p{s))] 
Jo 


(8.2.23) 


p=^{t,g,q) 

mw[cos oot {(f + q^) — 2qq] a{(p‘ — q^) 
2 sin Lot 2 


and a^{t,q,q) = \ — 


d‘^4>^{t,q,q) I moo 


dqdq 


sinwt 
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Putting operators as 
(8.2.24) [Ttm) = 

then 


1 


limK 2i](g) = lim , y 

t—^0 t — ^0 -y'27r J V ^ 


m , rn{q - qf 


dq \ — exp { — 


2t 


■ ]v{q) =v{q), 


and 


Moreover, we have 


liiTtm) 


d 


t=o 




men 




8.2.6.2. HPIM doesn’t work directly from (I8.2.2p . Analogously, calculating 

32;72 I ^ 2 \ 


^ ^ sina;t(/3^q^ + mujqp 


</> {t,q,p) = - 


+ 


(8.2.25) 

we put 

(8.2.26) 
Unfortunately, 


2 {mu cos ut — a sin ut) mu cos ut — a sin ut ’ 

with a^{t,q,p) = 


ld‘^(j)^{t,q,p) 


dqdp 


1 


cos ut 


1 


= / dpa^{t,q,p)e d,q,p)yi^py 




F7 _ If p^q^+p^ 

limPt = Mli- / dp exp{-t--—^ - gp}u(p) / u(g), 

t^o n-o 271 y — zm — — 

therefore, we need to modify above procedure from scratch. 

Devices. (0) We propose to consider as Hamilton function, instead of (I8.2.2h . 

H{q,p) = i[ 

Then Hamilton flow is given by 


. ( {p - aqf mu^ 2\ 
2m 2 ^ 


fr -P-aq ^ -a{p-aq) mu^ 

Hr, = l -, -Hq = -l[ --- + ^^q], 


m 


m 


with 


—la i 


m m 


X = %2 71] and = U^. 


Devices. (I) We propose to consider, instead of (I8.2.14p . 

d ^ {—idq + iaqY rnu"^ 


(8.2.27) 
with symbol 

Now, we put 


. / \ -r V ^'-'Q ' j tivu^ 2i / \ 

= -- —Q 


H{q,p) = -i 


7 = 0 ^ — mf^u"^, (p^ = coshws, = sinhws, 


2m 


.({ p + iaqf mu'^ 2', 
2m 2 ^ 
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and we have 


qis) = 
p(s) = 


+ a^^)q — i^f.p 
muj ’ 

moj 


Therefore 

(8.2.28) 

From 

(8.2.29) 
we have 

(8.2.30) 


i 

ds \p{sf + jq{sf] 


0 


- m ^ ^ rnu:q^i%^p 

Q=^tQ - i^aq + P), q = x[t,q,p) = - 

- moj - - - - + 


(p {t,q,p) = [qp + (l>oit,q,p)] 


mu 


q=x{t,q,p) 

[yimu^^ + + (ma;(Z!^ - o^Jp^] + 

2, ,2.„2 


2^ , 

m'^u'^ 


qp 


q=x(t,q,p) 


-qp + 


7^,(m^wV-7r) 


mu(p^ + a^^ - 2m'^u‘^(mu^^ + 


Now define 


v^{t,q) = 


(8.2.31) 




J dpa^{t,q,p)( 


*'^^(*’'^’^)h(p) with a^{t,q,p) = 


mu 

mu(p^ 


mu 


mu 


(igexp{—+r)-2^9) + 0(9 -q )}v{q). 


Since 


mu 


lime/) it,q,p) = qp, liin 

t —^0 t —^0 7nLd(^^ 


= 1, 


we get 


and 


TJ / —\ f 

lim V (t, q) = , _ 

t^o 


/ 


dp e^'^^pip) = p{q) 


^ Hu ~ 2i„fl 


a” <*•«> = ' 2m 


+ —9>"(e,9). 


Therefore, in this case, we get the desired quantization if u is replaced by ±ia;. But concerning 
kernel convergence, I have’t checked it! 

Devices. (II) We multiply i to both sides of (|8.2.14l) and replacing dq with p, we get 
as 


something-like symbol 


-—e), 

^ 2m 2 ^ 


from which we may define Hamilton flow defined by 


q = Hp = i 


.p — aq 


m 


P = -Hq = -i 


-a{p-aq) 


— muj 


or (^1=X 


X= — ' ® ^ 


m V~7 ^ 


m 
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where 

Therefore, we get 


2 2 2 "^2 2 
j = a — m uj ^ A = —u) . 


and 


iSs , , . muCs - iaSs , iSs 

q{s) = CsQ^ - {-aq + P) = -gH- P, 

- muj - - mco - mu!- 

, -hSs , mujCs + iaSs 

p{s) = CsP H- [-'yq + ap) = - q H- p, 

- muj - - mu - mu - 

Mt,q,p) = ds[qp - H{q,p)] = - 'yqisf) 


iSt 


2m‘^u‘^ 


[~'y{muCt - iaSt)q^ + {muCt + iaSt)p^ - 2i^Stqp] 


because 


From 


we put 
IH 


f ds cos {2us) = ^ f ds sin(2a;s) 

Jo ^ Jo 


S? 


muCt — iaSt iSt 

q = - q H- p, q = 


0 ^ 
muq — iStP 


mu — mu— — muCt — iaSt 


= x{t,q,p) 


i^^q^p) = [qp + Mt,q,p)]\g=^(^t,q, 


up) 

r r ^ ^ 2 , ^ ^ • c-^ 2i , + a‘^Sf 

= i o 2 - laStjq + [muCt + iabt)p \ + - 


2m^u‘^ 

-iStijf +p^) 

2{muCt — iaSt) ' muCt — iaSt'^- 






<i,p) 


+ 


mu 


-qp. 


a^(t,q,p) = 
Then, we define 


mu 


muCt — iaSt 


v^it,q) = {Tl^vm = ^l dpa^ e^^"J^'^>E){Tv)ip) 


Then, we get 


1 

7.H I 


dpdqa^ 


limv {t,q)=v {0,q)=v{q), 
t^o 


A 

dt 


v^{t,q) 


Jdq-aqf mu'^ 21 7 n 

-]T(g), 


t=o 

[Tf (Tf n)](g-) = iT,l,v){q), 


2m 


8.2.7. Quantum field theory. Though N. Kumano-go and D. Fujiwara |94j is so interesting 
to give meaning not only to the formula of integration by parts but also the stationary method, etc, 
in oo-dimensional space. But I can’t appreciate the reason why they take as candidate paths left 
continuous or right-continuous one. For example, to apply this idea to field theory after replacing 
time-sclicing as standard subdivision, how to settle left or right continuity at each boundary of 
subdivision. 


For reader’s sake, I cite a typical example of the so-called functional method of field theory. 
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\\ut{t,x)\^ - - ^\u{t,x)\^ - ^|u(t,x)|^ 


It is known that for Lagrangian 

I{u) = // dtdx 
J JKxR3 

whose Euler equation is 

(□ + m?)u{t, x) — \u{t, x)\'^u{t, x) = 0, 

we consider 


Z{4)) = I with ( 


U0) = 


KxR3 


dtdx u{t, x)(j){t, x) 


which satisfies FDE(=Functional Derivative Equation) 


(8.2.32) 


(□ + rn^)—. 


+ TTI 


53 


z{4>) = 0 . 


i6(p{t,x) {i6(p{t,x))^ 

How to give the meaning to Z{(j)) above by PIM? Time slicing method for 1-dimension will be 
generalized to standard subdivision like Dodziuk procedure [38] . but in this case, how we define 
“right-continuous or left continuous paths”? 


Remark 8.2.2. To treat FDE like (j8.2.32p . the first difficulty stems from giving the meaning 
for the higher order derivative at the point {t,x). 

- 

64>{t, x)^ 

See, an example treated in Inoue |68j and also [661170]. But to develop functional analysis method 
(whieh gives the large suecess to PDE) to FDE, we need integration by parts but without standard 


measure. 


8.2.7.1. [H]: Path-integral method of heat type equation under E[-formulation is impossible? 

Problem 8.2.4. Whether we may represent the solution of a given PDE by using classical 
mechanical objects corresponding to it, is our problem. 

On the other hand, we may compare this with the problem posed by H. Widom [142] .• Let 
be the self-adjoint operator obtained from a real valued symbol Aiq, p) by Weyl quantization 
,,hose spectral resolution ss p.ren by A'^ = J dE, A, Taksny a function f „ tke su.table class, ce 

may define, by functional calculus method, f{A^) = f dExf{X). In this case, whether f{A^) is 
a pseudo-differential operator and how its symbol is represented by, are discussed there. Moreover, 
let two self-adjoint operators A^ and be given with a funetion with two variables. Whether 
f{A^,B^) gives a pseudo-differential operator, this is eonsidered in R.S. Strichartz [128] . These 
consideration is applied to to the system version of Egorov’s theorem in ^4 Chapter 9. 

We need to remark the physicist’s usage of analytic continuation w.r.t. time t, beeause it is 
not so obvious whether the operator like e^^^ is analytically continued to 

(1) Let a non-negative function H{q,p) with order 2 w.r.t. p having funetions S^{t,q,q) and 
on configuration space as solutions of Hamilton-Jacobi and continuity equation, respec¬ 
tively. Taking the normalization eonstant Cl, and defining 


{TSm = v\t,q) =Cl [ dqjDffit,q,q)e^^^I^^l)v{q) 

7r '' 
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have we a parametrix of corresponding heat type equation 

^v^{t,q) = H^{q,dq)v^{t,q) with v^{0,q) = v{q)? 

(2) Under the same setting as (1), we define functions S^{t,q,p) and D^{t,q,p) on phase space 
as solutions of Hamilton-Jacobi and continuity equation, respectively. Defining 

{Tt^vm=v^it,q)=CH [ dp^DH{t,q,p)e^''(^’^’E)v{p) 

J M 

whether we have a parametrix of corresponding heat type equation with suitable devices? 

Remark 8.2.3. For (1), I show not only simple examples in the previous paragraph, but also 
construct a quantized operator of Riemann metric in Inoue and Maeda m- Concerning (2), I give 
two simple examples showing it seems hard to get the desired results without some devices. 


As is mentioned at the very beginning of this section, taking the Fourier transformation of 


vt = 2^9^ with i;(0) = v, 


we get readily 


v{t,q) = 






But, except normalization constant, it seems impossible to have a solution S{t,q,p) of Hamilton- 
Jacobi equation satisfying 

( o2 o \ 1/2 

I ■ 

oqop ) 


• Therefore, multiplying imaginary unit “i” to both sides of heat equation, 

ivt = i-dqV with i;(0) = v 

and substituting p into —idq, we assign the Hamilton function H{q,p) = —Then, we have 

So{t,q,p) =-^P^t, q = q-ipt, 


S(t,q,p) = qp + So{t,q,p) 


Putting 


q=q+ipt 
1 


— ^2 
= qp+-p t. 


v{t,q) = ^ f dpU^^^’^’?)v{p) = ^ [ dpU^E-"2E\{p), 

v27r Jr v27r Jr 


Jr ■ 

we have the desired expression. See also, Qi’s equation in §3, Chapter 9. 

• Unfortunately, this procedure doesn’t work for harmonic oscillator. In fact, since we have 

H{q,p) = -'-ip^+wV), 


solutions of Hamilton equation are given by 


q = Hp{q,p) = -ip, 

P= -Hq{q,p) = iuj'^q 


q{s) 

p{s) 


= e 


sX (g 

P 


with X = 


0 -i\ 

io? o r 


there appeared the terms with coshws, sinhws. To get the desired one with cos cos, sinws, we need 
to complexify uj, but no philosophical evidence to do so. Only when a; —)• 0, we have the desired 
result obtained before. 
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8.3. Spin addition 


Preparing a representation space V with the scalar prodnct (•, •) and two bounded operators 
b and b* such that 

b^ = (b*)2 = 0, bb* + b*b = 0. 

In stead of ODE M{q,dq) (??) in we put 

Q_ = ^{dq- ujq)h, Q+ = -^{dq+ uiq)h* 


and we dehne 


on .^ = L^(M) (g) V. Since 




= m{q,dq)=Q^ = Hiq,dq)I+-[h,h*], 


= Q- + 


= 1, 




= [b,b*], 


= QP + PQ = 0, 


I,P,Q) gives SUSYQM on .^ = L^(M) (g) V. Especially, taking 

E = with {u,v) = uivi + U 2 V 2 for n = 112 ),n = ^(ui, 112 ) G C^, 


b* = 


0 0 
1 0 / ’ 


b = 


0 1 
0 0 


[b, b*] = bb* - b*b = 
DE. 


1 0 
0 -1; ’ 


we get an ordinary matrix representation of H in ( 

We represent these by using an odd variable 9. 

Putting A = {uo + ui9 \ uo,ui G C}, we decompose 

= {uq I 1^0 G C}, Af = {ui9 I ui G C}, A = Aft 0 Aj. 

Then 


9{uo + ui9) = uqB 


0 0\ /uo 

1 0 Ui 


^(uo + UlO) = Ui 


and 


' ’ ' de do \0 0,1 b 0 

Remark 8.3.1. Since 

(bu, n) = (u, b*i;) for u = 


0 OWO 1 

1 0/lo 0 


0 n /no' 

0 0 Uw ’ 


1 0 
0 -ir 


,v = 


G 


we may have scalar product (•, •) in = L^(M) 0 E such that 

d 

(8.3.1) (tto + ni6», e{vo + vi9)) = (-^(uq + 'Wo + v^O) 

o9 

which permits integration by parts w.r.t. 0. Please refer (I9.2.19p . ^2 in Chapter 9. 


8.3.1. Classical Mechanics corresponding to BI(g, dg). Prepare ft G C \ {0} and define 
Fourier transformation for functions of 0 G ill’ll^ as 

f^oii dO e~^ ^^'^{uq + uiO) = ui- h~^UQ'K, 

< f^oii diT e^ — ft“^uo7r) = —ft“^(uo + ui9), 

_ —ft / f^oi2 dTT d9' e^ + ui9'} = uq + ui9 
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Then the Weyl symbol of BI(q, dq) is given by 

1 

(8.3.2) T-L{x, 9, tt) = ~ ~ Ti~^uj9'K. 

In fact, since 

—‘k JJ di^dO'e^ (6»-6»)7r^j^— 'k{uq + ui9') =-{uq — ui6), 

we get 

ii{x,d^,e,de)u{x,9) = ^JJ 

^,/X-\-x' 99' / i\ / /\/i/\ 

X ni —-— '^){uo{x ) + ui{x )9 ) 

= 77 ^ [[ + x ,C){uo{x') + ui{x')9) +a;(ixo(x) - ui{x)9) 

J Jyi 2\0 2 

~ (^H{q,dg)I+‘^[h,h*]^u. 


8.3.2. LH-formulation. In this case, since the Hamilton equation w.r.t. odd variables 
given by 

9 = —k~^Uj9, TT = k~^u!Tr, 

we have 


n/ \ —/c "usn \ ^ "ujs^ 

&[s) = e 7 r[s) = e tt. 

Without using Fourier transform w.r.t. even variables, we may put 


(8.3.3) 


S{t,x,9,x,n) = [^ + So{t,x,^)] 


= e 


«=-,£=■ 


9n + S{t, x,x), 


where 

UlC o U! U! C r, 

(8.3.4) S{t,x,x) = ^x --^xx + ^x. 

Then (I8.3.3ji satisfies 

(8.3.5) St + ^(x, Sx,9, Sq) = 0 with lini(5 — - ~ 


Moreover, putting 


P(t, X, 9,x, tt) 


sdet 


/ d'^s 

j dxdx 


» ) 

a^s I 

aodiiJ 


OJ 


^Ujt 


sinh(a;f) 


we have 

(8.3.6) Vt + dxiVT-i^) + dgiVT-i-K) = 0 with liintT>(f, x, (9, x,; t) = 1 

where T-L^ = 'H^{x,Sx,9,Sg) and ='Htj{x^Sx,9,Sq). 

We put 

u{t,x,9) = [ dxd'K_'D^/‘^e~^{ui — k~^'u^T^ 

v2vr 

= e^^/^Vt^y^{x) + e-^^/‘^Vt^u^{x)9. 


(8.3.7) 
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8.3.3. HH-formulation. We define 


(8.3.8) 


which satisfies 


S{t,x, e,^,7r_) = [^ + 5'o(f,x,0] 


= e + S{t, x,^), 

x=--- , 0 =--- 


(8.3.9) 


Moreover, putting 


we have 


St +'H{x,Sx,0,Sg) = 0 with lim5 = + 6 *;t. 

t->-o — 


'D(t, X, 6, vr) = sdet 




^Ujt 


dOdn 


cosh(a;t) 


(8.3.10) Vf + dxi'DTi^) + dglVTiT^) = 0 with lini2?(t, x,6l,^,7r) = 1 

where = 'H^{x,Sx,0,Sq) and "Htt = (^, 5^, 0 , ). 


(8.3.11) 


S{t,x,e,^,7r) 


[-0 7 r + 5o(t,x,0] 



—e S{t,x,^) 


we put 

Vtv{t,x,e) = + e-“*/ViSi(x)0. 

Putting v{t, X, 6) = Vtv{t, x, 9), we have 


(8.3.12) ^ f v{0,x,9) = v{x,e). 

From the kernel of Vt, we may calculate the Witten index which is shown soon later. 


8.3.4. A generalization. For 


j=i j=i 


'*Tn>d 


we may extend it as 


., d d 2 2 d 

«(x, 9, f, ^) = - e| - ^ ^ u,,ej 

j=l j=l j=l 


(8.3.13) 

with 

We define 

and we have 


S{t,x,e,x,n) = [-(0|ir) + So{t,x,^)] 


d 


= — ^ e ‘^^^9j7£j + S{t, x,: 
e=-,i=- j=i 


S{t,x,x) = ^ 
1=1 


Wj cosh(wjt) 2 2 


(x,- +X,) - 3- 


OJi 


2 sinh(a;jt) '' i ^ sinh(a;jt) ^ ^ 

0 


P(t,x, 6 »,|, 7 r) = sdet I 325 ) = 


0 


dOdiT . 


n sinh(a;jt) 


1 


pV2g-5 ^g^t/2 


TJ co = yu;,. 

\ smh(a;jt) ^ 
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8.3.4.1. [H] :LH-formulation for the case d = 2 withu(t,x,6) = uo{t,x)+ui{t,x) 9 i+U 2 {t,x )62 + 
U3{t,x)6i02. Define the Fourier transformations by 

{ / + uiGi + U 2 O 2 + U3^'i^2) = U 3 - U2'^i + uitt2 - uovri7r2, 

f d 7 re~^^^^^(u 3 - U 2 vri + tti 7 r 2 - 1x0711712) = -(uq + ixi 6 *i + 1x26*2 + 1x3016*2). 


Then, we have 


Vtix(a:, 0 ) = —- [ dxd7£'D^^‘^{t,x,x,9,TT)e — u^ 2 i 2 ±)Ei + M.iix)K 2 “ l*;o(^)lLiI!l 2 ) 

271 J 


= dx 


oil 


ff^^^_Q-S(t,x,x) ^u]tl2 


27r sinh(a;it) 27 rsinh(a; 26 ) 

X (iio(x) — e“^^*ixi(x)0i — e“‘^^*iX2(x)02 + 1 ^ 2 )- 


Since 

J ^ ^(ui-U2)tl2Q^Q^ ^ ^ ^ ^ 1 X 30102 ) 


and 


d 


d9i 


d 


“505 


Pu = 1 - 201— 1 - 202^ (1x0 + 1X101 + 1X202 + 1X30102) = ItO “ 7X101 “ 1X202 + 1X30102, 


we have the corresponding SUSYQM with 


1 d 

w{x) = -{ujixl+uj2xl), bj = 9j, K = -^ 


and — 


j,k=l 


d'^W 

dxjdxk ' 


d 


[6„6J|_ = ( 1 - 2».— ) + 0,4 1 - ) = ^0 ,,!—,9 


d 


•505 


d 


j=i 


^50/ 


Moreover, we have 

Str Vx = y dxd0 _ g(-<^i+a;2)t/2 _ g(a;i-a;2)t/2 ^ ^-02t/2^g^g^^-S{t,x,x) 


— ^g<^lX/2 _ g-aJii/2^^ga;2i/2 _ g-tJ2t/2^ 


y ^2 (cosh (oil t) — l)y^ 2 (cosh(t<; 26 ) — 1 ) 


= 1 . 


8.3.5. [H]:LH-formulation for general d with u{t,x,9) = X]|a|<rf iXa(6, xc)0“. Since we have 

d d 

n(0,-7r,)'7 = (_1)H(W-1)/W with 6 = (6i,... ,6,)e{0,l}^ \b\ = Y,bj, 

i=i j=i 

0 <^ 0 b = (^_iy(a,b)Qa+b with t( 6, o) = lo||6| + r(o, 6) mod 2, 

we get, with 5j = 1 — Oj, a + 5 = 1 = (1, • • • , 1), d = |a| + |6|, 

f d0e<^l^>0“= f d9 Ylil + 9j7rj)9^ = f d0 0“ ]J(0j7rj)^i = (_i)|x>l(|b|-i)/2+r(a,fe)^6^ 

J J j=i J j=i 

j dTTe-^^^^K’’ = (_l)kl(k|-l)/2+r(6,a)^a^ J 6-j d0'e<®'0'“^ = /2 ga ^ 
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Therefore 


f ^ Uae^= f de Uae^^YliOjTTjp = ^(-l)IM(H 

|a|<d j=l 

f d7re-<^l^> ^(-l)l^l(l'’|-l)/2+r(a,6)^^^6 ^ (_l)rf(d-l)/2 ^ 

|a|<d 


-l)/2+r(a,b)^^^b^ 


|a|<d 

On the other hand, as 


f (i7re^>=l'^ “TeTu^,^_^y6|(|b|-l)/2+r(a,b)^b ^ f rf^(_l)|b|(|6|-l)/2+r(a,b)^b 

d J j=l 


_ ^-ajOjjt^_-^'jd{d-l)/2^_-j^^\a\+T{a,b)0a^ 

i=i 


we have 


Vtii(x,0) = [ dxd7iV^/\t,x,x,B,n)e-^d,^’^'^,2L) ^ (-l)l^l(l^l-i)/2+-(“-^)w^(x)7r'’ 

d \a\<d 


dx 


UOn 


,-S{t,x,x) U)tl2 




\a\<dj=l 


Since 


and 


V ‘d’^ sinh(a;jt) 

fde Y Y ^at 

d \a'\ + \h’\=d |a|<d 

d 

\a\<dj=l 

Pu = ]^ f 1 “ "Yj “ Y^ (“!)' 


a|+r(a,6)^(^)^a^ 


1=1 


\a\<d 


\a\<d 


we have the corresponding SUSYQM as before. 
Moreover, we have 


/ d 

dxdd ■ ■ ■ ^e-^d,iL,P) 

1=1 


= ^^(£^^11/2 _ g-‘^li/2^ 
1=1 


\/nj=i2(cosh(wjt) - 1) 


= 1. 


Putting v{t,x,9) = Vtv{t,x,6), we have 


(8.3.14) x,9)= (^Y§^-IY + E T 

^ 1=1 1 1=1 1=1 

with v{0,x,9) = v{x,9). Here, we put oi = Yl'j=i‘^j- 
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8. SUSYQM AND ITS APPLICATIONS 


Problem 8.3.1. Extend the procedure in this chapter to the operator posed by M.S. Abdalla 
and U.A.T. Ramjit [I].' 

H{q,p,t) = = 'moe^^^^\ 

Show the difference of solution of above operator from harmonic oscillator represented by T{t) and 
how it changes adding spin? 


8.4. A simple example of supersymmetric extension 


We consider the simplest 1-dimensional example. Let 

(8.4.1) H{q,p) = - A{q)f + V{q) £ C^{n : M) 

be given with A{q),V{q) G : M). Using Legendre transformation as 

OH 

(8.4.2) q = — = p- A{q), L{q,q) = qp - H{q,p), 
we get a Lagrangian 

L{q, q) = + A{q)q - V{q) G C^{T^ : M). 

Instead of a path q ■.'R 3 t ^ q{t) G M, we consider a generalized path 

(8.4.3) ^ :R3 t ^ ^{t) = x{t) + - P2'4^i{t)) + ipiP 2 F{t) G 91ev 


with Pa G 91od (« 
(8.4.4) 


1, 2) being odd parameters and 
' X :R 3 t ^ x{t) G 91ev) 

< i/Jq : M 9 t —>■ ifait) £ 51od with a = 1, 2, 
F :R3 t^ F{t) G 94ev 


Introducing operators 


Fa = 


d 


d 


dpa dt 


and Cap = —e/ 3 a, ei 2 = 1, we extend L{q, q) as 


with 0 = 1,2, 


(8.4.5) £o = -\{Va^)eap{Vp^) + '-ApaCapVp^ - iW{^). 

In the above, A{q) is extended from gGMto$ = x + i{piip 2 — P2'4’i) + ipiP 2 F G iHev by he 
Grassmann extension as 


(8.4.6) A(4>) = A{x) + iA'{x){piijj2 - P 2 ' 4 ’i + P1P2F ) + A"{x)pip2'ipiil^2- 

and W{^) is analogously extended from W{q) to IU(4>) whose relation to V{q) will be given later. 


Remark 8.4.1. The following relation will be worth noticing: 


(8.4.7) 


d dV d , 
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Now, we have 


(8.4.8) 


j dp 2 dpi Co 

= + ^{x)x + + C ( ^ 2?/'2 - 


+ W'{x)F-iW''{x)'ipiip 2 - 


Assuming that the “auxilliary field F” should satisfy 

(8.4.9) 

we arrived at 

(8.4.10) Co = ]^x^ + A{x)x + l^ 


0 = ^ = F + iy', 


1 , 


- - iW''{x)i:iil}2. 


This is the desired Lagrangian with variables x,x,'ipa,'4’a, but variables i/'cn V’a are not independent 
each other. In fact, they satisfy 

{'tpa,'lp0} = tpa'lpp = 0, {ipa,'Ipp} = 0 and {'(/'«, = 0. 


To find out “independent Grassmann variables” in (I8.4.10p . we introduce new variables by the 
following two methods: 


(I) Defining new variables as 

(8.4.11) 
we put 


, dCo 

? = -pw = x + ax, 
ox 

(pa = - 7 ^ = for a = 1,2, 

O'lpa ^ 


'H{x,^, 1 pl, 1 p 2 ) = Xp,+ IpaCpa “ Fq 


= - (^xf + ]^W'{xf + ^W”{x)'lpaeap1pp- 


Rewriting the variables il>i,'ip 2 as 6, it, respectively, we get 

(8.4.12) 


Tiix, 6,7 t) = ^(C - CLx)^ + ]^W'{x)‘^ + fIR"(x)6'7r. 


(II) In the above, we use the “real” odd variables ipa. We “complexify” these variables by 
putting 

(8.4.13) p) = ^{'ipi+iip 2 ), Pp = ^{'ipi-i'ip 2 ), i-e. pJi = + tp), ip 2 = -^X'lp - Pp), 

and then we rewrite Cq as 

(8.4.14) 

Introducing new variables as 

(8.4.15) 


Co = + A{x)x + ^{'ipX’ + ipip) — ^^'(x)^ — W"{x)ip'ip. 


^ = ^ = x + A{x), (P = ^ = (P=^ = 

OX 2 2 


— rlpf • — — 

'H{x,^,ip,'ip) = xp, +'4)(p + X(p - 


= - Mx)f + ^W'{xf + W"{x)^p^p. 


we put 
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Rewriting -0 and il) hy 9 and vr, respectively, we get finally a function 

(8.4.16) n{x,i,e,Ti) = - A{x)f + \w'{xf - w’'{x)eTT g Css{^^\‘^ ■■ ^e.)- 

Here, {x,e) G (<e,7r) G 


Remark 8.4.2. (0) The difference between (18.4.12p and (j8.4.16p is the existence of i in front 
of the term W''{x)9tt. This difference is rather significant when we consider Witten index for su¬ 
persymmetric quantum mechanics using the kernel representation of the corresponding evolution 
operator. 

( 1 ) As there is no preference at this stage to take vr and 9 instead of 9 and vr, there is no significance 
of the sign ± in front of the terms iW"[x)9r: in (|8.3.8p or W'^x^d-x in (|8.4.16p in these cases. 

(2) We may regard TL{x,f,,9,TT) as a Hamiltonian in Css{T*^^'^^ : IHev)- 

(3) These Hamiltonians (18.4.12p and (18.4.16p are called supersymmetric extensions of (18.4. ip be¬ 
cause they give supersymmetric quantum mechanics after quantization (see ^ 4 )- The procedure 
above is author’s unmatured understanding of amalgam of physics papers such as F. Cooper and 
B. Freedman [27j . A.C. Davis, A.J. Macfarlane, P.C. Popat and T.W. van Holten |29j etc. But 
supersymmetry in superspace 94™'!”' will be studied separately. 

(4) On the other hand, using the identification (1.13), we have 

nl{x,d,,9,de) = # b = #Hf b. 

Moreover, in this case, the “complete Weyl symbol of the above H^{x,dx,9, 60 )” is calculated by 


(8.4.17) H±{x,i,9,Tr) = {e-^^ "^^^+^^'>Hi{x,dx,9,d0)F^ fixi+e.) 


= \{fi—ax)‘^±.\b'^x^-^ib9'K. 
h=o 2 2 


H+ equals to (j8.4.12|) when A{q) = aq and W{x) = ^bx^, and H- is obtained from (18.4.16p with 
A{q) = aq and W{x) = —These give the relation between W{q) and V{q). (See SUSYQM 
defined in §7.j 

(5) Witten [143] considered as a quantum mechanical operator 


(8.4.18) 


H((?,5,) = 


-l,dUv{q) 


1 , . A 0 

-1 


This operator is supersymmetric when there exists a function 'f{q) such that 

v{q) = i^'f'iqf, w{q) = fi"{q). 


Problem 8.4.1. Though a trial to prove Atiyah-Singer index theorem applying super analysis 
by S. Rempel and T. Schmitt [m], was informed by A. Rogers long-time ago, but I feel shame that 
I haven’t comprehend well yet. Moreover, because I have stumbled before appreciate the naturalness 
of definition of weights of Douglis-Nirenberg for system of PDF, therefore Pm far from Rempel and 
Schmitt’s reformulation. 


More recently, I find the paper of F.F. Voronov though I haven’t appreciated it yet. Be¬ 

cause Voronov [noKiii] uses Banach-Grassmann algebra, therefore besides algebraic calculation, 
estimates by inequalities seems far from my understanding. 


Problem 8.4.2. The proofs of “analytic torsion=Reidemeister torsion” by J. Cheeger |24j . D. 
Burghelea, L. Friedlander and T. Kappeler [22] are given. Reprove this in our context. 































CHAPTER 9 


Miscellaneous 

9.1. Proof of Berezin’s Theorem 15.2.11 


To be self-contained, we give a precise proof following F.A. Berezin m and A. Rogers 
because their proofs are not so easy to understand at least for a tiny little old mathematician. 

First of all, we prepare 

Lemma 9.1.1. Let u{x, 9) = X]|a|<n be supersmooth on il = iCv x ^od- Vln,,dxua{x) 

exists for each a, then we have 


B—// dxd9u{x,9)= / dx 
JJ U 


/ dx 

[ d9u(x,9) 

= [ d9 

/ dxu(x,9) 

liLv 

J 


. dilev 


Proof. By the primitive dehnition of integral, we have 

dO u{x,9) 


B— dxd9u{x,9)= / dx 

U iUev 




dx ui{x), 


and 


/w 


od \a\<n 



f dx9°‘Ua{x) 

= f dd V 0“ 

/ dxUa{x) 

_ J 


■^^od |a|<n 

RUev 


dxui{x). □ 


(I) Now, we consider a simple case: Let a linear coordinate change be given by 

'A 


{x,9) = {y,u;)M, M = 


D B 


that is, 


i=i 


Xi = '^ VkAki ^ ueDii = Xi{y, u), 9j = ^ ykCkj + ^ tOiBej = 9j{y, u) 

k=l 1=1 k=l 

with Aki,Bij G dev and Cu,Dkj £ Giod, and we have 
' d{x, 9) 


(9.1.1) sdet 


= detAdet ^{B — DA ^(7) = det(A — CR ^R)det ^R = sdetM. 


.d{y,uj) 

Interchanging the order of integration, putting = ojB and y^^'^ = yA, we get 
B—JJdydu}u{yA + ujD,yC + ujB) = Jdy[J du u{yA + uD,yC + uB)] 

= j dy[J det R-n(yA + yC + 

= J detR[y dy n(yA + yC + co^)] 

= J du^^^ detR[y dyW det A-^-u{y^^^ + B-^D,y^^^A-^C + 
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that is, since 


d{y,u:) 


9(y(i),wW) VO ^ 


A 


-1 




sdet 


/ d(y, 


UJ 


\d{y^^'i ,ujA)) 


= detA ^-deti?, 


we have 


(9.1.2) 


B—// dydoj u{yA + ujD, yC + ojB) 


= B- 




sdet 


f d{y 


,UJ) 


u 


(yW + 


V9(yW,a;W) 

Analogously, using Lemma 19.1.11 and by introducing change of variables as 

A -A-^C 


p . ^ ^ Sdet ^ sdet (, 


0 1 


= L 


we get 


(9.1.3) 


B- 


iJA u{yA) + JAb-^D, yA)A-^C + w^^)) 

= B- 




Then by 

y(3) = y(2)(i _ A-^CB-^D), CO® = CO® 

/ a(y®,co®) V f{l-A-^CB-^D)-^ 0 


s‘*sH8p5)yA5))l=s-is‘ 


= det-\l - A-^CB-^D) 


B- 



:co® «(y® + (co - y®A-iC)B-^sD,co®) 


= B-JJ d,<s)de,<3) sdet +.(S)B-.«..(S)). 


we have 


(9.1.4) 

Finally by 

X = y® + JAb-^D, 9 = CO® ^ sdet = sdet = 1, 

using detBdet“^(A — C'i?”^Zl)-(det Adet“^(i? — DA~^C)) = 1 from ()9.1.ip . we have, 

(9.1.5) ^ dyduju{yA + ojD,yC + ujB) = sdet dxdO sdet —^^m(x,0). 

Remark 9.1.1. For the linear ehange of variables, it is not necessary to assume the compact¬ 
ness of support for integrand using primitive definition of integration. 

(II) (ii-a) If Hi and H 2 are superdiffeomorphisms of open subsets of with the image of 
Hi equals to the domain of H 2 , then 

Ber(Lfi)-Ber(R 2 ) = Ber(Lf 2 o ^fi) where Ber(R)(y, co) = sdet J(Lf)(y, co). 

Here, for R(y,co) = (xfc(y,co),^^(y,co)) : —)• 94™!"-, we put 

d{x, 9) 


/ dxk{y,oj) depjBA' 

= 8A., aAri 

\ du], dui, , 


9(y,co) 
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(ii-b) Any superdiffeomorphism of an open subset of may be decomposed as H 

where 


Fi(y,a;) = {hi{y,uj),u;) = {y,u) with hi : ^ 

H 2 {y,Ld) = {y,h 2 {y,Cj)) with h 2 : 


H 20 H 1 


Remark 9.1.2. (i) If H{y,uj) = w),/i 2 (y,a;)) is given by hi{y,u}) = yA + loD and 

h 2 {y,io) = yC+ojB as above, putting Hi{y, to) = {yA+ioD,io) = {y,u}) and H 2 {y,uj) = {y,yA~^C+ 
co{B — DA~^C)), we have H = H 2 o Hi. In this case, we rewrite the procedures (j9.1.2p - (j9.1.5p as 




dydoj u{yA + ooD, yC + lvB) 
d{y,w) 


= B—// dydiv sdet 


diy,uj] 


= detA dxdO sdet 


u{y,{y - ujD)A ^C + ujB) 
d{y,uj) 


d{x, 9) 


u{x, 9) with X = 


= detA ^■det{B — DA ^C)-B—JJdxd9u{x,9). 


with y = yA + ojD 
y, 9 = yA-^C + uj{B - DA-^C) 


(a) Analogously, putting Hi{y,Lj) = {y,yC + coB) = {y,9) and H2{y,9) = {y{A — CB ^D) + 
9B~^D, 9), we have H = H 2 o Hi, and 


B- 


dydoj u{yA + uD, yC + ujB) 
d{y,uj 


= B— dyd9 sdet 


d{y,9) 


u{y{A — CB ^D) + 9B ^D,9) with 9 = yC + ojB 


= det B-B—JJdxd9 sdet u{x, 9) with x = y{A — CB ^D) + CB ^9 

= detR-det“^(A — CB~^D)-B—[[ dxd9u{x,9). 


(hi) For any given superdiffeomorphism H{y,uj) = cu),/i 2 (y, a;)), defining Hi{y,uj) = 

{hi{y,uj),Lo) = {y,uj) and H 2 {y,co) = {y, h 2 {y,uj)) such that h 2 {y,w) = h 2 {hi{y, 00 ), w), we have H = 
H 20 Hi. Using the inverse function y = g{y,uj) of y = hi{y,Lj), we put h 2 {y,oj) = h 2 {g{y,u}),uj). 
We denote hi{y, co) = {hia{y, a;)) = (hn, • • •, hin), etc. Then, for k,l = 1, ■ ■ ■,n, 

dh2£ _ dh2£ ^ % dh2£ 

dujk duik ^ duik dyi 

with 

Q _ _ dhi,j{g{y,uj),uj) _ ^ dgj dhij ^ dhij 

dujk dujk ^ dwk dyi dujk ’ 

1=1 

we get 

dh2£ _ dh2£ _ ^ dhij / dhij \ dh2£ 

duk duik duik V dyi J dyi ' 


Therefore 
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(III) For each type of superdiffeomorphisms Hi and H 2 , we prove the formula. 

(III-l) Let H{y,uj) = {h{y, uj), co) where h = {hj)JLi : —)• Then it is clear that 


Ber {H){y,uj) = det 


dhj{y,uj) 

dVi 


sgn(f7)JJ 
o-Gpm i=l 


dK{i){y,^) 

dyi 


For any u{x,e) = we put 

B—U dxd9u(x,9)= f dx( f d9u{x,9) 

JJiX .Illev.B V 

On the other hand, we have 


/Hev 


dxui{x). 


B— dydu} Ber{H){y,Lo){u o H){y,uj) 


dy 


d d 


(9.1.7) 


ttbIXT) duJi 


det 


dhj{y,u}) 

dyi 


u{h{y,uj),uj) 


a ;=0 




dy^det 


-^ w“i^a(h(y,w))det 

' \a\<n 


ttbI®) dujn diOi 


dhj{y,uj) 

dyi 


LJ=0 


Applying the standard integration on M™ to the first term of the rightest hand side above, we have 






dxui{x) where il = iL(23). 


Claim 9.1.1. The second term of the right hand side of ()9.1.7p equals to the total derivatives 
of even variables. More precisely, we have, for u{x,9) = d“ita(3^); 


d d 


doJn duJi 


Y w“«a(h(y,a;))Ber(iL)(y,a;) 

\a\<n 


m 

a;=0 j=i ^yj 


As hj{y,uj) G IHev) we have 

hj{y,(^) = h.^iy) + Y ^%,ciy)^ 

|c|=ev>2 

Ua{h{y,u;)) = Uaih^iy)) + Y (/l5(y)) + ^ Y 


Ber {H){y,u;) = det 


= det 


|c|=ev>2 

dhj{y,u)) 

dyi 

dhjoiy) 


| a |>2 


|c|=ev>2 


Y sgn(fT)n 


crepn 


dyi 


2=1 

m 


dK{i){y,uj) 
dyi 


+ Y sgn(f^) 

crGpm j = l |c|=ev>2 


cdK(j),c{y) Vt 

j %=r,%+3 


c^^cr{j),ciiy) dhcr(^k),C2iy) TT ^^t7(i),o(d) 

^ - ^ -+ etc. 

dyi dyu ^ ^ oyi 

o-epm j,k=l |cj|=ev i=l,i^j,k 


+ ^ sgn(cT) ^ ^ 

|cj|=e 

|ci+C2|=|c|>4 


Putting 1 — a = 6 or = Cl + C 2 , = ci + C 2 + C 3 , etc, we have 
(9.1.8) the coefficient of of fa{h{y, cv)) Ber(H)(y, cj) = I + II + III 
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where 


1 = Z^^i,b(yK,=^i(^6(y)) sgn(cj)||- J- -, 

i = l o-GPm i=l 

II = ii,(/i5(y)) ^ sgn(a)^-- [[ 


O-Gpn 




1 = 1 ^ i=l,i¥=j 


dyi 


ttt !u I \\ \r^ i \ sr^ sr^ ^V(i),ci(y) 5 ^cr(A:),c 2 (y) 77 ^^a{i),b^y) 

III = ii,(/io(y)) sgn(c 7 ) ^ ----- [[ -^-+ etc. 


O-Gpm 

The term II is calculated as 

m 


— — dyj 

j,k=l b=c\+C2 


dyk . Zi., dyi 


II = 1 ^^ /a(/io(y)) sgn(a)h,(,),b(y) n 

j=l L o-Gpm i=l,i¥=j 


- A-B 


where 


m / m 


^ = 2^( Qy. ^a,x,iho{y)) ) ^ sgn{a)K(j)^b{y) U 


O-Spn 


d 


j=l ^k=l 
m 

5 = ^Ua(/io(y)) ^ sgn(u)h,(,),fe(y)^f J] 

i = l O-Gpm ^i=gijtj 

We want to prove 


i=l,i^j 
^^a(i),o(2/) 


dyi 


Claim 9.1.2. (i) A = 1, (ii) B = 0 and (in) III = 0. 


(1) To prove ^ = I, for each k = 1,- ■ - ,171, we take all sums w.r.t. a G pm and j such that 
cT(j) = k. Then, relabeling in A, we have 


2^ 2^-- Ua,x,{ho{y))sgn{a)hk,b{y) -rw- 

aepmj=i i=i,i^j ^y^ 


= Un 


9K{€),biy) 


^a,Xk {hQ{y))hk,b{y) ^sgn(f7)]J 

aepm i=i y^’ 

(ii) Take two permutations a and a in pm such that 


(j{i)=a{j), a{j)=d{i), ,cr{k)=a{k) for A: 7 ^ and sgn (a) sgn (d) =-1. 


Then, 


. . N ^ / TT ^Kii):oiy)\ , ,,,, r ^ 9 f ^ dh-^^^{yy 

sgn(a)h,(,),,(y)—( [[ - — -J + sgn (cT)h^,6(y)—( [[ -^- 1=0. 


'1 \. TT,. dyi J ’ dyj y. - 


dyi 


(iii) Interchanging the role of j, k and ci, C 2 in III, we have III = 0. Others are treated analogously. 
Therefore, 

d 


I + II + III = T + B = y —( 


and we have proved the claim above. 


Now, if we assume the compactness of the support of Ua{x) for |a| 7 ^ 1, then 

/ t^y7r-K(/i(y,w))9i““Ber(iT)(y,a;))|^^g = 0. 

J ttb (it) ^yi 
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(III-2) For H{y,uj) = {y, (j){y , u)) with 4>{y,u!) = {4>i{y,uj), ■ ■ G we want to 

claim 

(9.1.9) ^ ~ dyduj ^det u{y, cj){y, lo)) . 

By the analogous proof of (I5.1.9P in Proposition 15.1.11 i.e. odd change of variables formula, we 
have the above readily. □ 

Remark 9.1.3. How we decompose a given superdiffeomorphism? Though Berezin decomposes 
it as (j9.1.6l) but M. J. RothsHin |120j introduces another decomposition and arguments which are 
outside of my comprehentioi^. Moreover, there is another trial by Zirnhauer [HU which is not 
appreciated for me. I should be ashamed?! Therefore, I take the understandable arguments of 
Rogers, Vladimirov and Volvich with slight modification in Chapter 5. In any way, the following 
Rothstein’s decomposition is a key which is not proved here: 


Proposition 9.1.1 (Proposition 3.1 of Rothstein |120| i. Let superdiffeomorphism (p 
from 03 to il = pifO) be given as 

(9.1.10) X = x{y,uj) = ipo{y,u;), 6 = e{y,uj) = ipi{y,uj). 

We assume that the following: 

/ dipa{y,ui) dtpi{y,ui) \ / dxj dOi \ 

7rB(sdet J((p)(y,w)) ^0 with J{p){y,w) = \ 0^(1,u) ] = [ lx) ||)_ • 

V duj duj / \ d<-^k d<-^k / 

Then, p> is decomposed uniquely by (/jd) : (^y,uj) —>■ (y,w) and : {y,w) —>■ {x,9) 
satisfying 

(i) endows identical'Z 2 -gradings, thatis, : {y,uj) —>■ (y,w) = {(p^\y), (p^\y, ui)), 

and 

(ii) is derived from the following even and degree increasing derivation F(y,[i) by 

(x, 0) = {y, w) = {y, w) and {x, 0) = {y, w)) = o 

Here, A, G Css(^(21) : iH™), % G Css(<p(21) : IH^d) and 

^ d ^ d 

(9.1.11) = + 

j=l k=l ^ 

9.2. Function spaces and Fourier transformations 

9.2.1. Function spaces. Let U C be a domain. We introduce following function spaces: 

Definition 9.2.1 (Function spaces on U with values in C). 

C°°{U : C) = {n(g) = ui[q)a^ \ ui{q) G C°°{U : C) for any I G I}, 
lex 

C^{U : C) = {n(g) G C°°{U : C) | ui{q) G C^{U : C) for any I G I}, 

B{U : C) = {n(g) G C°°{U : C) | miq) G B{U : C) for any I G X}, 

B{R^ : C) = {n(g) G C°°(C/ : C) | ui(g) G R(M™ : C) for any I G X}, 

5(M™ : C) = {u{q) G C°°(M™ : (f) \ ui(g) G 5(M™ : C)}, 

Om(K"^ : C) = {u{q) G C°°(M™ : Ci) | ui(g) G : C)}. 


^ Though following the principle of “Quick response to feel strange”, I asked him by mail, but no response. I 
don’t know exactly, but he maybe changes from mathematician to different occupation 
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Remark 9.2.1. In the above, we use the notation given in L.Schwartz [125] That is, 

: C) = {u{q) E i3(M™ : C) I lim \d^u{q)\ = 0 for any a}, 

kl-s-oo 

: C) = G : C) | < C(1 + 

for some constants C > 0 and A: > 0}. 

For a superdomain il = ilev x 9^od C with U = 7rB(il) = 7rB(ilev) C M™, we put: 

Definition 9.2.2 (Function spaces on il with values in C). Putting X = (x, 6), Xb = q & U, 
d^u{x,0) = Ua{x), 

Cs 5 (il: €) = {u{X) = ^ Ua{x)9°‘ I Ua{q) G C°°{U : (T) for any a}, 

\a\<n 

C5S,o(il: ei) = {u{X) G Css(il: \ Ua{q) G C^{U : €) for any o}, 

Rss(il: = {u{X) G Css (it: Gl) | Ua{q) S B{U-b : <t) for any o}, 

: e:) = MX) G Css(9^”^l" : e:) | na{q) G B{R^ : €) for any a}, 

5ss(iH”^l" : e:) = mm G Css( 9^”^I" : Gi) | Ua{q) G S(R^ : Gi) for any a}, 

■■ = MM G Css(9^”^l" : e:) | Ua{q) G Om(K™ : C) for any a}. 

Remark 9.2.2. If we consider function spaces whose member are homogeneous, we denote 
them by adding subindeces ev or od, i.e. Css,e\{^ ■ Gi) = Css(^ : Giev) of Css'^od (it: Gi) = Css(il: Giod) 
etc. 

Definition 9.2.3 (Function spaces on il with value ‘real’). 

^ 5 s(^ev) = Mx) e Css(Hev : Gl) | u{xb) G C°°(ilB : C)}, 

= {^(^) S <^ss(il: G:) I dgu{x,0) G l^ss(ilev) for any a}, 

0SS,oM = {«(^) G Css(il: G:) I OMM) G Co°°(ilB : C) for any a}, 

^SsM = MM G Bss{id : G:) I dgu{XB) G R(ilB : C) for any a}, 

= {«(^) G Css(^™'” : G:) I dMM) G R(M"* : C) for any a}, 

= {“(^) G 5ss(iH"*l” : €) I d^u{XB) G : C) for any a}, 

= MiM G Css(^™l’^ : G:) I dMM) G Om(M"* : C) for any a}. 
Definition 9.2.4 (Topology of function spaces). 

• IFe introduce seminorms in Css(il : Gl) for any integer k, 1 Gl and a compact set K C Rb, 
by defining 

Pk,K,i{u) = sup |proji(D3(^'u(XB))| . 

XBeK,\a\<k 

Css(il : Gl) with this topology will be denoted by Css(il : Gl). 

• IFe say that Uj —)• 0 m Cs'5^o(^ ^ Gl) when j ^ oo iff for any 1 £ I, there exists a compact 
set Ki C Ub such that 

(i) the support o/projj(clgrij(-, 0)) is contained in Ki for any a and j, and 

(ii) supxbgKi |PFoji(D^nj(XB))| 0 as j ^ oo for any a = {a,a). 

We denote T’ss'(il : Gl) the setCssfli'd -: Gl) with this topology and call it as the space of test 
functions on U. 
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• We say that Uj —>• 0 in ^ss(^ : '2^) iff for any 1 £ I and a, projj(Z)^nj(XB)) converges 
uniformly to 0 on any compact set Ki and they are bounded on M™'. 

• For u G ; <t) and any integer k and 1 £ I, we put 

(9.2.1) Pk,i{u) = sup (1 + |proji(i:)xn(XB))| . 

XBeiR’",|o|+i<fc 

• The topology of spaces ^, If gg{iX), 1 ^and is defined accordingly as 

above. 


9.2.2. Scalar products and norms. 

Definition 9.2.5 (Hermitian conjugation). 

• For X = (xi, • • • , Xm) £ 91™ and 6 = (di, • • • , On) £ 91”^, we put 

X = (xi, • • • , Xm) with Xj = 

|I|=ev 

where is defined in (2.1.15) and Hcff =the complex conjugate of Xjj in C. 

(9.2.2) ^ = (_i)l»l(l“l-i)/20a and h = 

|I|=od 

where O^^i = the complex conjugate of Ok j in C. 

• Let w{q) = X^igiici(( 7 )(T^ £ C'°°(M™ : Gi). We put 

(9.2.3) ^^{q) = ^^n;i(g)cj^ with wi{q) = the complex conjugate of w\{q) in C. 

lex 

• For w{x) £ Css{Uev ■ ^) with w{q) £ C'°°(M™ : €), we put 


(9.2.4) w{x) = w{x). 

• For v{e) = X]|a|<n ^ 'Pn{^), We put 

(9.2.5) W)=Y < = (-l)'“'^'“'"'^/"((^)ev + (-l)l“l(^)od). 

|a.|<n 

• For u{X) £ Css(il: <t), we put 

(9.2.6) '^{X) = = ^(^) where X = {x,6) 

\a\<n 

with 

<(X) = (-l)l“l(l“|-l)/2((^)ev + (-1)H(^)„^), 

Ua{x) = Y ^dqUaixB)^^ = Y “a(^B)xs, 

a ‘ a ’ 

where x = xb + xs. 

Remark 9.2.3. (1) The Grassmann continuation w{x) is expanded as w{x) = X^H^H(a^)c7^ 

with 

wh{x) = Y j(i) • •j(c.i)a;2i(i) • • 

H=J+lP+-+l)^"‘^ 

-l~Ij“-’\a=(oi,." ,oim) 
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we get 


w[x) = 


) = = X] “i ^9 = w{-){x). 

H “• 


This guarantees the naturalness of (I9.2.3p . 

(2) The definiton of ()9.2.4p and ()9.2.5p follows from the relation 9°-Va = v^0°' for any Va S C. 
Definition 9.2.6 (L^ spaces). 

• For u, w ^ C 55 ^o(^ev : we define the scalar product and the L^-norm by 

(9.2.7) {u,w) = / dxBu{xB)w{xB) G ^ and ||tt|p = {u,u) G 94. 

■/TTb (Itev) 

• For V, w & Vni^), we put 

(9.2.8) {v,w) = v^Wg and ||'(;|p = (i;, u). 

\a\<n 

• For u, w & Css,o{^ ■ ^), we define also 

(9.2.9) {u,w) = yy / dxua{x)wa{x) = yy / dxBUa{xB)wia{xB) with ||m||^ = (u, u) 

, JTrRfUpv) 


|a|<n 


|a|<n 


Remark 9.2.4. (1) It is clear that if u, v are in 0sso(^) G C and 

{u, u) = ||m|P > 0. 

(2) In the following, we explain the derivation of the above scalar products: 

(i) If f{q), g{q) G C°°{Ub '■ C), using 6-function symbolically, we may consider the standard scalar 
product as 


{f,9)= [ dqf{q)g{q) 
JUb 


^B,q' 


dq'dqd{q - q')f{q)g{q') with Ub = vrB(il). 


On the other hand, for u{x) G C5s^o(^ev,a; : o,nd w{y) G Css,o{^^,y ’■ ^); we may regard u{x)w{y) 

as a function u{X)w{y) G Css'^o(^ev x '■ ^)- Therefore, remarking {uw){xb) = u{xb)w{xb) = 

with = (—for I = J + K, we may define 

(9.2.10) {u,w) = // dydx 6{x — y)u{x)w{y) = / dxBu{xB)w{xB) ^ 

(a) We introduce here a constant T{a,b) for any multi-indeces a, b by 

(9.2.11) 6^6^ = [-lyOFga+b 
from which we get easily 

(9.2.12) T{b,a) = \a\\b\ + T{a,b) mod 2. 

Moreover, for any h and 9, 9, tt G 94od; we get, by induction with respect to \b\, 

n n 

(9.2.13) ]J(7rj0j)^^ = (-l)l''l(l^l-i)/V0^ and JJ(0j0j)^^ = (-l)l^l(l''l-^)/¥^0^ 

i=i i=i 

(Hi) By putting {9\9) = Yl^=i dj9j and 

(9.2.14) d9 = d9i---d9n = ■ ■ ■ d9i, 
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we get (|9.2.8p from 
(9.2.15) {u,w) = 


d 0 de '^ 0 ^Ua^ 0 ’’Wb = ^((ita)ev + {Ua)od)'Wa = ^ 


Here, we used equalities below and (j9.2.13p ; 

0^Ua0^Wb = 6'“6'^((iZ^)ev + 

n 


= > Un.Wa- 


(9.2.16) 




k=l 


In fact, taking up the top term w.r.t. 9, 

n 

edtW'QaQb ^ _ ^_^ya\{\a\-l)/20a^_^-^\a\(\a\-l)/2Qa0a0b 

1=1 

= ^_Xy“l(l“|-l)/ 2 +|a|(|a|-l)/ 2 +r(a,a)^i^o^b^ 

and using (19.2.141) . we have 

ff _ /_^\n{n-l)/2+\a\(\a\-l)/2+\a\{\a\-l)/2+T{a,a) f 

J ig^oin 

= ^_X)a(»i-l)/ 2 +|a|(|a|-l)/ 2 +|a|(|a|-l)/ 2 +T(a.a)+T(a,a)^^^ _ 

since n(n — l)/2 + |a|(|a| — l)/2 + |a|(|a| — l)/2 + r(a, a) + r(a, a) = 0 mod 2. jj 

(iv) Finally, as we have 

[[ dXdX 6{x - x)e^^\^^^I(^wiX) 

J jiix 


(9.2.17) 


II 


) X X TTb (ii ev)a 


dxdx 6{x — x) 



91g'"x9l“'" 


d0d0 e''^l^^it(x, 0)w{x, 0) 


/ dXBUa{xB)Wa{xB) = {Ua,Wa), 


|a|<Ti 


'TTb (-Uev) 


|a|<n 


our definition (|9.2.9p seems canonical. 


Lemma 9.2.1. Denoting by A* the dual of the operator A in the above scalar product, we get 


easily 

(9.2.18) 

(9.2.19) 


id9,r = 0k, {0kr = de„ m* = 0^, (9.T = \n- 


Proof. For a,b £ {0,1}"-, we put dk = {ai,--- ,ak-!,■■■ ,an), bk = (bi,--- ,bk + l,- 
where 50^0“ = 0 with a for Ok = 0. Let v, w £ Vni^)- Remarking (19.2.161) . we have 

de,{0-Ua){0^Vb) = U-a{-lY^^^'^W{0\b) 

= «y-l)^'=(")((u^)ev + (-l)l"'=l + l"(^)od)l4., 


■ ) ^n) 


0-Ua0k0\ = U^0-{-lY^^’’^0^^Vb = (-l)^'=(')0"0'H(^)ev + (" 1)(^)od)l^b, 


and 
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which yield 


{de^u,v)= dedee^^\^^'^de^{e^Ua)^Vbe'^ 

a,b 


a,6 


JL 


ddde Uad^Y ^kVbO^ = (“’ ^kV)- 

a b 

Repeating this arguments, we have other equalities readily. □ 




9.2.3. Distributions. 

Definition 9.2.7 (Distributions onU C M"* with values in C). 

• Let ^ be a linear functional defined on Vss{U : Gl) such that 0 in ^ iff Uj ^ 0 in 

Css,o{U : Gl). Then, we call this functional as a distribution on U, and the set composed 
of these is denoted by 'T>'gg{U : €). 

• SggiU : €) stands for the set consisting of continuous linear functionals on £ss{U ■ Gl). 

• l3'gg{U : Gl) stands for the set consisting of continuous linear functionals on Bss{U '■ Gl). 

• ^ e : (t) iff ^ is a continuous linear functional on ■ Gl). 

o^ndare defined analogously. 

V'ssiU : G:) = mq) = Y I ^lid) e ■ C) for any I G I}, 

IGI 

S'ssiU : G:) = mq) G V'ssiU : Gl) | ^ffq) = proiff^q)) G £'{U : C) for any I G I}, 
S'ssi^^ : G:) = Mq) G : Gl) | ^ffq) G 5'(M™ : C) for any I G I}. 

Here, <h G 7^ss(^ • '^) on it G £>§§{11 : Gl) by 

{^^u) = Y{ 

lex i=J+K 

Other dualities are defined analogously. 

Definition 9.2.8 (Distributions on il with values in Gi). 

V's§{ii : G:) = {<h(X) = ^ <h„(x)r I $„(Xb) = a,“<h(xB, o) G Pss'(iiB : G:) for any a}, 

a 

£!§§{il : G:) = {<h(X) G P^s(il: Gl) | ^^(Xb) G fss'(ilB : Gl) for any a}, 

S's§im^\^ : G:) = {<h(X) G V's§im^^^ G:) | $„(Xb) G 5ss'(M'” : G:) for any a}. 

Action of <1> G (il: C) on u G Pss (^ : Gl) are defined by 

($,u)= Y {de^{x,9),d^u{x,d)). 

\a\<n 

Proposition 9.2.1. Let ^ be a continuous linear functional on Vssi^ ■ Gl). Then, <h(A) is 
represented by 

<h(A) = Y^ ^a{x)9°‘ where proji(<ha(xB)) G 7?^(ilB : C) for each I G X. 

\a\<n 




180 


9. MISCELLANEOUS 


Analogous results hold for any element of : C), : €) or : C). 


Proof is omitted here. 

Definition 9.2.9 (Sobolev spaces). Let k he a non-negative integer. 

• We define, for u, v G C5s^o(^ : 

(9.2.20) {{u,v))i^= '^{D^u,D^v) and \\u\\l = {{u,u))^. 

\a\<k 

• For any u, v G 55'5(iH™'l"’ : el), we define 

E (a + \XB?FD\u,[i + \XB\^ii^D\v) 

(9.2.21) |a|+«<fc 

and \\\u\\\l = {{{u,u))),^. 


Now, we put 

^ls(^ : e:) = {n G Css,o(il: \ ll^ll < oo}, 

n’^gsiii :€) = {uG Cssiii : ^) | ||ii|U < oo} 

and taking the completion of these spaces with respect to corresponding norms, we get the desired 
spaces F'ggiA. : C) and ■ ^)- The closure of Css,o{^ ■ Gl) in : €) is denoted by 

Pgsoi^ • The spaces /IL^gg{!d) and'^ 5 .^(il) are dehned analogously. 

Remark. We should consider the integral in the last form as the one in the Lebesgue sense. 


Definition 9.2.10. Let 1 < r < oo. 

= M^) e I <9,“ii(Xb) G : C) for any a} 


where 

ViriR^ : C) = {ix(g) G C'^(M”^ : C) | d^u{q) G L"(M'" : C) 
The topology on'l/>gr ggi^W^'^) is defined by seminorms 


Pk,I:r{u) = ^ ||proji(D^u(XB))||L-. 
|a|<fe 


for any a}. 


Definition 9.2.11. 

0'c{R^ : C) = {d>(g) G V\R^ : C) | (1 + G : C) 

for any a and some k}, 

0};(R- : e:) = {$ G P^5(M™ : Gl) | proji((/.((7)) G 0^(M"* : C)}, 

: e:) = {$ G V'ggidV^^^ : €) I D^xHXb) e 0};(M™ : Gl)}. 

Remark 9.2.5. (1) The following assertions follow directly from definitions above and the 
standard distribution theory of [125]. 

(1) $ G : G:) iff for any ^ G Pss(^™l" : Gl), G 5ss(9^"*l" : Gl). 

(it) (IpLGSsi^^^"))' 

(2) Though we don’t mention other properties on function or distribution spaces on A C but 

they will be almost comparable to those in standard case treated in mi¬ 
ls) Sobolev inequalities should he studied separately. 
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9.2.4. Fourier transformations, definitions and their basic properties. In this section, 
we borrow ideas from [TUI [TTl [gm [UU] with necessary modifications. 

9.2.4.1. Fourier transformations (even case). We introduce the Fourier and inverse Fourier 

transformations of functions with even variables. For u{x), v{f^) G : (f), we dehne 

(9.2.22) {F^u){C) = {2TTh)-^/^ [ 

(9.2.23) {Fev){^) = {2Trh)-^/^ [ 

Remark 9.2.6. If F stands for the standard Fourier transformation on 5(M”* : C), then it 
acts on 5(M™ : C) by {Fu){p) = ^jg 2 ;(Fni)(p)(T^ for u{q) = iii(g)<7^ with ui{q) G 5(M™' : C). 

As u{x) G 555 ( 94 ”^!'^ : (t) is the Grassmann continuation of u{q) G 5(M™' : C), we need to say 

{Fum = {F,um- 

Proposition 9.2.2. Let u, v e 55s(iH™l° : <f). 

(9.2.24) (Feidym) = (ifi-')l“lr(i"en)(0, (i"e(x“u))(0 = {iht^d^iF.um. 

(9.2.25) (Fe(e*"-^<"l«'>u))(0 = (Feii)(C - O, (Feiuix - x')))(0 = (Fell)(0- 

(9.2.26) (Fe(ii(te)))(0 = \t\-^{Feu){t-^0 for tGR^ =R\ {0}. 

(9.2.27) FgFeU = u and F^FeV = v. 

(9.2.28) (ll)'l’) = (Fell) Fell) 0,'IT‘d ||FeU|| = ||tt||. 

(9.2.29) (Fe5)(0 = (271/1) /“ dx = {27rh)-^/^. 

Jy{m|0 

Moreover, Fg : 55s(lH"*l° : Gl) —> 5ss'(iH™'l° : <f) mapping satisfying 

(9.2.30) III Pi'oji((Feii)(CB))|||fc < C'„j,;i||| proji(u(xB))|||fe for any iGl. 

Proof. As d^u(x) = {d(fu){x), if ^ = p G M™, we get the first part of (I9.2.24P by 

(Fe(d“u))(Ok=p = (27r;i)-™/2 f dqe-^^-"^y\P^d^u{q) 

JR’" 

= (i;i-i)i“ip“(Fu)(p) = (i;i-i)i“ir(i"eii)(e)k=p. 

The second equality in (19.2.241) is proved analogously and which shows that {Feu){f,) G 5ss'(9I”^l"' : 
el). Other equalities in (I9.2.24l) - ()9.2.28p are proved as same as the standard case. ()9.2.29p follows 
by defining {Fe6,u) = {6,Feu) = dp5{p){Fu){p) = (Fu)(0) = fj^„,dqu(q) = f^„,,odxu(x) = 

(Feu)(0). (|9.2.30p is a direct consequence of the standard theory of Fourier transformation. □ 

Remark 9.2.7. The Plancherel formula (19.2.281) stands for Ff = F^ = Fg“^. 

9.2.4.2. Fourier transformations (odd case). For v{9), w{tt) G Vn{^)-, we define Fourier trans- 


formations with Si G 

= C \ {0} as 


(9.2.31) 

(Foi;)(7r) = 

f dOe-^^ '<'^l^)i;(0) 



ly^a\n 

(9.2.32) 

(Foiii)(0) = 

[ dvie*^ ^^®l^^ic(7r) 



/y{0|n 
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where we put 


/ . 

I 

= e-*^r^(n-2)/4 ^2 ^ .n^_^^n(n-l)/2 ^ 1 

i 

1 

\ 


when 

n = 1 

mod 4, 

when 

n = 2 

mod 4, 

when 

n = 3 

mod 4, 

when 

n = 0 

mod 4. 


Remark 9.2.8. (1) Clearly, in (|9.2.32l) . if we change the role of the variables vr and 9, we get 
Fo = Fo. 


(2) Moreover, 

we may put differently as 



{Fov){'n-) = 

[ d9e-^ '<®l^>u(0), 

(9.2.33) 


J^O\'n 

r 

with 

{hw)(9) = 

/ dvre^ 

Jy{0\n 


when n = 1 mod 4, 
when n = 2 mod 4, 
when n = 3 mod 4, 
when n = 0 mod 4. 

Proposition 9.2.3. Putting 1 = (1, ■ ■ ■ ,1) and d = 1 — a, we have, for Va G 


(9.2.34) jn = jI = (_i)«(«-i)/2 = , 


1 

-1 

-1 

1 


(9.2.35) 

/ d9e-^^ = (_j^-l)l“l(_l)PI(l“|-l)/2+r(a, 

Jy{0\n 

Moreover, for v, 

w e Vni^F), we have the following: 

(9.2.36) 

(Fo(5^))(7r) = (zS-i)l“l(-l)-l“l7r“(Foi;)(7r), 
(Fo(0“T))(7r) = (i^-i)H(_l)-H5“(Foi^)(7r). 

(9.2.37) 

(Fo(e*""<^l"%))(vr) = (Fo^)(7r-7r'), 
{F,{v{9 - d')))(vr) = e-^^~"^^'^-\Fov){7r). 

(9.2.38) 

{Fo{v{s9))){Tr) = s'^{Fov){s~^7r) for s G C^. 

(9.2.39) 

FoFqW = w and FqFqV = v. 

(9.2.40) 

{v,w) = {FoV,Fow) and PqT = u if k = 

(9.2.41) 

iFJ){Tr) = k^/hn for6i9) = 9\ 


Proof. We get, by the definition of integration w.r.t. 9 and (19.2.131) . 






d9 9°‘Va'^^{—ih ^9j'Kj)°‘^ 
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Moreover, we get 





/^0|n 


de'e-^^ 


Jy{0\-n. 


where we used (j9.2.13p with b = d. By the definition of t^(—= 1 and (j9.2.12p . we 
have the Fourier inversion formula p9.2.39p . Or, we may prove directly this by changing the order 
of integration: 


FoFow{9) 


T^il jj d-KdO'e-^'^ = j de' 

r4(-ir [ dd'{ik-^r{-i)^^^-^'>/\e' - ei^w{0') = 


|y dvre-*^ 
f de'6{e' - 9)wie'). 


Remarking dgj{e = e + dg.v), we get, after integration with respect 

to 9, 

{Fodd^v){TT) = i^“^(-l)"-7rjFou(7r) 

which proves the first equality of p9.2.36p when |a| = 1. Assuming the Hrst equality of p9.2.36p 
holds for any a satisfying |a| = I, we apply the above for w{9) = (d^vjld). Then, we get 

(-iyF-)F,d^^W = Fodg.W = ik-^-irTTjFoW 

= (il&-^)l“l+i(-l)”(l“l+i)7rj7r“FoU = 

As before, we put dj = (oi, • • • , aj_i, Oj + 1, Uj+i, • • • , On) and £j(a) = J2i=i ^k- 
To prove the Plancherel formula (I9.2.40p . remarking that 

(Fou)(7r) = 

\a\<n 

{Fou){tt) = 

\h\<n 


we have 


(FqU, Fou') 


E" 

|a|<rx,|6|<n 




\a\<n 


This implies (19.2.401) for ^ = 1. Especially in case n = 2, |a| = 1, above holds for any Ti. Other 
equalities are proved by the analogous fashion so omitted. □ 
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Example 9.2.1 (n = 2). For u{ 6 ) = U 0 + 6162 U 1 and v{it) = ttiVi + tt 2 V 2 with uo,ui,vi,V 2 G 
we have 


{Fou){'K) = k f d6 e = h{ui + h ^ 7117121 x 0 ), 

^91012 

{Fov){6) = h f dn = h{—ik~^92Vi + ik~^9iV2), 


Fo{Fou){9) = k [ dire^^ + k ^ 7117121 x 0 )] = xxo + 9i92Ui = u{9), 

Jino|2 

Fo{Fov){Tr) = k [ d9e~'^^ ^^^'''^\k{—ik~^92Vi + ik~^9iV2)] = ttixii + 712x72 = x;( 7 r). 

J^0\2 

Therefore, we get 

{FoU,Fqu') = j dirdn Fou{TT)Fou'{7r) 


^ ^xxo 7 ri 7 r 2 )(^xxi + S ^711712^0) 

(7712 OTTi aVTi 0712 


7r=7r=0 


= S^XXlXXl + k ^XXqXXq, 

which implies that the Plancherel formula (EqXX, Fqu') = (xx, xx') for above xx, xx' holds only when 
k = l. 

Analogously but for any k 0 , 


{FoV,Fov') = J dTrdTT Fov{7r)Fov'{7r) 


- 7727X2)(711X71 - 7 I 2 X 72 )] 

0712 0711 OTli 0712 


7r=7r=0 


= X7iX7( + V 2 V 2 = {V,v') 


II 


Example 9.2.2 (n = 3) . Let u{9) = xxq + 9i92Ui + 02^3772 + ^i^axxs, v{9) = 9ivi + 02772 + 03773 + 
010203774 with xxq, xxi, XX 2 , XX 3 , X7i, x72, x73, x74 G C, we have the following inversion formula: 

(Fo7x)(7i) = 7^3/2 ,3 f (i0e-*^“'<®l">xx(0) 

791013 

= ^^/^X3[x^~^7l37l271iXXo — xft~^7l3XXi — xS“^71iXX2 + iS:~^7l2XX3], 

Fo{Fou){9) = k^/hs [ 77 ie*^”'<^l^>(FoXx)( 7 i) 

791013 

= k^i\ / dlie*^ [x^“^7l37l271iXXo — iS“^7l3XXi — X^“^71 iXX 2 + X^:~^7l2XX3] 

791013 

= X^“^XXo + X^“^ 020 lXXi + ik~^9^92U2 + X^“^ 030 lXX 3 ] 

= XXo + 01027X1 + 02037 X 2 + 01037X3- 


Since 


(EoXx)(7i) = (Fo7x)(7i) = ^ XXo71l7l27l3 + X^ ^XXi7l3 + X^ ^XX271i — X^ ^ 7 X 3712 ], 

(FoXx')(7i) = ^^/^X3[x^“^71371271iXXq — X^“^7l3XXi — X^“^71iXX2 + X^~^7l2XX3], 


and 


{FoU){7r){Fou'){7r) = k^[k ®XXo71i7l27l37l37l271iXXo + ^ ^XXiTlsTlsXx'i 

+ ^“^XX^^i71iXX 2 + ^“^XX^W27r27X3] H-, 
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where the term (• • •) vanishes after integration w.r.t. dvr dvr, we get 

{FoU,Fou')= [[ dTTdTTe^'^^'^'>{Fou){Tt){Fou'){Tr) 

J JIH0|3x910|3 

= h~^vFu'Q + hifalu'^ + u^U2 + U3U3) = ^ 

\a\=0,2 

Therefore, the Plancherel formula holds for % = 1. 

9.2.4.3. Fourier transformations (mixed case). Putting 

= (271/1)and (X|H) = h-\x\ej + S-^(0|7r) G iRev, 
for any u{X) = X]„6»“na(a;), ?;(H) = ^ 5ss(9^™'l"' : Ci), we define 

{Fu){^, tt) = Cm,n [ dX 


(9.2.42) 


= {2TTh)-^^H'^^‘^Ln / / dxd9 e-^^ {9H 9'^Ua{x) 


y (271/1) 

^ ' Fm\0 

\a\<n 

Y^\(FX)(A\w.<m- 




f 

Jdt 


a 

!.-l/ 


d9e-^^ 


Unix 


|a|<n 


(9.2.43) 


{Fv){x,9) = Cm,n c/He*^^l“^n(S) 


= (27i/i)-"*/2^'‘/2^ 


n I I didirF^ Hx\i)+i% 


X 


die 

fin H' 

Y. \{FX)(mhve)(x). 

|6|<n 


ih l(a:|0 




■L 


dTie*^ 


(9.2.44) 


Proposition 9.2.4. For any u, v e 555 ( 94 "*!” : C), 

{F{D^xu)){C) = (i/i-i)H(i?&-i)l“l(-l)"l“lH“(^n)(H) 
(-F(X“u))(H) = (//i)H(/^)l“l(-l)"l“IZ9^(^n)(“). 


(9.2.45) 

(9.2.46) 

(9.2.47) 

(9.2.48) 


(J-(e*<^l“>u))(S) = (^u)(H-HO, 
iF{u{X - X'))){E) = e-*<=l^')(^n)(H). 


{Fu){tf^, stt) = \t\ ^s^{Fu){t ^,s ^ 71 ) /or/GM^jSGC^ 

FFu = u and FFv = v. 


{Fu,Fv) = {u,v) and ||-Pn|| = ||tt|| for k = 1. 
If we define 6(X) = 6{x)d{9), then 

(9.2.49) {J^S){E) = (Fed)(0(FoS)(7r) = Cm,n- 


MO 
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F : 555 (9^™'!"' : C) —)• 555(91™'!"' : C) gives a continuous linear mapping satisfying 
(9.2.50) III proji((5“J'ix)(SB))|||fc < C;„,„||| proji((5»(XB))|||fc for each lei. 

Proof. Combining above results, we have readily these statements. □ 

Remark 9.2.9. Since by the formal definition of 6-function, we have 


f dp Fu{p)Fv{p) = {27rh) f dp[ f dqe ^^^u{q)][ f dq'e ^'^^v{q')] 


dqdq'[{27rh) f dp e '^'^^^]u{Q)v{q') = f dqu{q)v{q), 

J JR"* 


and for A = {Ajjf), putting 


{p,Ap) = ^ pjAjkPk, {Dg,ADg) = ^ {-ihdq.)Ajk{-ihdq^) with Dq. = -ihdq., 
j,k=l j,k=l 


we have 


{2Trh) / dp{p,ApYu{p) = {Dq,ADqYu{q). 
Jr"* 

Therefore, we want to ask whether following claim holds or not: 
Claim 9.2.1. Let u,v e 555(91™'I" : C). Then, we have 

[ dXuiX)v{X)= [ dE'(^{E){Fv){E). 

J^m\n J^m\n 


But Claim \9.2.1\ doesn’t hold in general: For example, take u{6) = uq + 0i92U\, u'{9) 
u'q + 9i92u[, then 

/ d9{uo + 9 i92Ui){uq + 9i92u'i) = — / d'Ku{'n)u'{ tt) . 

991012 99^012 


In fact 


/tH0|2 


d0{ui^ + 0x02Ui){u'q + 9i92u'i) = uqu'i + miUq, 


u{-){9) = Uq + 9 i 92 Ui = Uq + Wl6*i02 = '“O — O 162 U 1 = u{ 6 ), 
k [ de= ;t“^7fi7f2u^ - kui, 

991012 


u{'k) = —k ^7ri7r2Mo — kui, 

/ d'K{—k~"’^'KiTT2U[j — kui){k~"’^TliTl2u'Q + ku'i) = —UQu'i—Uiu'Q. // 

991012 

But, for v{9) = 9iVi + 92V2, v'{9) = 9iv[ + 92V2, Claim W.2.1\ does hold: 

[ d9{9ivi + 92V2)i9iv'i + 92 V 2 ) = f dTTv{-){Tr)v'{'^)- 

991012 991012 

/ d9{9iVi + 92V2){9iv[ + 92 V 2 ) = ((l)l)ev - (l’l)od)w2 - ((l^2)ev “ (r’2)od)'r'i, 

991012 


In fact 
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SiVi + 92V2 = Vi9i + V292, 

k f d9e~"’^ +V^92) = -i^ 2 {{W)ev - (vi)od) + i^li(v^)ev - (W)od), 

JSH0|2 

v{-){tt) = i{{vi)ev - (l^l)od)7r2 “ iiMev “ (l^2)od)7ri, 

/ dn [l((i;i)ev - (1^1)03)712 - *((w 2 )ev - (112)03)711] (-i 7 r 2 l'( + i 7 riW 2 ) 

= ((l 7 l)ev - (l 7 l)od)l 72 “ ((l 72 )ev “ (l 72 )od)l 7 i- / 

9.3. Qi’s example of weakly hyperbolic equation 


In 1958, M-y. Qi considered the following IVP: 

(9.3.1) 

Vtt - L{t, dq)v = 0 with L{t) = L{t, dg) = t^dg + {Ak + l)dq and i;(0, q) = ip{q), vt{0, q) = 0. 
In Dreher and Witt [39] . following claim is cited from Qi 
Claim 9.3.1. For suitably chosen Cjk 7 ^ 0, 

v{t,q) = (q + ^— 

j=o ^ 

gives the solution of (I9.3.ip . 


Though Qi uses the knowledge of Euler-Poisson equation and the Riemann-Louville fraction 
integral, we generalize the method of characteristics to a system of PDOp using superanalysis to 
have readily 


Theorem 9.3.1. 
v{t,q) = (27r)-i/2 f 


E 

e=o 


2^^k\ 


{2e)\{k-ey. 


t^^{ipY(p{p) = ^ 


2^^k\ 


£=0 


{ 2 i)l{k-i)l 




t2 

2 


idtU = H(t, dq)U, U = U{t, q) = 


v{t,q) 

w{t,q) 


and U{0,q) = U_{q) = 


Piq) 

m.{q) 


9.3.1. A systemization and superspace setting. Putting w = vt — tVq, we have 
dtW = Vtt -Vq- tVtq = t^Vqq + (4/c + l)Vq - Vq - tVtq = -tWq + AkVq, 

then 
(9.3.2) 
with 

-W,)- 

Preparing odd variables 9i,02, we define an operator 

1 - - ^2^ j + Aikdx6i92 - 

which acts on u{t,x,9) = v{t,x) + w{t,x)9i92. Then, we reformulate (I9.3.2p as follows: 


(9.3.4) 


d 

i-^u{t,x,9) ='H{t,dx,9,dg)u{t,x,9) with u{0,x,9) = v{x) + w{x)9i92- 


Introducing Fourier transformation w.r.t. odd variables, we have a supersmooth function 
(9.3.5) 'H{t,f,,9,TT) = itf{9\'K) — Akf9i92 + 7711712 , 
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which is the Hamilton function corresponding to T-L{t,dx,O,d 0 ). 


9.3.2. A solution of the Hamilton-Jacobi equation by direct method. We solve the 

following Hamilton-Jacobi equation directly: 

(" 5 ^- 1 - itSx{O\S0) — 4kSx0i92 + iS0j^S0^ = 0 , 

(9.3.6) < 

\ •S{0,x,C,e,Tr) = (x|0 + 

Decomposing S{t,x,^,6,7r) as 

S{t,x,^,6,7r) = S{t,x,^,0,0)+X{t,x,^)6i92 + Y(t,x,^)9iTTi +Y{t,x,^)92'n-2 

+ V{t,X,^)9i7T2 + V{t,X,^)92Tri + Z{t,X,^)7Ti7T2 + W{t, X, ^)9i927riTT2, 
we calculate X,Y,Y ,V,V, Z,W which are shown also independent of x. 


(0) Taking 0 = 0, tt = 0 in ()9.3.6p . we have 

S{t,x,^,0,0)t = 0 with 5(0,0,0) 


which gives 


5(t,x,C,0,0) = (xlO- 




(1) Differentiating (I9.3.6P w.r.t 9i and 02 and restricting to 0 = tt = 0, we have 

(9.3.7) Xt = 4:k^ — 2it^X — iX"^ with A(0) = 0 where X = 80280 ^ 8 {t,x,^, 9, 7 r)\^_^_Q 
Moreover, differentiating (|9.3.7D once more w.r.t x, we put X = Xx which gives 

Xt + 2it^X + 2iXX = 0 with A(0) = 0. 

Therefore X{t) = 0 which implies X{t,x,^) is independent of x. 

To solve (I9.3.7p . we may associate the 2nd order ODE: 

(9.3.8) ^ + 2it^(j) — 4ik^(j) = 0 with (;i)(0) = 0, 

from which we have a solution X{t,^) = of (I9.3.7p . 

For the sake of notational simplicity, we rewrite (j9.3.8h as 

(9.3.9) ^ + at(^ + (34> = 0 with <j){0) = 0. a = 2i^, (3 =—i4k^. 

This equation is solvable in polynomial w.r.t. t: Putting 4>{t) = have 

00 00 

i=i i=2 

Then, the coefficients of P are given by 

:2c2 + /3co = 0 C2 = “^cq, 

:3-2c 3 aci -h ^ci = 0 C 3 = + /3)ci, 

:4-3c4 2q:C2 + f 3 c 2 = 0 => C4 = -^(2q; + /3)c2 = (-l)^^(2a / 3 )/ 3 co, 

:5-4c5 -|- 3q:C3 -|- /Jcs = 0, 


: 2 ^( 2 ^ - 1 ) C 2 ^ + {21 - 2)ac2i-2 + ^02^-2 = 0 , 
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^ :{2£ + 1 ) 2 £c 2 £+i + (2£ - l)ac 2 £-i + /3c2£_i = 0, etc. 

Since 0(0) = 0 implies ci = 0, we have C 2 £+i = 0 for any £. Moreover, putting cq = 1, i .e. 
0(0) = 1, we have 


C2£ = 


(-iy(2ay (0 


( 2 ^)! 


2a 


— where {x)£ = x{x + !)■ ■-{x + £ — 1). 


In our case, we have 0(2a) ^ = —k and {—k)£ = (—1)^ (k-£)\ ’ therefore 

,,2e _ 2^ _ 4^^! 

- 1 

£=0 ^ ’ 


£=0 


{ii)H 


IXll 


£=0 


(2) Y = = dTridoj^S{t,x,^,0,0) satisfies 

(9.3.10) Yt + it^Y + iXY = 0 with 1^(0) = 1. 
From this, we have 

Same relation holds for Y = dT^^do^S{t,x,^,0,0). 

(3) V = dTr 2 d 0 j^S{t,x,^,O,O) satisfies 

Vt + it^V + XV = 0 with 1/(0) = 0. 

From this, V{t) = 0. Analogously, V = d-,ride 2 <S{t,x,^, 0 , 0 ) = 0. 

(4) For Z = Z{t,^) = d.^ 2 d.^^S(t,x,^, 0 , 0 ), we have 

(9.3.11) Zt + iY^ = 0 with Z(0) = 0. 


Therefore, 





(5) Putting 


W = W(t, 0 = d^,d^,d0,d0,s(t, X, e, 0,0), 
and remarking Z^ = (9x97r2i97r^5(t, x, 0, 0) = 0, we have 


(9.3.12) 


Wt + 2itCW + 2iXW = 0 with IF(0) = 0. 


Therefore, VF = 0. 
Now, we define 


( Sxi 

^X-KX 

Sx'K2 

P(t,^,6»,7r) = sdet 

^OXTVX 

S0x'K2 

\^d2£ 

*5^2 771 

^02'X2 


Y-\t,0=A^it,^,e,7r). 
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9.3.3. Quantization. Using above defined S and A, we construct a function 
u{t,x,9) = (27r)“^/^ y vr). 

It is shown that this gives a solution of (j9.3.4p . 

Since 

J dvr + w{0) = HO + + iZ)w(0, 

we have 

(27r)“^/^ J d^dir {v{^)7riTT2 + w{^)) 

= ( 27 r )-^/2 J + (^^0102 + iZ)w{0] 

= (27r)-i/2y + iXeie2){UC) + iZwi^) + Y^9 i92w{()) 

= ( 27 r )-^/2 J e^(^^^'^Y-\v{0 + iZw (^)) 

+ J d^A^^\^^Y-^[iX{v{O + iZw{O)+y^miO]0i02- 


Since w = 0, we have 

v{t,g) = (2)r)-‘''^ y 


E 

e=o 


22^ A:! 




{ 2 i)\{k-i): 


□ 


x=q 


9.4. An example of a system version of Egorov’s theorem — Bernardi’s question 

It is well-known that Egorov’s theorem concerning the conjugation of \hDO(=pseudo-differential 
operator) with FIOs(=Fourier integral operators) is a very powerfull tool for the study of 'I'DOs. 

Using superanalysis, we extend that theorem to the 2x2 system of PDOs(=partial differential 
operators) or ihDOs. As a by-product, we give a new geometrical interpretation of the similarity 
transformations for any 2 x 2-matrices P and H = H*. 

9.4.1. Bernardi’s question. Remarking that 

{—ad^ + = [m7 + (/? + 

{c{x)dx + dxc{x))e ~'^'^^^= {c!{x) — 2ic{x)'-^x)e~^'^^^ ^ 

we have 

/gi7x2/2 Q \ / _q,Q 2 _|_ ^^2 2“^(c(x)d,r + (9a;C(x))\ (A 0 \ 

V 0 \2-^{d{x)dx + dxd{x)) -adl + px^ JV 0 e-A^^A) 

iaj + {j3 + aj'^)x^ 2~^(c'(x) — 2 ijxc{x))e‘^A-Y^‘^ A 

2~^{d'{x) — 2 i'yxd{x))e~''A-i)Z^A _|_ (^ _|_ q;^ 2^^2 

In February 2001, Bernardi (as a chairman of a session where I gave a talk) asked me whether 
it is possible to explain (|9.4.1I) using superanalysis. Especially, why appear the terms d{x) and 
d'(x) in the off-diagonal part? 
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9.4.2. An answer to Bernardi. We re-interpret (j9.4.ip as follows: For u,v £ 

(9.4.2) 

/g*7^^/2 Q \ / q, 2^2 _j_ 2~^i{c{x)D + Dc{x))\ ( e-*7^^/2 Q A 

V 0 j [2-^i{d{x)D + Dd{x)) aD"^ + ^x'^ j ^ 0 ) yv) 

_ / {P + a'y‘^)x‘^ + iaj + 2i'jxadx — ad^ e'^^'^~^'>^^/‘^{2~^c'{x) + c{x)dx — ipxc{x))'\ /u\ 
\^g-47-7)a:^/22-ic;'(a;) _|_ d{x)dx — ijxd^x)) 0 + a0)x‘^ + iap + 2ijxadx — adx / V^/ 

Since (I9.4.2p with u = v = 1 gives (j9.4.ip . we should explain the meaning of (j9.4.2|) instead of 

dOdll . 

Since we have 


((/3 + a0)x‘^ + ia^ + 2i^xadx — ad^')u(x} = (27r) ^ 

g 2 ^*( 7 - 7 ) 3 ;^('gY2 + cdx — ijxc)u{x) = (27r)“^ f 

4R2 


Jm? V 2 


u{y), 

u{y) 


with Weyl symbols 


a{x,^) = a0 — 7 x)^ + /3x^ = (/3 + 07 ^)^^ — 2a'yx^ + a^'^, 
cix, 0 = , 


we get the Weyl symbol of the right-hand side of (I9.4.2p . given by 

(9.4.3) 

a(^ — 7x)^ -|- / 3 x^ — 2“^ (7 + 7)^) 

/‘^ d { x )0 — 2“^ (7 -|- 7)x) a 0 — jx )^ + / 3 x^ 

.. + S7)x« + 


— I 


a — a 


0 — (07 — d7)x^ -|- 


(/? -h a0) -0 + a0) 2 ' 


TT 




X 7ri7r2. 


Superspace interpretation: On the other hand, putting 


o-(P)(x,0 


/ a0 + /3x^ ic{x)^ \ 

y id{x)i a0 + Px^J ’ 


tj(H)(x) 


(2-^-ix^ 0 \ 

V 0 2-17x7 ’ 


we have 

(9.4.4) 

cr(OPb)(x,C,0,7r) = a[V){x,i,d,0 = P(x,^,0,7 


'^ + “e2|/^ + /^2 

—— i 4 -— x^ - i 


a — a 


e+ 


p-p 


Ivr) + id{x)^9i92 + m(x)^7ri7r2, 


cT(pHb)(x, 0,7 = a{n){x, 0, 7 = -H{x, 0,7 = 


4 


4 


TT). 
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Therefore, we have 


' x = 'H^ = Q, 

i = -T-Lx = --^-^ 3 : + i'^^-^x{e\TT), 

^ A _ . 7-7 /• 1 (a;(0),C(0),6'(0),7r(0)) = (x,C,0,7r) 

Oj = -Tinj = -i^^x Oj, (j = 1, 2), 

TTj = -T-Lg^ = i'^^-^X^TTj, (j = 1,2), 

which yields the Hamilton flow corresponding to Ti as 

C{t){x,^,e,7r_) = {x{t),C{t),e{t),7r{t)) with 

x{t) = x{t,x,^,e,7i) =x, ^{t) = ?(t,x,|,0,7r) = |- '^^^^^xt + i'^^-^xt{§}]£), 

ej{t) = 9j{t,x,^,9,Tr) = 7rj{t) = 7r(t, x,^, 0, vr) = (j = 


1 , 2 ). 


Putting operators 

A = -idx - B =—^xt, ?3 = 1 - 01 —- 02 ^, ^{t)=A-Ba3, 

with Weyl symbols 

o-(^)fei) =^~ criB)ix,§) = '^^-^xt, cr(CT3)(0,7r) = -i(0|:7r), 

(y{i{t)){x,i,9,T^ =i - + (0(t)|7r(t)) = (0|7r), 

we have the following: 

a{AB + BA){x,Q = {i - ^)xt(^ - cF{dl){9,TT) = 1. 


Remark 9.4.1. Let a, b and c be non-commutative or commutative “operators”. For mono¬ 
mials P 2 ix, y) = xy and P 3 {x, y, z) = xyz, we define 


P2,s(a,b) 


^(ab + bo) 
ob 


if [a, b] 0, 
if [a, b] = 0, 


P3,s(a, b,c) 


^(obc + ocb + bco + boc + cbo + cob) 
< ^(obc + bco) 
obc 

\ 


i/o, b,c are non-commutative each other, 
if [ 0 , b] 0, but [ 0 , c] = 0 and [b, c] = 0, 
i/o, b,c are commutative each other. 


From these, we get 
-2 


(x{i{t) ) {x,^,9,tt) = ^ -{'yL- fi)xti + ^ ^t^ + *( i - -Hr^xt ) (7 - fi)xt{9\Tfi). 


In fact. 


with 


and 


e(t)' = {A- Ba3){A - Bds) = A^- {AB + BA)d3 + 


A^ + B^ = -dt + idx 


2±l^t\ + (2±1 


\ 2 


a{A^ + R^) = — ifA + 7)xt + - — ^zA—x^t^. 


xt ]idx + 


+ f W2 


2 
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Since [^{t) , (6l(t)|7r(i))] = 0, we have 


cr(C(t) {0{t)\Tr{t))){x,(,e,7£) = {6{t)\TT{t))){x,C,0,E) 


-2 / . , , 7 +7 9^2 




= U - (7 + l)xt^ + 


-i{i- (7 - l)xt Q + 20102711^2) • 


Though [as, 0102 ] 7 ^ 0 and [ 0 - 3 , 70 ^] / 0, we have 0 i(t) 02 (t)] = 0 and [^(t), 7 ri(i) 7 r 2 (t)] = 
0. Moreover, we get 

i{t) 0 i(t) 02 (t)(Mo + 1710102) = - 7^)770^1^2; 

^(t) 7ri(t)7r2(t)(uo + 7710102) = - ^xt)ui. 

Therefore, we get 

cr (t) 01 (t )02 (t)) (x, i, 0, il) = fj (t) 01 (t) 02 (t)) (x, 0, vr) 




. 2 ) 


a(t)7ri (t)7r2 (t)) (x, 0,n) = a (t) vri (t)7r2 (t)) (x, 0, vr] 




7LiT2' 


On the other hand, since [d(x(t)), ^(t)] / 0 but [(i(x(t)), 0i(t)02(t)] = 0 and [^(t), 0i(t)02(t)] = 
0, we have 


that is, 


P3,s(d(x(t)), ^(t), 0i(t)02(t)) = ^{d{x{t)) C(t) 0 i(t) 02 (i) + C(i) 6 'i(t) 6 ' 2 (i) d{x{t))), 


1 


P3,s(d(x(t)),C(i),6'lW^'2(i))(770+77l^l^2) = 2 ® (-79^-7#) + (-79x-7#)7^(^)}770^1^2' 

Analogous holds for p^^s{c{x{t)) ^{t) 711 (^) 712 (t)). 

From these, we have 

^[C(i)fei’^’T)] 

Ot -\- O. /;)r7^^\ (3 ^ 

= ) 

(6'(i)k(t)))-7^^i^a(x(t) (0(t)|7r(t))) 


(9.4.5) 


2 v-v ^ ' w, X 2 

+ ia(d{x{t)) i{t) 0 i(t) 02 (i)) + 7a(c(x(t)) ^(t) 7ri(t)7r2(t))(x,|, 0, tt) 
Oi + di 2 P + ^ 2 


-r + 


-x^ — (a7t + d^t)x^ 


— i 


a-d 2 , P-P 2 i ^ ^ 2 

i + ^ “ (“7^ - a70^i +- 2 -- 


(^It) 


+ id{x) (^§_ - ^ _ It + gi(7t-77kV2^^^2. 

This equals to (I9.4.3P after replacing 7 —)> 7 t and 7 —)• 7 ^. 
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Therefore, denoting x simply by x, etc, we have proved 

cj(tte*®Pe“*®b)(x, 0, vr) = 0, tt) = V[C{t){x,^,9,7r)]. □ 

Remark 9.4.2. In the above, we calculate the product of operators and find its symbol, rather 
directly. In the near future, we need to give a product formula for operators as analogous to 
“bosonic” case. 


9.5. Functional Derivative Equations 

9.5.1. Liouville equation. I mentioned, at 7 or 8-th lecture, a function with countably in- 
hnite independent variables. There, I regard a function with an odd variable 0 as a function 
with countably infinite independent variables {0j G C} where 6 = This resembles to 

consider a functional 

As is well-known, a non-linear system of ODEs may be regarded as a linear PDE and therefore 
ask what occurs when we have non-linear PDE on instead of ODE. 

Typically, the solution of Hamilton equation relates to the solution of Liouville equation by 
the method of characteristics. For H{q,p) G : M), Hamilton equation is written down as 

jqj = Hp^{q{t),p{t)), = 

\p, = -H,^{q{t),p{t)), U0)J W’ 

and the Liouville equation is 

d 

—u{t,q,p) = {u,H{q,p)} with ufi),q,p) = u{q,p). 

Here, Poisson bracket is defined by 

sf i = 

dpjdqj- 

In general, Hamilton equation is a non-linear ODE and Liouville equation is a linear PDE. Even non¬ 
linear, applying Galerkin method, PDE may be regarded as ODE with infinitely many components 
in certain function spaces. 

If we take as the special initial data in Liouville equation, for example, u{q,p) may be a 
measure 6q{q)dq or 6p{p)dp, respectively, we get the solution of Hamilton equation. Conversely, 
putting u{t,(pp) = u{q{t, q,p),p{t, q,p)) from the solution of Hamilton equation, we get the solution 


9.5.2. Hopf equation (H). [E. Hopf [61j ] As Liouville equation corresponds to Hamilton 
equation, Hopf equation written by functional derivatives corresponds to Navier-Stokes equation. 
More precisely, 


^here, we misuse measure 5q{q)dq and its density 5q{q) w.r.t. dq 
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9.5.2.1. Navier-Stokes equation: Let a domain Q in be given with smooth boundary dQ. 
Find a vector fieldM(t, x) = a pressure p{t, x) satisfying 

d 

x) — vAuU, x) + (tt-V)(t, x) + Vp = 0, 
at 

div u = 0, 

u{0,x) = uo{x), = 0. 

Assuming this has a solution, we denote it {TtUQ){x) = u{t,x). 

For the sake of simplicity, we take a Riemannian manifold M with metric gij{x)dx^dxK Let 

O 

L^(M) be a set of L^-integrable solenoidal vector field on M, and let h\{M) be a solenoidal vector 
field with compact support on M. 

Put H = L^(M, 5 () and H its dual. Find a functional W{t,r]) on [0,oo) x H, for {t^rf) G 

O 

(0,oo) X A^{M), it satishes 

(52 


(9.5.1) 


o /* 

—W{t,r]) = (-^(Tr?)jfc(a 


dr]j{x)Spk{x) 


W{t,p) 


+ iy{Ar])j{x) 
d 


^ 6rjj{x) 


W(t, g) + irij{x)f (x, t)W{t, rf )) dgX, 






(5 


5pj{x) 


lP(Lr?) =0, 


VF(L0) = 1 and W{Q,r]) = Wq{p). 


and 


IFo(O) = 1, 


d 






6r]j{x) 


Woiv) = 0, 


d 


f{x,t) = ^ L^(0,oo : V ^). 


9.5.2.2. Hopf-Foia§ equation (HF). [C. Foia§ [46]] Take H = L2(n) as Hilbert space. Find a 
family of Borel measures {pit, Oltelo.cxD) on H, such that for a suitable class of test functionals 
^{t,u), it satisfies 

d^{t, u) 


(9.5.2) 


f f ^^^^p{t,du)dt - [ ^{0,u)po{du) 
Jo Jn <xt Ju 


I 


{{Vuuy{x) - n{Auy{x) - P{x,t)) dgX p{t, du)dt 

0 JUJM dw{x) 


Here po{') is a given Borel measure on H. This equation is obtained, for any uj G H(H), putting 
p{t,u}) = po{Tf^Lo), calculate 

d f 

— J ^{t,Ttu)pQ{du). 

Here, we assume Ttu above is considered well-dehned. 

The solution of Hopf equation is obatained by putting ^{t, u) = /9(t)e*^“’'^^ into (19.5.21) . and 
W{t,p) = f p{t,du) = [ po{du) with {u,rj) = f P{x)pj{x)dgx. 

Jn Jn Jm 


Mini Column 4 
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What are functional derivatives, which is abruptly mentioned above. Let 17 be a domain in 
M"*. We consider a functional W : X(Q) 3 rj ^ W{r]) £ C on suitable functional space X(17). 
Taking a test function (p G (7^(17) C 7^(17), if we have 

then, we denote it as 


v'{w,(P)t)= [ dxw{x)(p{x), w{x) = £ 27^(17) 

Jn or][x) 

and call this functional derivative. We need higher order functional derivatives for W. 
we may put 


but what does this mean when x 


5‘^W{7]) 

6r]{x)6r]{y) 


£ X n) 


y? See, Inoue m- 


Formally 


End of Mini Column 4 


• I feel the address of I.M. Gelfand |54j at ICM Amsterdam conference in 1954 suggests beauti¬ 
ful and important problems and I believe as he mentioned that we need to develop a very new theory 
of differential equations to study quantum field theory or turbulence theory, for example, theory of 
functional derivative equations (FDE). The configuration space where functional lives is a function 
space which is infinite-dimensional, therefore no suitable Lebesgue-like measure. This means it is 
not yet possible to integrate functional freely, and no integration by parts, no Fourier transforma¬ 
tion does exist. The tool which we are available now is Taylor expansion if it exists, therefore, 
only very algebraic treatise is possible. Concerning a simple model equation with removable oo by 
renormalization, see Inoue |66j . 

9.5.2.3. FDE representing turbulence? Though Hopf equation is related to the invariant mea¬ 
sure w.r.t. the flow governed by Navier-Stokes equation, I suspect that the equation related to 
turbulence will be Fokker-Planck type FDE derived from Navier-Stokes equation: 


Find a measure P{t,v)dFV satisfying below: 

{x)VjV^{x) -|- -V^p{x) — uAv'^{x) — /*(x)^P(t,u)| 


^P{t,v)= f d^x-^ 
dt Jm. 3 dv\x) 


+ 


k^Tv f /_ S n 2 


d^xlV 


' 5v'- (x) 


P{t,v) 


Here 


P{x) = j-[ 


d^x 


,(Vy(x'))(V'u*(x'))-V'r(xO 


\x — x'\ 

and the functional derivatives are taken w.r.t. transversal velocity held 

d^C 


v^{x) = 


{2ttY 


3 Vk 


6i- 






)v^{x} 




Problem 9.5.1. Very recently, I make know the paper written by O. V. Troshkin, where 

he cited the “result” by W. Thomson (alias Lord Kelvin) such that W.T. obtained a wave equation 
for an incompressible fluid by averaging Euler’s equation. Troshkin claims that the formal analogy 
existing between waves of small disturbances of inviscous and incompressible turbulent medium and 
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electromagnetic waves is established. Prove these facts mathematically using Reynolds equation by 
Foia§ |46| . 

In the above, seemingly Thomson assumes the intrinsic fluctuation associated to Euler flow 
and averaging w.r.t. this. On the other hand, we |78j derive Navier-Stokes equation from Euler 
equation, by adding artificially white noise (extrinsic) fluctuation to each flow line of Euler equation. 


9.5.3. Equation for QED?. As a functional derivative equation for QED=quantum electro¬ 
dynamics), it might be the following forms a base? 


6J^{x) 


6r]{x)6r]{x) ’ 


~ ~ —vqixjZyq, rj, J) + 


5r}{x) 

^^d^[x) + M) = ifi{x)Z{rj, g, J) - iej^ 

Z(0,0,0) = 1. 


5rj{x)5J^{x) ’ 
S‘^Z{r],fi,J) 
6r]{x)dJ^{x) ’ 


Remark 9.5.1. This equation stems from functional method in QFT(Quantum Field Theory), 
more precisely, adjoining external forces to each component of Maxwell-Dirac equation, we get this 
equation. In finite dimensional case, I know vaguely a story, for given non-linear ODE, adding 
fluctuating external force to it to have Langevin equation, and solving that and taking average of 
solution w.r.t. fluctuation to get Eokker-Planck equation. In this story, if we replace this ODE 
with the coupled Maxwell-Dirac equation, what facts do we get? Considering like this, what type 
of classical property is inherited to the solution of quantum or statistical equation, and how the 
quantum or statistical effect is represented by “classical quantity”? 


As the Eeynman’s path-integral representation gives directly quantum object from Lagrangian 
without solving Schr’odinger equation, physicists write down the quantum quantity using path inte¬ 
gral with Eeynman measure and no use of FDE etc. As is mentioned before explaining “stationary 
phase method”, how to make rigorous their arguments? 


9.6. Supersymmetric extension of the Riemannian metric gjk{q)dq^dq^ on 

In Witten’s paper, he writes down “classical object” or rather “quantity before quantization” 
corresponding to the deformed Laplace-Beltrami operator d*^d^ -\-d^d*^ as if it is evident. Here the 
function f is the Morse function on the manifold M. 

Mathematically it is not so clear what is the classical objecll§ for the given quantum operator. 
Therefore reversely, I try to give a prescription how one obtains the super symmetrically extended 
metric from the given Riemannian metric gij{q)dq^dqT To make the situation simple, as a manifold, 
we take and as the given Lagrangian 

L{q. q) = ImjiqWq^ + Aflq)q^ - V{q) G : M). 


o 

Semi-classical analysis is a study to get classical objects from the given quantum thing 
^in this section, as the dimension of the configuration space, we use d instead of m, 
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Using Legendre transformation, we associate a Hamiltonian 

H{q,p) = \ 9 ^\q){pi - Mq)){pj - A,{q)) + V{q) G : M). 

To such a Hamiltonian, via extending formally that Lagrangian, we may associate a supersymmetric 
extension 

n{x,C,0,TT) = - 9il,k)0''TT^ - Ai){Cj - ^^^^{9jm,n “ 5jn,m)6'"”vr” - Aj) 

+ - lU;y 0 V^' 

which belongs to Css: 9^ev)- Here, the functions 9 '^^ = g''^{x) of x G etc., appeared 
above are Grassmann extensions of the corresponding ones 5 *-^ = 9 ^^ {q) of g G etc. 


9.6.1. A prescription for a supersymmetric extension of a given L{q,q). We prepare 
two odd variables p = (/ 0 i,p 2 ) S 91^^. Instead of the path space P considered in §2, we introduce 
another path space Vq consisting of (super)fields <1> = ^{t,p) = p),... p)) : (t, p) G 

M X given by the following form: 

(9.6.1) ^'■‘{t.p) = X^{t) + V^PaeaP'lp^pit) + ^^^-^Pa^aPPpPKt) 
where for a certain interval / C M 

(9.6.2) x^(t) G C'-(/ : Ttev), lAj(t) G C'-(/ : 91od), F^(t) G C°°(/: IHev) 

with 60,0 = -epa, ei 2 = 1, i = 1,2, • • • ,d and a,/3 = 1, 2. 


Introducing operators Vo 

(9.6.3) V~ = - - y/^Po^ for a = 1, 2, 

opo ot 

we put 

To = 4(‘h,p-$) 

(9.6.4) 1 r 1 riT 

= --gjkVo^^6o0V-p^^ + ^g^^[p^Aho0V-0^^ +V-^^eo0P0A^) - V^W, 

where argument of gij, Aj and lU is ‘h. Here and what follows, for any smooth function u on M'^, 
we extend it (called Grassmann continuation) on as 


(9.6.5) 
for 

(9.6.6) 


U(^) = u(x) + V^U^k(x) (^PoGop-lpp + ^PaGoPPpP^^ “ 
+ V^Pa^opi^p + -^^^^PaiapPpF^ where X* G 91 


-^u^kiix) Poeop'ipp Ppepoi^L 
ev, < G 91od and G IR 


ev • 


Notations. We put 

(9.6.7) 

iJk] 

(9.6.8) 

R d^f 1 

^ikjl 2 

and 


(9.6.9) 

VjW = Wj, 


def 


[jk] =' -ipieopi^p = - V' 2 V’i = = [kj], 

Fikjl — '^{Pijjkl T 9kl,ij 9jk,il 9il,jk) T ^ij^kl9mn ^jk9mn 


V,1U = Wj , W = gFw^k, VjVkW = VkVjW = W.jk = Wjk - Tf, 
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Formulas. Following formulas are easily obtained using renumbering and symmetry of 
indecies combining with the anticommutativity of 


(9.6.10) 

(9.6.11) 

(9.6.12) 

(9.6.13) 

(9.6.14) 

(9.6.15) 


{gijM + 9mn^Tj^li)[ij][kl] = ‘^Rikji[ij][kl], 

= 9ij,kli'^l'^2'^l'^2 + V’lV’2V’lV’2 + V’iV'2'0lV'2 + i^i'^Wl'^ 2 ) 

= %j,fc/V'iV’2V'iV’2 = 9ki,ij[ij][kl], 

9ii,kj[ij][ki] = 9ii,kM\'^2'^W2 + V’iV’2V'iV’2 + V’iV’2V’iV’2 + 

= ‘^9ii,kj'4’\iA'^W2 = 9kjA^j\[kk\ 

9il,kj'^\'^2'^l'ip2 = -9ij,kl'^l'^2'^l'^2, 
r7;rii9mn[ij][ki] = 

r^rl^gmn[ij][kl] = -2T^ni9mni^li4^I^W2. 


Simple but lengthy calculations yield that 

dp£o{^{t,p),V-^{t,p)) 


CQ{x,X,l/ja,'lpa,F) 


ly^0\2 


(9.6.16) 


= ^9jk{x^x’" + + ^9ij,ki[i9][kl] 


+ AiX^ - - 


2 


^Tk[ij]g,,F^ + :QLg.^^^Ti,xHL 


+ W^kF^ -^W,ki[kl]. 


Assuming the auxiliary field F = (F^,..., F^) satisfies 

(9-6.17) ^ = F^ = ^Tk[ij]-g^iw,p 

we get 

Co{x,X,-lpa,^a) = ]: 9 jkX^X^ + + ^Rikjl[ij][kl] 

(9.6.18) ^ I dt 12, 

+ A,x^ - - \9^^W,W,k - ^V,PF;,fc[jF], 

where 

(9.6.19) 

Remark 9.6.1. (a) Above derivation of ()9.6.18p is essentially due to Davis et al. [29] . though 
in their calculations the coefficient 1/8 in (|9.6.16l) is replaced by 1. Moreover, they didn’t mention 
the necessity of using the Grassmann algebra with infinite number of generators, which is necessary 
to define odd derivatives uniquely. 

(b) To eliminate the auxiliary fields F*, we assume that the ‘equation of motion’ described in (j9.6.17p 
holds. Though there is a work, for example Cooper and Freedman |27j . which asserts that F* is 
calculated out after integrating the partition function expressed by the Feynman measure, it seems 
curious to use the “quantum argument” when we are discussing the “classical objects”. (In any 
way, there does not exist the ‘Fubini theorem’ with respect to the ‘Feynman measure’.) 
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9.6.2. A prescription for a supersymmetric extension of Hamiltonian H{q,p). We 
restart from the Lagrangian Cq (j9.6.18l) ignoring the procedures itself. As the variables are 

assumed to be “real” and anticommutative, we define from them the “complex” odd variables as 
follows: 


(9.6.20) 

that is 

(9.6.21) 

Then, clearly we have 

(9.6.22) 






= 0 

[ij] = V—1(V’*'0'^ ~ 

By the same calculation as before, 

= Q{g,kS + ^Tk^li9mnWi’H''i’'- 

So, we get 




C{x, X, V', V', '0, V') = ^gjk 

+ A,x^ - + ^AjA^ 


(9.6.24) 




Introducing new variables by 


(9.6.25) 


we get 


e* = ^ = g^J{x)x^ + ^g^J,k{^W^" + + Mx), 


d'lp'^ 


gij{xW, 




— rlpf • — 

^ = ^(x,^, ?/),'(/^) = X^ + Tpcj) +'^4> — R 

(9.6.26) = ^g^^ (e. - - A,) - A,) 

Now, rewriting the variables Tp'‘, i/’* as 0*, tt*, we get hnally 
% = T-L{x, 0, tt) 

(9.6.27) = ^0*^ (?* - -^^(0jfc,Z - 9il,k)0^T^^ - Ai) - ^^^^{gjm,n - ffin,m)0”*7r” - Aj) 

+ ^7?ifc,70^0VV'^ + ^g^^WjW,k - W,ije^7r\ 
which is thought as the supersymmetric extension of H{q,p) when V = ^g^^WjW^k- 
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9.6.3. Supersymmetry and supercharges. Preparing a pair of “real” Grassmann parame¬ 
ters Ea G IHod for a = 1,2, we introduce a one parameter group of transformations Tg (s G M) from 
[t,pi,p 2 ) G 91^1^ to {t',p[,p 2 ) G defined by 

t' = t- is{£ip2 - £2 Pi), 


(9.6.28) 

and also two operators 

(9.6.29) 


Pi — Pi - SEl, 
f>2 = P2 — se2 


^, d . d 


for a = 1, 2. 


Clearly, the infinitesimal generator of transformations above is given by 

(9.6.30) ^v{Ts{t,pi,p2))\^^Q = -{eiV^ - £2'Df)v{t, pi, P 2 ) 
for any smooth function v{t,pi,p 2 ) from 91^1^ to 9tev. Here, we remark that 

r)ij (ii) (111 

-(eiP^ + £ 2 V^)v{t, pi, P 2 ) = St— + 

with 

St = -iieipi + £2P2), Spi = -El, Sp2 = -E2. 

Moreover, v{t,pi,p 2 ) is called supersymmetric if 

(9.6.31) Sv{t, pi,p 2 ) = -{eiVi + E 2 'D 2 )v{t, p). 

Above relation implies the following: If {t, pi, P 2 ) given in ()9.6.1I) is supersymmetric, we have 

g 22 ) S^^{t,pi,p 2 ) = Sx\t) + ipaEap Sl/lj^it) -pa^apPpSF^ (t) 

= —(ei^^l + E2'D2)^^{t, Pl,P2) 

Since 91 is infinite dimensional, if u satisfies Spiuj = 0 and piuj = 0 then u; = 0. This yields that 

Sx^ = -tEaEap-lpp, 

Si/jI = -EaF^ - EapEpX^, 


(9.6.33) 

Using the relation (??), we get 

(9.6.34) 


^ SF^ = iEa'ipi- 


Sx^ = -iEaEapi’p, 


= -Ea{-rii[kl] - Vm) - e^pEpxF 

From this, we have the following quantities, called supercharges, 

(9.6.35) Qa = IpaPijX^ - Eapi^'^pViW 

which is conserved by the flow defined by the above Lagrangian. 

On the other hand, the following supersymmetric Lagrangian is introduced by physicist: 

Co{x-,X,lpa;'lpa) = ^PjkX^x’" + 


- ^V^'VFV,-IU - 
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Here, 

iJ\ _. _ . /jJ ^ 

T, 7' 

^2/ V 'A'2 ' 

L. Alvarez-Gaume [6] used above with VH = 0 on a general manifold M 


^ = (7) , ^ = ‘ (S) 7”. 7° = 




9.7. Hamilton flow for Weyl equation with external electro-magnetic field 


In this section, we consider the Weyl equation with external electro-magnetic field ()7.0.9ji with 
its symbol below: 

3 

(9.7.1) 'H{t,x,^,9,7r) = '^caj{9,7r){^j - -Aj{t,x)) + eAo{t,x). 


i=i 


Corresponding Hamilton equation is, for j = 1,2,3, I = 1,2, 
(9.7.2) 


' d _ d'H{t,x,^,9,7r) — d'H{t,x,^,9,Tr) 

d^j ’ dt ^ dxj 


d Q _ d7i{t,x,(,9,7r) ^ — dTi{t,x,^,9,Tr) 

dt ^ dni ’ dt ^ d9i 

We take this as a simple example for the necessity of the countablely infinite Grassmann generators. 

Proposition 9.7.1. Assume {Ao{t, q),Ai{t, q),A 2 {t, q),A 3 {t, q)) G C°°(M x : M) in (0.7) in 
Chapter 7. Then, for any initial data (x(0), ^(0), 0(0), 7r(0)) = (x, ^,0, vr) G (|9.7.2p 

has the unique, global in time, solution (x(t),^(t),0(t),7r(t)). 

Remark 9.7.1. We require only smoothness for {Aj{t,q)}j^Q without strict conditions on the 
behavior when Igl —>■ oo. 

Odd variables part of (|9.7.2p are rewritten as 




/0i\ 


/0i\ 


(0i{t)\ 


(oA 

(9.7.3) 

d 

dt 

02 

TTi 

= ich ^X(t) 

02 

TTi 

with 

^2(t) 

7ri(t) 

= 

0.2 

Hi 









\^2/ 


Here, we put 

(9.7.4) 
and 

(9.7.5) 


Vj{t) = ^j{t) - -Aj{t,x{t)), 


X(f'\=( -03{t)h h ^{rii{t)-iri2it))a2'\ 

\h{rji{t) + ir] 2 {t))a 2 V3{t)h ) 


Moreover, for o'j{t) = aj{9{t),7r{t)), 


(9.7.6) 


0 -vsit) mit) 

Y(t) = ( mif) 0 -m{t) 

m{t) 0 


by simple calculation 
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Now we begin our proof. We decompose dependent variables {x,^,6,Tr) by degree: 

OO OO OO OO 

e=o i=o 1=0 £=o 


For given m = 0,1, 2, ■ 


(9.7.9) 


d [2m] [2m\ , [0] ^ 

—X, = ca) where cr;- = U, 

(it d J J 

= (>»1 

dt^i Q Q 

i=\ k=l ^ ^ 




/^[2m+l]\ 


(9.7.10) 

and 

(9.7.11) 


d 

dt 


e. 


vr 


.vr, 


dt 


[2m+l] 

2 

[2m+l] 

1 

[2m+l] 


/^[2m+l-2£]\ 




e=o 


a 


vr 


TT. 


[2m+l-2£] 

2 

[2m+l-2£] 

1 

[2m+l-2£] 


/^[2m+l](^)X /^[2^r^+l]^^ 


with 


[2m+l] 
1 

[2m+l] 


TT 


TT. 


a) 

a)/ 


0, 


[2m+l] 

.2 

,[2m+l] 




/ [2r; 
/ ^1 


m—1 


fJ, 




[2m] I ^ 
[2m] 




i=0 


/ [2m-2£]' 

42™-2fl I with 


Nf ”'(*)! (s^r' 

[2m] /, N I _ 

^2 U) - 


[2m] , X 

W3 U)/ 


a 


[2m] 

[2m] 


Here, Y[^^l(t), are degree 21 part ofX(t), Y(t), (j{t), respectively. 




\a\<2£ 
£i+t2+£3=£ 


d^o^\t,x) 


dx-i 




\a\<2l 
ll+i 2 +iz=t 


And 


m—1 


[2m] ^ ^ j'^[2.+l]^[2m-2£-l] ^^_ 2 ^[ 2 £+l]^[ 2 m- 2 £-l] 

l=Q 
m—1 

P”' = i ^ 


[2m] 

(j\ ^ = - 


m—1 


7/1- E 


[21+1] [2m-2£-l] , a[2£+l] [2m-2£-l] 

+ Ur, TTr, 


TT 


1 


1=0 


[0] Putting m = 0 in (I9.7.9p . for j = 1, 2, 3, 

^ xf'(t) = 0 and ^ (t, 


dt ^ ' dV^ 

Therefore, for any t S M and j = 1, 2, 3, 


dxi 


xf\t)=xf'^ and ^f\t) = - e J^s dqjAP{s,x^^^). 
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[1] Putting these result into (I9.7.10p with m = 0 


(9.7.12) 


A 

dt 


/9P\ 

[ 1 ] 

V4^V 


TT 


= ich-^x^^\t) 


fe?\ 

[ 1 ] 

2 
[ 1 ] 


TT 


with 


V4^V 




/44 

4hi) 


i?’ 

’r/'© 





Wv 


Here, is 4 x 4-matrix whose components are complex valued, depending on 

= 0, \j3\ < 1). 

More precisely, components of are given as 




c -■> Jt c 

ODE (j9.7.12l) has smooth coefficients w.r.t. t with value in which has a unique global 

time solution depending on as follows: Putting A = (Mi, M 2 , M 3 ), we have 

ef{t) = = 0 ,1/31 < 1 ), linear w.r.t. 0^,71™, 


(9.7.13) 


7r[^4) = lal = 0,1;81 < 1 ), linear w.r.t. 


[2] Putting m = 1 in (19.7.911 . 

d [ 2 ] [ 2 ] 


4m2] 


dt 


a 


[ 2 ] 


^ dxj 
k=l ^ 


dA, 


[ 2 ] with 


— e- 


dxj 


/x[2l(t) = xPl 

\^^[ 2 ](i) = ^[ 2 ] 


From m = 1 in (19.7.111) and (19.7.131) . for j = 1, 2,3, 


4‘ = 4^4‘ + ^”M^44 


and 


(jf = -ifi -b 






k=l 


aM, 


[ 2 ] 

0 


dxi 




k=l 


Therefore, for j = 1, 2, 3, 

xfit)=xfit,x^^^\f\9}^\E^^\d^Ao,d^A-,0<i<l,\a\=0,\P\ < 1 ), 

< ^ < 1, lal < 1, |/3| < 2). 


[3] Putting m = 1 in (I9.7.inp . 


4 

dt 


/9f'\ 

PI 

v 4 p 


TT 




/«P’\ 

[3] 

v 4 p 


TT 


+ icfi“‘xPI(t) 


/9fl\ 

4^1 

vrf' 

V4^V 


with 




/4M 




4“'© 





Ut 


Here, 4 x 4-matrix X[^](t) has components, valued in Cev depending on 

(t,xP^l,4'^U''^vr''',<^o,<9“M;0 <^ < 1, lal < 1,1/31 < 2). 
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From these, for k = 1,2, 

i < l,|a| < 1, |,5| < 2), 

< £ < l,|a| < 1,1,5| < 2). 


[4] Repeating this procedure, we get 

<e<m,\a\ <m-l, |/3| < m), 
<e<m,\a\< m, |/3| < m + 1), 

0 [2«^+i](t) = < I < rn,\a\ < m,\p\ <m+l), 

_ vr[2™+h(t) = <£ < rn,\a\ < m,\^\ <m+l). 

These prove the existence, moreover, since for each degree, the solution of (19.7.91) with (I9.7.10p is 
unique, so follows the uniqueness of the solution of (|9.7.2p . □ 

Moreover, we get easily 

Corollary 9.7.1. If {x{t),f{t),9{t),7r{t)) € C^piR : is a solution of (I9.7.2p . then 

d BH 

(9.7.14) —n{t,x{t),f{t),6{t),7r{t)) = -^{t,x{t),C{t),9{t),7r{t)). 


Putting 


and rewriting 


(9.7.15) 


we have 


o N dAk{t,x) dAj{t,x) 
Bjk{t,x) = —^, - 0^ 

iy vJU J L/vC ^ 


— Xj = CCFj{9,-K), 

3 

d ^ \ri u ^ dAo{t,x) 

= 2^ ec7fc(0, 'K)Bjk{t, x) - e 

k=l ^ 


Corollary 9.7.2. For {^j(t, (?)}j=o ^ C'°°(M x : M), putting the initial data 

- g 

ix{t),fj{t),9{t),Tf{t)) = {x,g,9,-K) where p. = i. - -Aj{t,x) 

for (19.7.151) with ^9.7.31) . there exists a unique solution {x{t),fj{t),9(t),Tt{t)) G (^^(M : T*91^l^). 
These are related with {x{t),f{t), 9 {t), 7 r{t)) as 

' 6 
Xj{t,t;x,^,9,7£) = Xj{t,t;x,f, - x): d, tt) , 

c c c 

ijit,t\x,i,9_,-K) = rij{t,t;x,f- -A{t,x),9,n) + -Aj{t,x{t,t;x,i- -A{t,x),9,n)), 

^ ~ 6 

dk{t,t-,x,f,9,7r_) = 9k{t,t-,x,f- - A{t,x), 9,7r_), 

- - c 

g 

'Kk{t,t;x,i,9,Ti) = TTk{t,t;x,f - -A{t,x),9,T£). 

\ - - c 

Remark 9.7.2. The solution of the Hamilton flow corresponding to free Weyl equation in 
Proposition \9.7.1\ is solved explicitly. Obtaining such an explicit solution is not necessarily happened 
frequently, in general we have only its existence abstractly. Fortunately, because of the countable 
degree stems from the countable Grassmann generators, we get rather easily the existence proof. 
But it is rather complicated to have the estimates w.r.t. the initial data. 
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